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It  ia  now  six  years  since  the  publication  of  tbe  first  edi- 
tion of  the  prespnt  work.  During  this  interval,  it  liiis  been 
corrected  and  amended  according  to  the  auggeationa  of  daily 
experience  in  its  use  as  a  text-book.  It  now  ap[>ears  with  an 
additional  part,  under  the  head,  MEcnAHics  of  Molecules  ;  and 
this  completes — in  so  far  as  he  may  have  succeeded  in  its  ex- 
ecntion — the  design  of  the  author  to  give  to  the  classes  coiri- 
mitled  to  his  instruction,  in  the  Military  Academy,  what  has 
appeared  to  him  a  proper  elementary  basis  for  a  systcmatJc 
Btudy  of  the  laws  of  matter.  The  subject  ia  the  action  of 
forcGB  upon  bodiea, — the  source  of  all  physical  phenomena — and 
of  which  tlie  sole  and  sufficient  foundation  is  the  comprehensive 
fact,  that  all  action  is  over  accompanied  by  an  equal,  contrary, 
ami  HimiiltaneoHs  reaction,  Neither  can  have  precedence  of 
the  other  in  tiie  order  of  time,  and  from  this  cornea  that  char- 
acter of  permanence,  in  the  midst  of  endless  variety,  apparent 
in  tlie  order  of  nature.  A  mathemafical  formula  wliich  shall 
express  the  laws  of  tliis  antagonism  will  contain  the  whole  sul>- 
ject;  and  whatever  of  specialty  may  mark  our  perceptions  of 
a  particniar  instance,  will  be  found  to  have  its  origin  in  corre- 
sponding peculiarities  of  physical  condition,  distance,  place, 
and  time,  which  are  the  elements  of  this  formula.  Its  discus- 
sion  constitiileB  the  study  of  Mechanics.  All  phenomena  in 
which  bodiea  liave  a  part  are  its  legitimate  subjects,  and  no 
form  of  matter  under  extraneous  iufluenccB  ie  eicm'ft,  ^tois^  \\& 
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ecrntiny.  It  embraces  alike,  in  their  reciprocal  action,  tlie 
gigantic  and  distant  orbs  of  the  celestial  regious,  and  the 
proximate  atoms  of  the  ethereal  atmosphere  vrliich  pervades 
all  space  and  establishes  an  unbroken  continuity  upon  wliich 
its  Divine  Architect  and  Author  may  impress  the  power  of 
His  will  at  a  siqgle  point  and  be  felt  everywhere.  Astronomy, 
terrestrial  physicfl,  and  chemistry  are  but  its  specialties ;  it 
classifies  all  of  human  knowledge  that  relates  to  inert  matter 
into  groups  of  phenomena,  of  which  the  rationale  is  in  a  com- 
mon principle;  and  in  tlie  hands  of  those  gifted  with  the 
priceless  boon  of  a  copious  mathematics,  it  is  a  key  to  exter- 
nal nature. 

The  order  of  treatment  is  indicated  by  the  heads  of  Mk- 
CHANios'  OF  Solids,  of  Fldidb,  and  of  Molecules, — an  order  sug- 
gested by  difierences  of  physical  constitution. 
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ELEMENTS 

ANALYTICAL  MECHANICS. 


INTRODUCTION. 


PHYSICAL  SCTENCE, 


§  1. — The  term  Mature,  is  employed  to  signify  all  the  bodies  of 
the  universe,  collectively. 

Of  the  existence  of  bodies,  we  are  rendered  conscious  by  the 
impressions  they  make  upon  the  mind  through  the  senses. 

The  condition  of  every  body  is  subject  to  a  variety  of  elianges. 
These  changes  are  brought  about  by  agents  external  to  the  bodies 
themselves;  and  to  investigate  nature  with  reference  to  these 
changes  and  their  causes,  is  the  object  of  Physical  Science, 

PHYSICAL  PBOPBRTIES. 

§  2. — Physical  Properties,  are  those  external  signs  by  which 
the  existence  of  bodies  are  made  known  to  us  throngh  the  medium 
of  the  senses.     These  properties  are  eViher  prima/ry  or  secondary. 

PHMABY  PEOPERTIES. 

g  3. — ^A  Primary  Property  is  that  without  which  the  existence 
of  the  body  cannot  be  conceived.  There  are  two  of  these— .Srfen- 
aion  and  Impetefyv^UUy. 
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EeUnsitm  is  that  by  which  every  body  occupies  a  limited  por- 
tion of  space.     From  it  the  body  deriTes  its  figure  and  voliune. 

Imjienetrahility  is  that  which  prevents  two  bodies  from  occnpj- 
ing  the  same  space  at  the  eamo  time.  It  determines  a  body's 
identity. 

A  body,  then,  is  any  thing  which  has  extension  and  impenetra- 
bility. 

BECONDAEY  PR0PEHT1E8. 

%  4. — Secondary  Properties  are  those  which  are  not  noceaaary 
to  a  conception  of  a  body's  existence,  tbouf^li  all  bodies  may,  and 
indeed  do,  possess  them  in  a  greater  or  less  degree.  They  arc  <Jom- 
preesihUity,  Enpanaihility,  Porosity,  DivUibility,  and  Elasticity- 

1. — Compressibility  ia  that  property  by  which  a  body  may  be 
made  to  occupy  a  smaller,  and  expanmbility  that  by  which  it  may 
l>e  made  to  occupy  a  larger  space,  without,  in  either  case,  altering 

the  quantity  of  its  matter. 

I.^Poroaity  is  that  property  by  which  a  botly  does  not  fill  all 
the  space  within  its  exterior  boundary,  but  leaves  holes  orporea 
l)etween  its  elements. 

In  many  cases  the  pores  are  visible  to  the  naked  eye ;  in  othen 
they  are  only  seen  by  the  aid  of  the  microscope;  and  when  bo 
minute  as  to  elude  the  power  of  this  instrument,  their  existence 
may  be  inferred  from  experiment.  Sponge,  cork,  wood,  bread, 
&c.,  are  bodies  whose  pores  are  obvious  to  unassisted  vision.  The 
human  skin  appears  full  of  them,  when  viewed  with  the  magnify- 
ing glass.  The  pores  of  one  body  ai-e  filled  with  some  other  body, 
and  the  pores  of  this  with  a  third,  as  in  the  case  of  a  sponge  con 
taining  water,  and*  the  water  containing  ah-,  and  so  on  till  we 
conic  to  the  most  subtle  of  substances,  dber,  which  pervades  all 
bodies  and  all  space. 
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S.—I>wuiiiiiliti/  is  that  property  io  consequence  of  wliicli,  by 
Vurious  mecliauical  means,  such  as  heating,  pounding,  grinding, 
Ac,  a  l)od_v  nja^  he  reduced  to  iVagmente,  homogeiieons  to  each 
other,  and  to  the  entire  mass. 

By  Uic  aid  of  mnthematical  i)rocesses,  the  mind  nmy  be  lei 
admit  the  infinite   divisibility  of  bodies,  though   Ihcir  pnictical 
division,  by  mechanical  means,  is  snbjeet  to  limitation.     Many 
ex&mples,  however,  prove  that  this  process  may  be  carried  to  an 
incredible  extent.    Nature  funiishes  numerous  instances  of  objects, .. 
whose  cxblenee  can  only  be  detected  by  means  of  the  most  acutA^ 
senses,  assisted  by  the  most  powerfdl  artificial  aids. 

"Mechanieal  subdivisions  for  purposes  connected  with  the  arts 
are  exemplified  in  the  grinding  of  com,  the  pulverizing  of  sul- 
plinr,  charcoal  and  saltpetre,  for  the  manniacture  of  gimpowder; 
and  Hom(copathy  affords  a  remarkable  iostance  of  the  extended 
application  of  this  property  of  bodies. 

In  common  gold  lace,  a  silver  thread  is  covered  with  gold  so 
attenuated,  that  the  quantity  on  a  foot  of  thread  weighs  less  thim 
ys'na  of  a  grain.  An  inch  of  eueh  thread  will  therefore  contain 
TsisT  o*"  "■  grain  of  gold ;  and  if  the  inch  be  divided  into  100  oqnal 
parts,  each  of  wliich  would  be  distinctly  visible,  the  quantity  of 
the  jR^cions  metal  in  each  of  such  pieces  would  be  yjniooB  ^f  * 
gr^.  One  of  these  particles  examined  through  a  microscope  of 
a  magnifying  power  equal  to  500,  will  apj>ear  500  times  as  long, 
and  the  gold  covering  it  will  be  visible,  having  been  divided  into 
8,600,000,' '00  part*,  each  of  which  exhibits  all  the  cliaractensticd 
of  this  metal. 

Dyes  are  likewise  susceptible  of  an  incredible  divisibility. 
With  1  grain  of  blue  camiine,  10  lbs.  of  water  may  be  tinged 
bine-  These  10  lbs.  of  water  contain  about  617,000  drops.  Sup- 
poeing  that  100  particles  of  carmine  are  requu-ed  in  each  drop  to 
jiroduce  a  uniform  tint,  it  follows  that  this  oile  grain  of  carmine 
baa  beoti  iiubdivided  K2  millions  of  times. 
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According  to  liiot,  the  tliread  by  whith  a,  spider  enspeiida  lier- 
eeU'  is  composed  of  more  thac  5000  single  tlireads. 

Our  blood,  nliicU  appears  like  a  uniform  red  mass,  vonsi^ta  uf 
small  red  globules  swimming  in  a  transparent  fluid  called  senim. 
The  diametor  of  one  of  these  glubules  docs  not  exeeed  tlie  4U0Oth 
part  of  an  inch:  whence  it  follows  that  one  drop  of  blood,  sueh 
aa  would  hang  from  the  point  of  a  needle,  contains  at  least  one 
million  of  these  globules. 

But  more  surprising  than  all,  is  the  microcosm  of  organized 
nature  in  the  Infusoi-ia.  Of  these  creatures,  which  for  the  most 
part  we  can  see  onlj  by  tlie  aid  of  the  microscope,  there  exist 
many  Epecies  so  small  that  millions  piled  on  each  other  would  not 
eqnol  a  single  grain  of  sand,  and  thousands  might  swim  at  once 
through  the  eye  of  the  finest  needle.  The  coats-of-mail  and  shells 
of  these  animalcules  exist  in  ench  pnidigious  quantities,  that  ex- 
tensive strata  of  rocks,  as,  for  instance,  the  smooth  slate  near  Bilin, 
in  Bohemia,  consist  almost  entirely  of  tlicm.  By  microscopia 
measurements,  I  cubic  line  of  this  slate  contains  about  23  millions, 
and  1  cnhic  inch  about  41,000  millions  of  these  animals.  As  a 
cubic  inch  of  this  slate  weighs  320  grains,  187  millions  of  these 
Bbells  must  go  to  a  gi'ain,  each  of  which  would  cousei^jueuHy  weigU 
about  the  j^  millionth  part  of  a  graiu.  Conceive  further,  that 
each  of  these  unimaleules,  ae  microscopic  investigation  has  provcxl, 
lias  its  limbs,  entrails,  &c.,  the  possibility  vanishes  of  our  forming 
the  most  remote  conception  of  the  dimensions  of  these  oi^anic 
forms.  , 

In  cases  where  the  finest  instruments  are  unable  to  give  the 
least  aid  in  estimating  the  minntenoss  of  bodies, — in  other  words, 
wlien  bodies  evade  the  perception  of  our  sight  and  touch, — our 
olfactory  nerves  frequently  detect  the  presence  of  matter  in  the 
atmosphere,  of  which  no  cliemical  analysis  could  afford  us  the 
slightest  intimation. 

Tliua,  for  instance,  a  suigle  grain  of  musk  diffuses  in  a  large 
and  airy  room  a  powerful  scent,  that  fre<]ucutly  lastn  for  years; 
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widp»pers  laid  near  musk  will  make  a  voj-age  to  tlie  Kast  Indies 
aiid  hack  witboiit  losing  llie  smell.  Imagine  liow  many  jjarticlea 
of  mu&k  most  radiate  from  Bueli  a  body  every  a'coiid,  in  Lirder  to 
noder  tlie  eecDt  perceptible  in  all  directions. 


4. — EJa«ticity  is  llmt  property  by  wliich  a  body  resumes  of 
itself  its  fignre  and  dimensions,  wlien  these  have  been  changed  or 
altenKi  by  any  extrane<ins  cause.  Different  bodies  ])osaess  tliia 
property  in  \ery  different  degrees,  and  retain  it  with  very  unequal 
tcnatrity.  Glass,  tempere<i  eteel.  ivory  nnd  whalebone,  ai-e  among 
tiio  more  elastic  solids.     All  fluids  are  highly  elastic.  H 

REST,  MOTION,  FOltCE. 

§  5. — The  state  of  a  body  by  which  It  continues  in  the  same 
place,  k  called  rest  j  that  by  ^vhicli  it  passes  from  one  place  to  /" 
another,  is  called  motion;  and  whatever  elianges-tlie  state  of  a 
bodly  m  the  elemcnta  of  a  body,  with  respect  to  rest  or  motion,  is 
CBllod/tfroc.  The  e.\istence  of  force  ia  inferred  from  tlie  changes, 
with  respect  to  rest  or  motion,  which  all  bodies  and  their  intei-nol 
elemimti  are  found  to  be  eontiniudly  undergoing.  Its  nature,  or 
bt  what  it  consists,  h  unknown. 


CONSTITUTION  OF  1S0DIE8. 

^  fl. — Several  hypotheses  have  been  proposed  to  explain  the 
ocmBtitation  of  a  body,  and  the  mode  of  its  formation.  Tlie  most 
RODArkable  of  these  whs  by  Boscovich,  about  the  middle  of  the 
lart  <«ntn!y.     According  to  this  eminent  philosopher: 

1.  AU  matt«r  consists  of  indivisible  and  inextended  atoms. 

2.  Thi«e  atoms  are  endowed  with  attractive  and  ropulsi\'( 
forceps  varying  both  in  intensity  and  direction  by  a  'bange  of  dis 
tAnco,  60  that  at  one  distance  two  atoms  attract  one  another,  and 
at  another  distance  rbey  repel. 
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3.  This  law  of  variation  ia  tlio  same  in  all  atoms,  It  ia,  Utwiv 
fore,  Tiiutnal ;  for  the  digtaoce  of  atom  a  from  atom  5,  being  tbe 
samo  as  lliat  of  h  from  a,  if  a  attract  t,  h  must  attract  a  witb 
predsdy  an  e'^ual  force. 

4.  At,  all  coiisidei-able  or  sejisihle  dislances,  these  mutual  forces 
arc  attractive  and  eensiblj  jiroportioiial  to  the  square  of  the  dis- 
tance iniersely.     It  is  the  attraction  called  gravitation, 

5.  At  the  small  and  insensible  distances  in  which  sciisibis  con- 
tact is  observed,  and  which  do  not  exceed  the  1000th  or  1500th 
part  of  an  incli,  there  are  many  alternations  of  attraction  and 
repulsion,  according  as  the  distance  of  the  atoms  is  changed. 
Consequently,  there  are  many  situations  witlun  this  narrow  limit, 
in  which  two  atoms  neither  attract  nor  repel. 

t).  The  force  which  is  exerted  between  two  atoms  when  their 
distance  is  diminished  without  end,  and  is  just  vanishing,  is  on 
insuperable  repidsion,  so  that  no  force  whatever  can  press  two 
atoms  into  mathematical  contact. 

Such,  according  to  £oecovu:h,  is  the  constitution  of  a  material 
atom  and  tlie  whole  of  its  constitution,  and  the  immediate  efficient 
cause  of  oK  its  properties. 


riV.  /TV 


W 


Eoscovich  reiH'csents  his  law  of  atomical  action  by  wtiat  may 
be  called  an  exi)onential  curve.  I^t  the  distance  of  two  atoma 
be  estimated  on  the  line-d  C  C,A  being  the  situation  of  one  of 
them,  while  the  other  is  placed  anywhere  on  this  luio.  When 
placed  at  t,  for  example,  wc  may  suppose  that  it  is  attra-'od  Ity 
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4,  nitli  a  certain  iuteiisity.  We  represent  lliJs  intensity  hy  tlio 
]en};lh  of  tlie  line  it,  iierpendicnlar  to  A  0,  and  expra^s  the  tlirec- 
tioii  of  the  force,  namely,  from  *  to  A,  because  it  is  attractive,  by 
placing  il  above  t)ie  axis  A  C.  Should  the  atom  be  at  m,  and 
be  repelled  by  ^1,  we  express  tlie  intensity  of  repulsion  by  mn, 
and  its  direction  from  m  towards  O  by  placing  mn  below  the 

This  may  be  supposed  for  every  point  on  the  axis,  and  a  curve 
drawn  through  the  extremities  of  all  the  pcrpcndiculai'  ordimites,  J 
will  be  the  CNponential  curve  or  scale  of  force,  1 

As  there  ai-e  supposed  a  j^rcat  luany  alternntiona  of  attractions 
and  repulsions,  the  curve  must  consiflt  of  many  branches  lying  on 
opposite  fiides  of  tlie  axis,  and  must  therefore  cross  it  at  C,  D", 
O',  D",  &c.,  and  at  O,  All  these  are  su]i|Ki3ed  to  be  contained 
witliin  a  very  small  fraction  uf  an  inch. 

Beyond  this  distance,  which  terminates  at  G,  the  force  is 
always  attractive,  and  is  called  the  force  of  grmiiation,  the  max!- 
luDm  intensity  of  which  oceui-a  at  g,  and  is  expressed  by  the 
length  of  the  ordinate  G'ff,  Further  on,  the  ordlnatca  are  sensibly 
proportional  to  the  square  of  their  distances  from  A,  inversely. 
The  branch  G'  G"  has  the  lino  A  C,  therefore,  for  its  i^ynip- 
tote. 

Within  the  limit  A  C  there  is  repulsion,  which  becomes  infi- 
nite, when  tlic  distance  from  A  is  zero ;  whence  the  branch  C  D" 
bas  the  perpendiculiar  axis^  A  y,  for  its  asymptote. 

An  atom  being  placed  at  G,  and  then  disturbed  so  as  to  move 
]|  in  the  direction  towards  A,  will  be  repelled,  the  ordiuates  of  the 
curve  being  below  the  axis;  if  disturbed  so  as  to  move  it  from 
A,  it  will  be  attracted,  the  corre5jx>nding  ordinatea  being  above 
the  aatis.  The  point  G  is  therefore  a  position  in  which  the  atom 
is  neither  atlractcd  nor  repelled,  and  to  which  it  will  tend  to 
retnmwhen  slightly  removed  in  either  direction,  and  is  called  the 
Umit  of  ffravitatlcn. 

If  the  atom  be  at  6*,  or  C,  &c.,  and  he  moved  ever  f  •  ''t^\ft 


towards  A,  it  will  be  repelled,  and  when  the  disturbing  cause  ia 
removed,  will  flj  back;  if  moved  from  A,  it  will  be  attracted 
and  i-eturn.  Jlenee  C,  C",  Ac,  are  jjositions  BJmilar  to  O,  and 
are  called  limits  of  cohemm^,  C  being  ealled  the  last  limit  qfcoh^ 
«ion..  An  atom  situated  at  any  one  of  tlie&e  points  will,  n-itli  Umt 
at  j4,  constitute  &  permanent  mol^ula  of  the  simplest  kind. 

(til  the  contrary,  if  an  atom  bo  placed  at  D',  or  D",  &c.,  and 
be  then  slightly  disturbed  in  the  direction  either  from  or  towards 
A)  the  action  of  the  atom  at  A  will  cause  it  to  recede  still  I'lirtlior 
from  Us  first  i>o&ition,  till  it  reaches  a  lijnit  of  culifslon,  Tlie 
points  D',  D",  &v,,  are  also  positions  of  indifference,  in  winch  tlio 
atom  wil!  be  neither  attracted  nor  repelled  by  that  at  A^  but  they 
differ  from  C",  C",  G,  &c,,  in  this,  that  an  atom  being  over  so  little 
removed  from  one  of  them  has  no  disposition  to  return  to  it 
again ;  these  ])oints  are  ealled  limits  ijf  divKolution.  An  atom 
fiituated  in  one  of  them  cannot,  therefore,  eonstitufe,  with  that  at 
Aj  6.  pei-manent  molecule,  but  the  slightest  disturbance  will  de- 
stroy it. 

It  is  easy  to  mfer,  from  what  has  been  said,  how  tliree,  four, 
&c.,  atoms  may  combine  to  form  molecules  of  different  ordere  of 
complexity,  and  how  these  again  may  be  aiTanged  bo  as  by  their 
action  upon  each  other  to  form  partielus.  Our  limits  will  nol 
permit  us  to  dwell  upon  these  points,  but  we  cannot  dismiss  the 
Buhject  witiiout  su^esting  one  of  its  most  interesting  conse- 
quences. 

Acpimling  to  the  higliest  authority,  the  ws  and  other  heavenly 
bodies  have  been  furmcd  by  the  gradual  subsidcnee  of  a  vast 


n^fa  towards  ita  centre.     Its  rooleculee,  forced  by  their  gravi 
tattng  action  within  their  neutral  limits,  are  in  a  etute  of  tensioi 
which  is  the  more  intense  as  the  nccuni illation  Is  greater;  and  I 
molevulnr  agitations  in  the  snn,  eanseil  hy  tlie  siiocepsivo  dfi>osl- 
tioiis  at  ita  surface,  make  this  body,  :n  coiiseiiuenee  of  its  vast 
Bize,  II  perpetual  fountain  of  that  incessant  stream  of  etliereal-J 
waves  which  constitute  the  essence  of  light  and  heat.     The  inter"^ 
nn]  heat  of  the  earlh  has  the  same  explanation.     All  bodies  wonM 
appear  self-luminous  were   the  acuteness  of  onr  sense  of  sight 
jncreascd  beyond  its  ]>resent  limit  in  tlie  same  proportion  that  the 
wn  exceeds  them  in  size.     The  sun  far  transcends  all  the  other 
bodies  of  our  aystpm  in  regard  to  heat  and  light,  and  is  in  a  state 
of  iaeandeseenoe,  because  of  the  mode  of  its  formation  and  lA'  ils 
TBstly  greater  dimensions. 

2. — T!ie  molecular  forces,  here  considered,  are  tlie  efleetlve 
causes  whitJi  detennine  a  body  to  be  a  solid,  liquid,  or  gas.  If  the 
attractions  prevail  over  the  repulsions,  the  body  is  kj^w^,'  if  these 
antngonistic  forces  be  equal,  it  is  liquid^'  and  if  tlie  repulsions 
t>reTaii  over  the  attractions,  it  is  a  giM. 

3. — The  molecular  forces  may  so  act  upon  the  elements  of 
(Itssimilar  bodies  as  to  cause  a  new  combiuation  or  union  of  thoir 
atoms.  This  may  also  produce  a  separation  between  the  eom- 
tmuMl  atoms  or  molecules,  in  such  manner  us  to  entirely  change 
the  individual  properties  of  the  bodies.  Such  eflbrts  of  the  nio- 
lecuUu'  forces  are  called  chemical  action ;  and  the  disposition  to 
exert  these  efforts,  chemical  affinity. 

4. — Beyond  the  last  limit  of  gravitation,  atoms  attract  each 
oUier:  hence,  all  the  atoms  of  one  body  attract  each  atom  of 
another,  and  vice  versa:  thus  giving  rise  to  attractions  between 
bodicfl  of  Ecusible  magnitudes  tbrougb  sensible  t\islai;ice&.     *lVc 
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inti^naities  of  these  altrftctionn  are  proportional  to  tlie  number  of 
atoms  in  tlie  attracting  body  diiectly,  and  to  the  sfniare  of  the 
distance  between  the  bodies  inversely. 

5. — Tlie  terra  universal  grm'tation  is  applied  tc.i  tliie  i'wri'.e, 
vrhen  it  i»  intended  to  express  the  action  of  the  licaronly  bodies 
on  each  other;  and  that  of  terrestrial  gra/vitaiiim  or  simple 
ffrav'ly,  when  we  wisli  to  expi-css  the  action  of  the  earth  upon 
tlie  bodies  forming  ^cith  itself  one  whole.  Tlie  force  is  always  (A 
the  same  kind,  however,  and  varies  iji  intensity  only  by  reason 
of  a  difference  in  the  number  of  atoms  and  tbcir  distances.  Its 
effect  is  always  to  generate  motion,  when  the  bodies  are  free 
to  move, 

Gravity,  then,  is  a  property  common  to  all  terrestrial  bodies, 
since  they  constantly  exbibit  a  tendency  to  approach  the  earth 
and  its  centre.  In  consequence  of  this  tendency  all  bodies  possess 
weight,  and,  nnless  supported,  fall  to  the  surface  of  the  earth; 
and  if  prevented  by  any  other  bodies  from  doing  ao,  they  ejcert 
a  pressure  on  these  latter. 

This  is  one   of  the   moat   important   projwrtiea   of  terrestrial 
bodies,  and   the   cause  of  many  phenomena,   of  which  a  toiler  ' 
account  will  be  giren  lierealler, 


g  7. — Density  is  a  term  employed  to  express  the  greater  or 
less  proximity  of  a  body's  atoms.  The  relative  densities  of  dif- 
ferent bodies  must,  therefore,  be  proportional  to  tlie  number  of 
atoms  tliey  contain  under  equal  volumes.  The  weights  of  bodioe 
being  projiortional  to  the  number  of  their  atoms,  the  density 
of  any  body  is  measured  by  the  quotient  arising  IVom  dividing 
its  weight  by  the  weight  of  an  equal  volume  of  some  other  body, 
assumed  as  a  standard,  and  whose  density  is  regarded  as  unity. 
The  density  of  jmro  water,  at  the  temperature  of  3S*',75  Falirea- 


in:  boduction. 
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lieit,  is  assumed  as  the  unit,  the  water  possessing  its  maximum 
density  at  that  temperature. 


MASS. 

§  8. — The  TnasB  of  a  body  is  the  quantity  of  matter  it  contains ; 
and  this  being  proportional  to  its  weight,  the  mass  of  a  body  may 
be  measured  by  the  quotient  arising  from  dividing  its  weight  by 
the  weight  of  some  other  body  assumed  as  the  unit  of  mass.  A 
cubic  foot  of  distilled  water,  at  its  maximum  density,  may  bo 
assumed  as  the  imit  of  mass.  And,  therefore,  a  body  whose  mass 
is  expressed  by  any  number,  say  20,  will  contain  twenty  times  the 
matter  contained  in  a  cubic  foot  of  distilled  water  at  its  greatest 
density. 

If  the  mass  of  a  body  be  denoted  by  JIT,  its  weight  by  TT,  and 
that  of  a  unit  of  mass  by  ^,  then  will 

W  =  M .  g (1; 

If  "F  denote  the  body's  volume,  and  D  its  density ;  then  will 


M=  r.D 


and  by  substitution  above. 


(2) 


W=r.D,g (3) 

The  masses  of  bodies  are  so  constantly  in  view  in  discussing 
and  applying  physical  principles,  as  to  make  it  important  to 
understand  well  the  method  of  getting  their  numerical  values. 
Equation  (1)  may  be  written 


W 


=  M, 


and  in  which  TTand  g  must  be  expressed  in  terms  of  the  same 
unit.    But  g  may  have  two  values,  very  different  in  kind    It 
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may  bo  expressed  in  pounds,  or  any  otlier  unit  of  ivoiglit,  or  in 
feet,  or  any  otlier  unit  of  length.  In  tlie  first  case,  the  body 
assiimiid  as  ihe  unit  of  mass  and  that  whose  mass  is  desireJ,  arc 
simply  wciglied,  and  the  ratio  of  the  iveights  taken.  In  the 
BOcond  case,  the  bo<]y  assumed  as  the  nnit  of  mass  is  pennitted 
to  fall  in  vacuo,  and  the  velocity  its  own  weight  can  generate 
in  it,  in  one  second  of  time,  ascertained. 

A  cubic  foot  of  pure  water,  at  its  maximum  denBity,  weighs 
62,3791  pounds  avoirdupois,  and  the  measure  of  a  body's  mass 
is  given  by 

jr_        ^      ■ 

62,3701 ' 

in  which  W  must  be  expressed  in  avoirduiwis  pounds. 

The  velocity  which  the  weight  of  a  body  can  impress  upon 
itself,  in  one  second  of  time,  on  the  parallel  of  45°,  is  32,1801 
feet  J  and  the  measure  for  a  body's  mass  is  given  by 

32,1801' 

in  which  IF  may  be  expressed,  as  before,  in  pounds;  but  in  this 
case  the  cubic  foot  of  water  ceases  to  be  the  unit  of  mass,  and  in 
its  stead  we  take  so  much  of  the  water,  or  of  any  other  body,  as 
will  weigli  32,1801  pounds,  as  the  unit  of  mass.  In  this  latter 
case,  any  body  which  weighs  one  pound  will  he  jj.iVoi  of  the 
nnit  of  mass. 

Had  the  pound  been  made  greater  than  it  is  in  the  proportion 
of  G2,3T91  to  32,1801,  or  the  foot  less  in  the  proportion  of  32,1801 
to  02,3791,  then  would  the  same  number  have  expressed  both  the 
pounds  avoirdupois  in  the  weight  of  a  cubic  foot  of  pure  water 
at  the  standard  temperature,  and  tlie  numlor  of  feet  in  the 
velocity  this  weight  could  generate  in  the  same  cubic  foot  in  one 
second  of  time. 
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cnokoanized  and  OHQANIZED  BODIES- 

S   9. — ^All  iKfdtcs  (loiiuectcd  with  the  earth  are  (listi'ibiitt.'il  i 
two  classes,  viz.  i   Unorganized  aod  Organized. 

Ho  uiiorganizcti  class  embrace  all  niiitcrals,  as  inetalf,  stotiOB,  ' 
I  u«rtlic>,  alkiilieB,  iratcr,  air,  aiid  the  like. 

Tiiu  organized  cia'~s  int-hide  all  animals  and  vfgetahk'.i. 
The  uitorgnnlztd  bodies  form  Uie  lo\ver  class,  and   sire,  so  to 
I  Q>Gak,  the  siihstratum  of  the  orgauized.      They  arc  acted  ujioii 
solely  by  influence*  external  to  themselves,  and  have  iiiitliing  that 
call  properly  be  called  lite.     They  have  no  deiiitite  or  periodical   , 
duration. 

Organ'Sid  lod!ea  are  more  or  less  perfect  individuals,  posiiesa- 
hig  organs  adapted  to  the  performance  of  certaiu  functions. 
I  Tttey  iHias&^s  vitality,  nnd  are  continually  appropriating  to  ihein- 
\  eelvo»  unorganized  bodice,  changing  tlielr  properties,  and,  by  tliia 
f  proc&if,  increasing  their  bulk.  They  jiossess  the  faculty  of  repro- 
1  diictioa.  They  retain  only  for  a  limited  tiiue  the  vital  principle, 
and,  when  lii'i;  is  extinct,  they  sink  into  the  class  of  unorganized 
I  bodies. 

HEAVENLY  BODIES. 


1 10.— The  I/tavndg  Bodks  form  a  distinct  class.  In  tho 
V  elumges  tltey  bring  about  witliin  themselves,  they  resemble  organ- 
I  ized  bodies ;  and  may,  in  one  sense,  be  aaid  to  possess  organs. 
F  Those  of  our  earth  are  its  continents,  oceaiii^,  and  atmosphere 

■  Tbc  researches  of  Geology  furnish  the  most  ample  evidence  ot 

■  vast  changes  having  taken  place  iu  the  earth.  It  now  supports 
lax^  nourishes  both  the  animal  nnd  vegetal>le  kingdoms.  There 
Bwss  s  time  wlien  neither  of  these  existed  upon  it.  It  was  once 
I  all  flnid,  from  excessive  heat;  it  ia  now  incrnsted  with  an  indu- 
vmted  imvelope  of  many  miles  in  thickness,  inclosing  a  molten, 
Bliqaut  mass.  In  many  places  its  continents  are  being  elevated, 
I  while  in  others  they  are  being  dci>i-csscil ;  eorrcspviniliw'  tWwgis 
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are  tnlcing  place  in  tlie  shores  of  tJie  oceaii,  and  tlie  irliuiatis  of 
llic  isamc  zones  are  undci^ing  modifications.  Wimt  is  true  of 
wur  ciirtli,  is  doubtless  eijiialty  true  of  ihe  otlicr  liedvcnly  Ixxlies. 

NATl'UAL  PniLOSOPllY- 

§  Xl.—N^aturni  Philosop/i//  is  a  name  given  to  that  biaiidi  of 
jiIiyHical  BcioTicc  wliich  treats  of  the  general  properties  ot  unorffon- 
ized  iodes;  tlie  changes  they  undergo  wilhouC  atfe(;ting  their 
internal  constitiitiou ;  the  cause:)  of  these  changes,  and  thf 

whii-h  govern  both  the  causes  and  changes. 

TIIEKMOTKS,  ACOUSTICS.  OPTICS.  ELECTRICS. 

§  12.— Natural  Philosophy  embraces  the  subjects  tii  ThemiotiCi, 
Acoustics,  Optica,  and  Electrics.  The  first  treats  of  heaty  the 
second  of  sound,  the  third  of  light,  and  the  fourlb  of  eUcirleity. 
The  subject  of  magnetics  is  omitted  here,  becan&e  it  is  now  mei^ed 
into  that  of  elei^trics.  The  phenomena  which  appertain  to  tlieso 
different  heads,  all  have  a  common  source  in  the  action  of  forces 
upon  bodies — the  nature  of  tlie  bodies,  the  kind  and  mode  of  action 
of  the  forces,  and  the  sense  employed  to  excite  the  mind  to  a  peN 
ception  of  the  effects,  constituting  the  main  distinction. 

Natural  Philosophy  relies  npon  observation  and  experiment 
for  its  data.  From  these  we  deduce  the  varied  information  we 
have  acquired  about  bodies ;  by  the  former  we  notice  any  elionges 
that  transpire  in  the  condition  or  relations  of  any  body,  as  they 
spontaneously  arise  without  interfercneo  on  our  part;  whereas, 
in  the  performance  of  an  experiment,  wo  jiurposely  alter  the 
natural  arrangement  of  things,  to  bring  about  some  porticulsr 
condition  we  desire,  To  accomplish  this,  we  make  use  of  Appli- 
ances called  philosophical  apparatvs,  the  proper  use  ami  appli> 
cation  iif  whicli,  it  is  the  office  of  Experimental  Ph 
feacli. 
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If  we  notice  that  in  winter  water  becomes  converted  into  ice,  I 
we  are  said  to  make  an  observation;  if,  by  means  of  freezimrJ 
mbctares  or  evaporation,  we  cuueg  water  to  freeze,  we  arc  then  | 
said  to  perform  an  experiment. 

These  observations  and  exi>eriments  are  next  eubjocted  to  cal-  I 
eulatioii,  from  which  are  deduced  what  are  called  the  laws  of  i 
ire,  or  tfw  rules  tfiat  Vke  causea  will  JnvaTlaUy  pi-odttca  like 
lavllB.     To  express  these  hiws  «ith  the  greatest  possible  brevity,   i 
i^iemattcal  foi-mulas  are  nsed.     Wlieti  it  is  not-  practicable  to 

ireeent  them  with  mathomatieal  precision,  we  are  content  with 
jafvrences  and  assumptions  based  on  analogies,  or  witli  probable 
iypothesefi,  as  llie  naeuns  for  explanation  and  further  deductions. 

A  hypothesis  gains  in  iirobabilitj  tlio  more  nearly  it  accords 
with  the  ordinary  course  of  nature,  tlie  more  numerous  the  oljser- 
vntious  and  experiments  on  wliich  it  is  founded,  and  tbe  more 
^ple  the  esplanation  it  olfurs  of  the  pLenomena  for  w]ii(:]i  it  is 
ialeoded  to  account. 

CHEMISTRY. 

g  13. —  ChemiiitTij  iTciiX?,  of  the  individual  properties  of  unor- 
ganized bodies,  by  whicli,  as  regards  their  constitution,  tbey  may 
t«  distinguished  from  one  another.  It  also  investigates  the  tnm»- 
fWmations  that  take  place  in  the  interior  of  these  bodies,  and  by 
whieh  their  Bubalance  is  altered  and  remodelled ;  and,  lastly,  it 
detects  and  classiiiea  the  laws  that  regulate  cliemical  elmngee. 

NATURAL  HISTORY. 

lit — Natural  JUstory  XreeXs,  of  the  organized  bodies.  It 
owniiriies  three  divisions,  viz.:  A.natoi/iy,  whicli  is  concerned 
'ith  the  dissections  of  plants  and  animals;  Vegi'tailc  and  Auiiiinl 
Ctmitfrt/,  wliieli  investigates  their  internal  constitution;  and 
rAjinob^,  which  explains  '.he  objects  and  offices  of  their  varioua 
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ASTRONOMY. 

§  15, — Adronoiny  teaclies  llie  knowledge  of  tlie  lieavenly 
bodies.  It  Cdusists  of  two  brandies — Physical  and  Spherical 
iVstronomy.  Tlio  foniier  treats  «f  the  constitution  and  physical 
condition  of  the  heavenly  hodics,  their  mutual  influences  and 
actions  on  each  other,  and,  generally,  seeks  to  exi)lain  the  causes 
of  celestial  phenomena;  the  latter  is  concerned  with  the  appear- 
ances, magnitudes,  distances,  arrangements,  and  motions  of  these 
bodies.  All  measurements  upon  them  are  made  from  stations 
on  the  earth,  and  by  instruments  that  give  the  sides  and  angles 
of  spherical  triangles  pi-ojected  upon  the  concave  of  the  celestial 
vault ;  and  hence  tlio  name. 

GEOLOGY,  PHYSICAL  GEOGSAPHT,  METEOBOLOGY. 

§  IG. — Geology,  Physical  Geography,  and  Meteorology,  are 
strictly  branches  of  Physical  Astronomy.  The  first  teaches  i. 
knowledge  of  the  structure  and  history  of  the  earth's  crust;  th« 
second  treats  of  the  nature  and  character  of  its  surface ;  and  thi 
third  is  concerned  with  the  phenomena  of  the  atmosphere  anc 
ulimate. 


g  17. — Katural  Philosophy,  Chemistry,  Natural  Historj-,  and 
Astronomy,  are  but  branches  of  the  more  general  subject  called 
Physics— a  science  so  vast  in  its  range  as  to  embrace  whatevei 
is  known  and  can  be  discovered  of  the  nature  and  properties  of 
bodies,  their  source,  effects,  affections,  operations,  phenomena, 
and  laws. 


g  18. — All  phenomena   of  the  physical   world   arise  dii-ectly 
from  tJie  action  of  forces  upon  the  various  forma  of  bodies.    That 
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branch  of  science  wliicL  treats  of  this  action  is  called  Mechanics, 
A  careful  study  of  a  eouree  of  mechanics  is,  therefore,  an  iiidis- 
l>cn3able  preparation  for  that  of  any  branch  of  jdiysical  science. 
Mechanics  is  the  subject  of  the  present  volume.  It  will  bo 
treated  under  three  heads,  suggested  by  peculiarities  of  [thysical 
condition,  viz. :  Mechanics  of  Solids,  Mechanics  of  Fluids,  and 
Mechanics  of  Md^eeidesj  the  first  treating  of  tlie  action  of  forces 
upon  solid  bodies ;  the  second,  upon  fluid  bodies ;  and  ihe  tjiird, 
upon  the  molecules  or  elements  of  both  solids  and  fluids. 

Mechanics  is  founded  iu  a  single  fact,  viz. :  that  dS.  action  is 
ever  accompanied  by  an  equal,  contrary,  and  simultaneous  reaction. 


§  19. — This  reaction  very  often  arises  from  a  property,  common 
to  all  bodies,  by  which  they  resist,  of  themselves,  every  change 
of  their  o^vn  state  iu  regard  to  rest  or  motion,  and  witli  an  effort 
equal  to  that  which  produces  the  change.  This  property,  known 
from  experience,  is  called  Tnetiia.  It  is  force,  but  jxisnivc  and 
■xmservalive.  force. 
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SPACE,    TIME.    MOTION,     AND    FOROE. 


§20. — Spate  is  indefinite  exteiiaioi),  without  limit,  and  coubuns  all 
Dodtcs. 

§21. — Time  is  aiiy  limited  portion  of  duration.  We  may  conceive 
of  a  time  which  is  longer  or  shorter  than  a  given  time.  Hme  has, 
therefore,  magnitude,  as  well  as  lines,  areas,  &c. 

To  meagurt  a  given  time,  it  is  only  necessary  to  assume  a  certain 
interval  of  time  as  unity,  and  to  express,  by  a  number,  how  often 
this  unit  is  contained  in  the  given  time.  When  we  give  to  tbia 
number  the  particular  name  of  the  unit,  as  hour,  minute,  teeond.  &cc, 
we  have  a  coniplete  expression  for  time. 

Tlie  Initrvmtnti  usually  employed  in  measuring  time  are  eloeit, 
chronometers,  and  cvmmon  itatcAes,  which  are  too  well  known  to  neod 
a  description  in  a  work  like  this. 

The  Bni.ilIcBt  division  of  time  indicated  by  these  time-pieces  is  the 
lerond,  ,>f  which  there  are  OO  hi  a  minute,  3fi00  in  an  hour,  and 
80400  in  a  day  ;  and  chronometers,  which  are  nothing  more  than  s 
«pecies  ot  watch,  have  been  brought  to  such  perfection  as  not  to  vary 
in  their  rate  a  half  a  second  in   3G5  days,  or  31530000  seconds. 

Thus  the  number  of  hours,  minutea,  or  seconds,  between  any  two 
events  or  instants,  may  be  estimated  with  as   much  proci^on  oad 
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I  ihe  number  of  yards,  feot,  or  iiiehcs  bct,wi;i'ii  the  cxtren 
of  oiiT  givrn  dislnnce. 

Time  may  bo  represented  by 
liBM,  by  laying  olT  upon  a 
given  right  line  A  £,  the  equal 

distances  rrnm  0  to  1,    1   to   2,  '*■'''*'  "^     * 

S  lin  3,  iie.,  each  one  of  these 
equal  Jistanees  representing  the 
uDit  of  time. 

A  seeond  is  iisoajiy  taken  ns  the  unit  of  lime,  and  a  foot  Us  the 
'linear  unit. 

|22. — A  body  is  in  a.  state  of  abgolate  reil  when  it  contiiiuca  in  the 
emmc  pifice  in  spnce.  There  is  perhaps  no  body  flbsoiutely  at  rest ; 
fMir  «nrlh  being  in  motion  about  the  sun,  nothing  connceted  with  it 
can  he  at  rest.  Keet  must,  l^refore,  be  considered  but  as  a  re/alive 
Utri.  a  body  is  said  to  be  at  rest,  when  it  preserves  ihi?  saRie 
petition  in  respect  to  other  bodies  whieh  we  nmy  regard  as  lixed. 
A  body,  for  example,  whieh  eonllnucs  in  the  some  place  in  a  boat, 
io  said  lo  bo  at  rest  in  relation  to  ihc  boat,  although  tho  boat  itself 
may  bo  in  motion  in  ri'laticn  to  the  banks  of  a  river  on  whose  sur- 
fiue  it  is  HoaliDg. 


§2S. — A  boily  is  in  molion  when  it  oeeupies  successively  different 
poeiltum  in  spaee.  Molion,  like  rest,  is  but  relative.  A  body  is  in 
lUDlinn  when  it  chfinges  Its  place  in  referenco  to  those  which  we 
may  regiml  at  lest. 

M»ti(>n   is  essentially  eonilnuouit ;    that  i:^,  a  body  eannot  pass  from 
Mie  jicilion  to  nnolher   williout   passing  thi^ugh  a  series  of  inlcrmfr  J 
dtate  positions  ;    a  point,  in  motion,  therefore   describes 


WhcJi  we  speak  of  tho  path  described  by  a  body,  we  are  to 
BitderKiaiid  that  of  a  certain  point  connected  with  the  body.  Tims, 
tlie  paiii  of  a  ball,  is  that  of  iu  ci'tilre. 


ga*.— The  motion  of  a  body  i; 
as   the    palh    deferibcd 


^nid  t 


vilin: 


'  reelitimi 
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uillwr  uniform  or  varied.  A  body  is  said  to  have  vniform  motion 
whtn  it  passes  over  equal  spncea  ia  equal  suceessive  portions  of  time: 
aiu)  it  is  said  to  hiive  varied  motion  when  it  passes  over  unequal 
spaces  iti  equal  enccessivc  portions  of  linic.  The  motion  is  said  to 
lie  acceltrated  when  the  successive  incretiients  of  space  in  equal 
ihiiea  become  greater  and  greater.  It  is  rflarded  when  these  incrr 
ments   bccoiiic   siTiullcr  and    smaller. 

§25. —  Vflocily  is  the  rnte  of  a  body's  motioi).  Velocity  is  mca- 
surod   by    the  length  of  path  described  unifurmly  in  a  unit  of  time. 

§20. — The  spaces  described  in  equal  successive  jiortiims  of  time, 
being  equal  in  uniform  motion,  tt  is  plain  that  tho  length  of  path 
described  in  any  time  will  be  equal  to  that  described  in  a  unit  of  lime 
repeated  as  niany  tiriies  as  there  are  units  in  the  time.  Let  v  denote 
the  velocity,  t  the  time,  and  s  the  leii^h  of  path  described,  then  will 

>  =  '.', (3) 

If  the  position  of  tho  body  be  referred  to  any  assumed  origin 
whose  distiincc  from  the  point  where  the  motion  bcgini,  estimated 
in    the  direction    of  the   patli   destTibcd,   be   denoted   by  S,  then  will 

•  =  «  +  ••' w 

Equation  (3)  shows  that  in  uniRirm  motion,  the  sjxiee  dneribtd 
is  ahraija  tqtial  to  the  product  of  Ihe  time  ijito  the  rrlocity ;  that  the 
ipaefs  deaeribed  by  differtnt  bodiia  taoving  icith  different  velocities  durinff 
Ike  tame  time,  are  fu  each  other  as  the  velueitiea;  and  ihat  irheii  the 
velocities  are    the    mine,    the   spaces   are    to    each   other  aa    the    times. 

gaT.—Diffcrentialiiia  Equation   (3)   or   (4),   we  find 


(5) 


that   ia   to  say,   the   velneity  is  equal  to  the  first  differential  co-effieieni 
of  the    space   regarded   as  a  function   of  the   time. 

Dividing  both  members  of  Equation  (3)  by  (,  ws  have 

7- («> 
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iicfe  shows  that,  in  uni/on 
Irt   Jie^dtd   by    Iht   time   i\ 


motion,  the  veloeil;/  u  eyml  to  the  wlolt 
which   it   it  iU»eribtd. 


g  28. — Matter  on  the  earth,  in  its  unorganised  rtalo,  is  innHimale  or 

T^     It  ciinuot  gtvi;  ilsi'lf  motion,  nor  can  it  chnngc  of  itiulf  tho  molioD 

ikb  it  may  have  rcceivi:^. 

body  at  r«Bt  will   furcvcr 

emiuit    »o    unless    disturbed 

something 

elf;   or  if  it  be 

any  direction,  t 

b,   it   wilt 
rolongatiun  of  ab; 

should  deviate   to 


motion 

nfl^r  arri 
for  having  i 


nt  fc,  to  move  towards  c  in  tba 

ed  at  6,  tlicrc  is  no  leaaon  why 

than  another,     Moreover,  if  the 

havo  a  certain  velocity  at  b,  it  will  retain  this  velocity  unaltered, 

DM  no  reason  can  bo  assigned   why  it  should  be  increased  rather 

ma  dlmlnishL'd  in   the  absence  or  all  extraneous  causes. 

If  a  billiard-ball,  thrown  upon  the  table,  seem  to  diminish  its 
itc  of  motion  till  it  stops,  it  Is  because  its  motion  is  resisted  by 
le  doth  mid  the  atmosphere.  If  a  body  thrown  vertically  down- 
ard  ftcein  tu  increase  its  velocity,  it  is  bi^cattse  its  weight  is  inces- 
intly  urging  it  onward.  If  the  direction  of  the  motion  of  a  stone, 
irowii  into  Ibe  tur,  seem  continually  to  change,  it  is  because  the 
Ugbt  of  the  stone  urges  it  incessantly  towards  the  surface  of  the 
mh.  Experience  proves  that  in  proportion  as  the  obstacles  to  a 
ndy'a  motion  aro  removed,  will  the  motion  Itself  remain  unchanged. 

When  a  body  is  at  rest,  or  moving  with  uniform  motion,  ita 
wrfid   is  not  called  into   action. 

1 99. — A  /vret  baa  been  defined  to  bo  that  which  changes  or  tends  to 
tbuge  tlie  Etal«  of  a  body  in  respect  to  rci>t  or  motion.  Wti;/IU  and 
Xhiiiritif  are  examples.  A  body  laid  upon  a  tabic,  or  suspended  from 
aSxcd  point  by  means  i-f  a  thread,  would  move  under  the  action  of 
^  «cight,  if  the  resistance  of  the  tabic  or  that  of  the  fixed  point  did 

•W  cootinuallf  prevent   by  an   equal,  simultaneous,  and   contrary  rcac- 

^    A  bwly,  subjected  atunu  to  the  action  of  a  spring,  would  charge 

'"»  "UtB  by   moving  fiisler  or  slower. 
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Whfii  WB  push  or  pull  a  hody,  be  it  free  or  fixed,  we  expcrienoi 
■  spnsation  denominated  prtiiure,  trattian,  or,  in  genera],  rffott.  Tbjs 
effort  is  ai  alogous  to  that  'nhich  we  exert  in  raisiiii;  a  weight,  Forces 
are  real  pressures.  Pressure  may  br  strong  or  feeble ;  it  ilirrcforo 
huB  magnitude,  and  may  be  expressed  In  nun/ocrs  by  ossiimiug  a 
certain  pressure  as  unify.  Ilio  unit  df  pressure  will  lie  lakeu  to  be 
tnat  exerted  by  llic  weight  of  jj.j-  part  of  a  eubic  foot  of  distiUed 
watei',  at  38°,75,  and  is  railed  a  pound. 

§30. — The  inleiirily  of  a  force  is  its  greater  or  less  eapncity  to 
produce  preasiirc.  This  intensity  m.iy  be  expressed  in  pounds,  or  in 
quantity  of  motion.  Us  valu«  in  pounds  is  called  its  tialical  mea- 
sure;  in  quatitity  of  molion,  its  dynamietil  measure. 

§31. — The  point  i:f  opplkalion  of  a  force,  is  (ho  material  point  la 
which  the  force  may  1m:  regarded  ns  directly  applied. 

§32. — The  lint  of  dirtelion  of  a  force  is  the  right  line  which  the 
poitit  of  application  would  describp,  if  it  were  perfectly  fVcc. 

g  33. — Tlie  efiect  of  a  force  depends  upon  its  intensity,  point  of 
application,  and  line  of  direction,  and  when  these  are  given  the  force 
is  known. 

§  34. — Two  foTCca  are  equal  when  substituted,  one  for  the  other, 
in  the  same  circumstances,  they  produce  the  sjime  cfrect,  or  whim 
directly  opposed,  they  neutralize  each  otlier, 

§35. — There  can  be  no  arlloit  of  a  furco,  wiilifiiit  nn  ctpial  and 
contrary  reaclion.  This  is  a  law  of  iiulure,  and  our  knowledge  of  It 
oomc9  from  experience.  If  a  force  act  upon  a  body  retained  by  ft 
fixoj  obstacle,  the  latter  will  oppose  an  equal  and  contrary  resistance^ 
If  it  art  upon  a  fiee  body,  the  latter  will  change  its  state,  and  ni 
the  aet  of  doing  so,  its  inertia  will  oppose  an  equal  onJ  conlruy 
iflioa   and   reaction    art  trer   tgutil,   eonfmry   and.  timttll^ 


§3C.— If  a  free  liody  be  drawn  by  a  thread,  ihe  thread  «iil  «lrcich 
and  even  break  if  the  action  lie  loo  violent,  and  this  will  iho  men 
proMiiy  happen    in    prop(>Ttioti   na   the  body  Is  more  mas«iv«.      If  n 
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I   chiiiti,   and  a  weighing 
,  the  groduulud  si'iile  of 


hoi}  he  euspended  Ity  means  oi'  a  vcrli(!U 
fpting  be  iiitcrposwl  in  the  line  of  tiactiui 
the  aprin};  will  indicate  ihu  weight  of  llie 
body  when  the  latter  is  at  nwl ;  but  if 
tbe  upper  end  of  the  chain  be  ^tuddenly 
«leYBled,  the  spring  will  inimedinldy  bend 
more  in  consi!<juurfa  of  ihe  ri'sistance 
opposed  by  the  iuerlia  of  the  body  while 
Acquiring  motion.  When  the  motion  ac- 
(julred  beeoioes  uniform,  the  spring  will 
Kaiiine  and  preacrvu  tho  degree  of  (lexiiro 
«lric!i  It  had  at  rest.  If  now,  the  motion 
1m!  checkMl  by  relaxing  the  effort  applied 
to  the  npper  end  of  tho  chain,  ihc  spring 
win  unbund  and  indicate  a  pressure  less 
thsn   tho  weight    of    the   body,    in    conso- 

quenco  of  the  inertia  acting  in  opposition  lo  the  retardation.  The 
ORCJlIati  ms  of  the  spring  may  therefore  serve  to  indicate  ihc  vnri» 
tluna  In  the  motions  of  a  body,  and  tho  energy  of  its  force  of 
inertia,  which  acta  against  or  with  a  H.irce,  according  as  the  velo- 
city is  invreaaed  or  diminished, 

§37. — ^I'orccs  produce  various  effects  ocoording  to  circiimstnticea 
Tbcy  sometimes  Iwive  a  body  at  rest,  by  balancing  one  another, 
dtroiigh  its  intervention ;  sometimes  they  change  its  form  or  lirenV 
it ;  sometimes  tliey  impress  upon  it  motion,  they  accelerate  or  retard 
that  which  it  has,  or  change  its  direction  ;  sometimes  these  effect^  are 
pridnced  graduulty,  sometimes  abruptly,  but  however  produced,  lliej 
r«*|utm  some  dpfinife  time,  and  are  effected  by  e&tUinuouii  i/er/teei.  If 
M  bidy  is  sometimes  seen  to  change  suddenly  its  state,  either  in 
tt^tcct  to  the  direction  or  Ihe  rate  of  its  molion,  it  is  beeaupe  the 
Suce  to  so  great  as  to  produce  its  effect  in  a  time  so  short 
BMke  its  duration  imperceptible  to  our  senaea,  yet  some  di'ln:  ' 
lioo  of  time  Is  necessary  for  the  change,  A  ball  fired  fruni 
vtn  br«ak  through  a  pnijc  of  glass,  a  piece  of  board,  or  u  sli 
pftpcr,  when  freely  siix/iciidcd,  with  a.  rapidity  so  grcal  ba  Xa  caSi 


M 
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action  a  furce  of  ini^rtia  In  the  parts  which  remain,  greater  than 
the  molecular  forces  which  connect  the  latter  with  tliose  torn  away. 
In  such  cases  the  elTcels  are  obvious,  while  the  times  in  which 
Ihey  are  accompli bhcd  are  so  short  as  to  elude  the  Eenscs :  and  yol 
lliose  times  have  had  some  deiinite  duration,  since  the  cluiiigcs,  corrrK 
ponding  to  '.licsc  cfii'ctB,  have  passed  ia  succession  through  (hiir  differ 
ent  degrees  from  the  beginning  to  the  ending. 


I   motion    to   bodies,  am 
of   which   the    force  ia 


1 38. — Forces  which  give  or  lend  to  gi' 
colled  motive  /vrrtt.  The  agent,  by  mcar 
exerted,   is  called  a  Motor. 

§30. — Tlie  statical  measure  of  furccs 
may  bo  obtained  by  an  insitrumi'nt  called 
the  Dijnamomtter,  which  iu  principle  docs 
not  differ  from  the  spring  balance.  The 
dynamical  measure  will  be  explained  fur- 
ther  on. 

g  40.— When  a  force  acts  against  a  point 
in  the  surface  of  a  body,  it  exerts  a  pres- 
sure which  crowds  together  the  neighbor- 
ing particles;  tlie  body  yields,  is  compress- 
ed  and    its  surface  indented ;   ihe  crowded 

particles  make  an  effort,  by  their  molecular  forces,  to  regain  iheir 
primitive  places,  and  thus  transmit  this  crowding  action  even  to  the 
remotest  particles  of  the  body.  If  these  latter  particles  are  fixed  or 
prevented  by  obstacles  from  moving,  the  result  will  t>e  a  comprcasion 
and  change  of  ligurc  throughout  tJie  body.  If,  on  the  coiilrsry,  llieen 
extreme  partielcs  are  fiee,  they  will  advance,  and  motion  will  lie  com- 
munientcd  by  degrees  to  ul!  the  parts  of  the  liody.  This  internal  ii  oiiou, 
the  result  of  a  aeries  of  compressions,  proves  that  a  certain  time  ia 
necessary  for  a  fore*  to  produce  its  entire  etleet,  and  the  errur  of 
supposing  that  a  Unite  velocity  may  be  generated  instantaneously. 
The  same  kind  of  action  will  take  place  wlion  the  force  is  employed 
to  destroy  the  motion  which  a  body  has  already  acquired ;  it  wiD 
fir&t  destroy  the  motion  of  the  moleeiiles  at  and  nearet-t  the  point  of 
nnd    then,  by  degrees,  that  of  those   which  are    more    tm 
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The  inoI«calar  springs  cannot  be   compressed  without  reacting  in  ■ 

I   mntrary  direction,  and  with  an  equal  ofTort.     The  ageal  which  prcBsu 

I    I  body  will  (<xperiencc   on   equal   pressure ;   reaclioit  is  equal  and  ran' 

tnry  tn  action.      In  pressin>j  the   linger  agaln&t  a  body,  in  pulling   It 

with  a  thread,  or  pushing   it   with  a   bar,  wc  are   pressed,  drawn,  sr 

piit-hi'd  in  a  contrary  direction,  and  with  an  equal  eflort.     Two  weiglv 


Springs  attached  lo  the  extremities  of  a  chain  or  bar,  will  indicate 
ibe  sane  degree  of  tension  and  in  contrary  directions  when  mode  ta 
■ict  upon  each  other  through  ils  inlervenlion. 

In  every  case,  therefore,  the  action  of  a  force  is  transmitted  through 

ft  hody  to  the  ultimate   point  of  rcsisliinc«,  by  n  series  of  equal    and 

contrary  actions  and  reactions   which    bitUnec    each    other,    and  which 

>  molecular  springs  of  all   bodies   exert  at  every  point  of  the  right 

I   liov,  along  which   the   force  acta.      It  is  in  firtuo  of  this  properly  of 

bodies,  tluit  the   action  of  a   force   may  be    assumed  to  be  exerted  at 

I   ttNjr  fioinl  in  iU  line  of  direction  within  the  boundary  of  the  body, 

§41. — Bodies  being  more  or  less  extensible  and  compressible,  when 
1  InUrpofvd  between  the  motor  and  resistance,  will  be  stretched  or 
LocnaprMBed  to  a  certain  degree,  depending  upon  the  energy  with  which 
i  act ;  but  ns  long  as  the  force  and  resistance  remain  the 
['  the  body  having  attained  its  new  dimensions,  will  cease  to 
On  this  account,  we  may,  in  the  investigations  which  fulbiw, 
•  that  the  bodies  employed  to  transmit  the  action  of  forces  fiom 
!  point  to  another,  arc  inextcnsible  and  rigid. 


542.— To  work  is  to  overcome  a   resistance    eoniiiiually  recurring 
I  klvng  wnie  path.     Thus,  to  raise  a  body  through  a  vctlictA  fecX^V,'"^^ 
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body  full  tlii'oiigh  a  vertical  height,  its  weight  devfloiM  its  !ni!rtia  M 
every  point  of  the  descent.  To  take  a  shaving  from  a  lioard  witli  ■ 
plr.ne,  the  oobeBiur  of  the  wood  must  Lo  overcome  ul  every  point 
aliiug  the  entire  length  of  the  patli  desorlljed  by  tlie  edge  of  the  chiael. 

§43. — The  resistance  may  be  constant,  or  it  may  bo  variuble.  In 
the  first  case,  ibo  t/uantily  of  work  performed  is  the  constant  resiBt«DOD 
taken  OS  many  times  as  there  are  points  at  which  it  has  acted,  Md 
is  measured  by  the  product  of  the  resistance  into  the  path  described 
by  its  point  of  application,  estimated  in  the  direction  of  the  reslstaocft. 
When  the  resistance  is  variable,  the  quantity  of  work  is  obtained  by 
estimating  the  elementary  quantities  of  work  and  taking  their  sum. 
By  the  elementary  quantity  of  work,  is  meant  the  intensity  of  the 
variable  resistance  taken  as  many  times  as  there  ore  points  in  Urn 
indefinitely  small  path  over  which  the  retii^lancc  may  be  regarded  fta 
constant;  and  is  measured  by  the  intensity  of  tlie  resistancu  into  tlu 
differential  of  the  path,  estimated  in  the  direction  of  the  resistance. 

§  44. — In  general,  let  P  denote  any  variable  resistance,  and  a  iha 
path  described  by  its  point  of  application,  estimated  in  the  direction 
of  the  resistance;  then  will  the  quantity  of  work,  denoted  by  Q,  be 
given  by 

Q=/P.</' (7) 


which  integrated  between  certain  lim 


»ill  give  the   value  of  Q. 


1 45. — The  simplest  kind  of  work  is  that  performed  in  raising  • 
weight  through  a  vcrtieol  height.  U  is  taken  as  a  standard  of  com- 
parieon,  and  suggests  at  once  an  idea  of  the  quantity  of  work 
expended   in   any  particular  case. 

Let  the  weight  bo  denoted  by  IT,  and  the  vortical  height  by  Jt; 
then  will 

G  =  ir.  // (8). 


If  W  become  c 


:  pound,  and  JI  o 


;   foot,   then 


will 


and    the  unit  of  work   is,    therefore,   the    unit  of  force, 
exerted  over    the    iuii(  of  distance,  one  fuot^  and   is  men 


no    poundi 
iirod  br  a 
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•quire  of  which  the  adjaceut  sides  are  respectively  one  foot  and  one 
pound,  taken  from   tbo   same  scale  of  equal  parts. 

§46.— To  illuatrate  the  use  of  Equation  (7),  let 
It  be  required  U  compute  the  quantity  of  work 
necessary  to  compress  the  spiral  spring  of  the 
common  spring  balance  to  any  given  degree,  sny 
from  the  length  AB  .o  DB.  Let  the  resistance 
vary  directly  as  the  de^e  of  compression,  and 
denote  the  distance  AD'  by  x;    then  will 

P=  C.x; 

in  which  C  denotes  the  resistance  of  Ihe  spring 
when  the  balance  is  compressed  through  the  dis- 
tance unity. 

This  value  of  P  in   Equation  (7),  gives 

Q=/P.dx  =  /C.!f<U  =  C-^+  C, 
which  integrated  between  the  limits   x  =  0   and    x  =  AD  - 


Let  C=IO  pounds,  a  =  3  feet;  then  will 

Q  =  45     units  of  work, 
and   the    quantity  of  work  will    be    equal   to  that  required   to   raise 
45    pounds    through    a    vertical   height  of    one   foot,    or  one    pound 
through  a  height   of   45   feet,   or  9    pounds    througli    5   feet,    or   5 
pounds  through  0  feet,  dc,  all  of  which  amounts  to  the  same  thing. 

§|4T. — A  mean  reiiitanee  is  that  which,  multiplied  into  the  entire 
pjth  described  in  the  direction  of  the  resistance,  will  giro  the  entire 
quantity  of  work.  Denote  this  by  B,  and  the  entire  path  by  f, 
and  from   the  definition,  we  have 

R.*  =  /P.dt; 


whence. 


fP.d* 


^\ 
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That  is,  the  mean  resistance  is  equal  to  the  entire  work,  divided 
by  the   entire  path. 

In  the  above  example  the  path  being  3  feet,  the  mean  resistance 
would   be    15  poiiods. 


g48. — Equation  (T)  shows  that  the  quantity  of  work  is  equal  to 
the  area  included  between  the  path  i,  in  the  direction  of  lbs 
resistance,  the  curve  whose  ordinatea  arc  the  different  values  of  P,  and 
the  ordinates  which  denote  the  extreme  resistances.  Whenever, 
therefore,  the  curve  which  connects  the  resistance  with  the  path  is 
known,  the  process  for  fuiding  the  quantity  of  work  is  one  of 
simple   integration. 

Sometimes   ibis   law   cannot    be   fuund,   and    the    intensity    of  the 
resistance   is  given   only  at  certain  points  of  the   path.     In  this  case 
we    proceed    as   follows,    viz. :    At  the    several    points  of    the   path 
where  the   resistance   is    known,   erect    ordinates    equal   to   the   cor- 
responding  resistances,   and  connect    their    extremities   by   a   curved 
line ;    then  divide  the  path  described  into  any  even  number  of  equal 
parts,  and  erect  the  ordinat«s 
at  ihc  points  of  division,  and 
Bt    the    extremities  ;    number 
the    ordinates    in    the    order 
of  the  natural  numbers ;    add 
luffcllier   the  eztremr.   ordinatei, 
increase  this  turn  by  four  times 
that  I'f  the  even  ordinatea  and 
twice  that  of  the    uneven  ordi- 
jiales,  and  miiltipli/  bff  one-tkird 
of    the    dialanee    between    any 
two  coiiteciilive  ordinate f. 

Demonatration :  To  compute  the  area  comprised  by  a  curve,  any 
two  of  its  ordinates  and  the  axis  of  abscisses,  by  plane  geometry, 
divide  it  into  elementary  areas,  by  drawing  ordinates,  as  in  the 
last  figure,  and  regard  each  of  the  elementary  llgures,  t,  e,  r,  r„ 
^b  4  O  'm    ^<^i    ^    trapezoids ;    it    is    obvious    that    the    error  of 
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this  Buppositioa  will  bo  less,  in  proportion 
u  the  number  of  trapezoids  between  given 
limits  is  greater.  Take  the  first  two  trape- 
loids  of  the  preceding  figure,  and  divide  the 
distance  t,  «,  into  three  equal  parts,  and  at 
tbc  points  of  divi^on,  erect  the  ordi nates 
M  H,  tn,  n, ;  the  area  computed  from  the  three 
trapezoids  e,  m  n  r„  m  m,  n,  n,  m,  «j  r,  n„  will 
be  more   accurate  than  if  computed   from  tho 


,-•1^0^ 


Tbe  area  hy  the   three   trapezoids 


-  +  n 


n  n  +  B^,  « 


llu^  by   construction, 

uid  ibe   above   may   Ire   written, 
>  4<,<.('ir,  +  Smn  +  2  m.  n,  +  ,,  r.), 

A'  but  in  the  trapezoid  m  m,  »,  n, 

2  m  M  +  2  m,  n,  =  4  f,  r„     very  nearly  ; 
vheace  the   area  becomes 

i*,*,(.,r,  +  4^r.  +  e.r.); 

'1»  area  of   the    next    two    trapezoids    in   order,   of    the   preceding 

figure,  «ill  be 


i«,^.(-. 


.  +  4', 


end 


similar  expressions  for  each  succeeding  pair  of  trapezoids, 
iuing  the  sum  of  these,  and  we  have  the  whole  area  bounded  by 
'"  curve,  ita   extreme   ordinatea,  and  the   axis  of  abscisses;    or, 

^~l«.».[e,r,  +  4*.r.  +  2^r,  f  4r.r,  +  2e,r,  +  4^r,  +  ,,r,l  .  (10) 

**•>«  die  nde. 
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1 49. — By  the  procesees  now  explainei],  it  is  easy  to  osUin 
quantity  of  work  of  the  weights  of  bodies,  of  the  rasistanoeB  ( 
the  forces  of  affinity  which  hold  their  elements  together^  of  I 
elasticity,  iic.  It  romains  to  consider  the  rules  by  which  the  quantity 
of  work  of  iiiorliu  may  bo  computed.  Inertia  is  cxert«d  only  during 
a  chitngu  (if  state  ill  respect  tu  motion  or  ri-st,  and  ihis 
to  thi!  subject  of    varied    motion. 


VARIED    MOTION. 

/  §  50, — Varied  motion  has  been  defined  tu  be  that  in  whicli 
spaces  are  described  in  equal  successive  portions  of  time, 
kind  of  motion  the  velocity  is  ever  varying.  It  is  measured  at  any 
given  instant  by  the  lenglh  of  path  it  would  enable  a  lioily  to 
describe  in  the  first  subsequent  unit  of  time,  were  it  to  remiun 
unchanged.  Denote  tile  space  described  by  s,  and  the  time  of  its 
description    by    I. 

However  variable  the  motion,  the  velocity  may  be  regarded  as 
constant  during  the  indefinitely  small  lime,  dl.  In  thid  time  the 
body  will  describe  the  small  space  lU  ;  and  as  this  space  is  des- 
cribed uniformly,  the  space  described  in  the  unit  of  time  would, 
were  the  velocity  constant,  be  ds  repeated  as  many  times  fts  tliB 
unit  of  Ume  contains  dl.  Hence,  denoting  the  value  of  th«  velo- 
city at  any    instant  by   v,    we    have 


:  (/*  X 


~  di 


§31. — Continual  variation  in  a  body's  velocity  can  only  1 
duced  by  the  incessant  action  of  some  force.  The  body's 
opposes  an  equal  and  contrary  reaction.  This  reaolion  is  dTi^ 
proportional  to  the  mass  of  the  body  and  to  the  amount  of  change  I 
in  it*  velocity ;  it  is,  therefore,  directly  proportional  to  the  produot  I 
of  ihe   mass   into   the   increment  or  deerenienl  of  the  velocity.      Tlkb  \ 


product  of  a  inOM   into   a    velocity,   rejirescnts  n 


rndfy  o 


AMU 
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The  intensity  of  a  motive  force,  at  any  instant,  is  assumed  to  be 
measured  by  the  quantity  of  motion  which  this  intensity  can  generate 
in  a  unit  of  time. 

Hie  mass  remaining  the  same,  the  velocities  generated  in  equal 
(ucoessive  portions  of  time,  by  a  constant  force,  must  bo  equal  to 
each  other.  However  a  force  may  vary,  it  may  be  rt-ganled  as 
constant  during  the  indefinitely  short  interval  dl;  in  this  time  it  will 
gnierate  a  velocity  dv,  and  were  it  to  remain  constant,  it  would 
generate  in  a  unit  of  time,  a  velocity  equal  to  dv  repeated  as  many 
time:!  as  dt  is  contained  in  this  unit;  that  is,  the  velocity  generated 
would   be   equal    to 

dl     dl ' 

»n(l  denoting  the  intensity  of  the  force  by  P,  and  the  mass  by  if, 
ve  shall  have 


Again,  differentiating  Equation  (11),  regarding  /  as  the  independent 
Tuuble,  we  get, 

''"=    rfT' 
ted  th's,  in   Equation    (13),   gives 

P  =  M.^ (13) 

dp  ^ 

From  Equation  (11),  we  conclude  that  in  varied  motion,  (he  veloeilij 
"'  any  inilanl  U  equal  to  the  Jint  differential  coefficient  of  the  tpate 
"gitrdtd  at  a  funetion  nf  the  lime. 

l^iinn  Equation  (12),  that  the  intensity  of  any  motive  force,  or  of 
"<c  inertia  it  develops,  at  any  instant,  is  measured  by  the  prodael  of 
"le  man  into  the  Jirtl  dijerential  eo-efficient  of  the  velocity  regarded  at 
'  finrtion  of  the  time. 

-^4  from  Equation  (13),  that  the  intensity  of  the  motive  forc«  OF 
'"  '"ertia,  is  measured  by  the  product  of  the  miut  into  the  (cM« 
^■Wirf  »^JletM/  of  Ike  tpaet  regardtd  at  a  .unction  of  tlu  ^ 
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§53. — To  illustrate.     Let  there  1>o  the  relation 

»  =  aP  +  li> (14) 

required  the  space  described  in  three  seconds,  the  velocity  At  the  end 
ijf  the  third  second,  and  the  inKinsitv  of  the  motive  force  at  tlw  s.ninij 
instant. 

DilTerentiating  Equation   (14)  twice,  dividing  each  result  bjr  dl,  and 
multiplying  the  last  by  Af,  wo  find 


:  3<((*  +  2i/ 


dt~ 
J/-~*  =  P=  M\pat  +  Zb]  ■ 


(lo) 


(10) 


Make  a  =  20  feet,  A  =  10  feet,  and  t  =  3  seconds,  we  have 
from  Equations  (14),  (15),  and    (1(1), 

t  =  20.33  +  10.3^  =  630  feet; 
V  =  3.20.3^  +  2.  10.3  =  600   feet; 
P  =  M{6 .  20  . 3  +  2  .  10)  =  380  .  Jf. 

That  is  to  say,  the  body  will  move  over  the  distance  630  feet  in 
three  seconds,  wili  have  a  velocity  of  600  feet  at  the  end  of  the 
third  second,  and  the  force  will  have  at  that  instant  an  intensity 
capable  of  gtnerating  in  the  mass  3f,  a  velocity  of  380  feet  in  on« 
second,  were  it  to  retain  that  intensity  unchanged. 


§  53.— Divi 


Equ. 


(12) 


nd    (13)   by    Af,  they  gi' 
(H) 


(18) 


The  first  member  is  the  same  in  both,  and  it  is  obviously  that 
portion  of  the  force's  intensity  which  is  impressed  upon  the  unit  of 
mus.  The  second  member  in  each  is  the  relodty  impressed  in  the 
aaiC  of  time,  tutd  ia  called  the  a«eteraft04  due  to  the  motive  h'c^ 
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§54. — From   Bquation   (11)  we  have, 

dt  =  v,dt (10) 

malUpIying  tiiis  mi  Equation  (12)  together,  there  will  result, 
P.d*  =  M.v.d»       ....     (20) 


•nd  Int^nting, 


fP.di  = 


M.v» 


(21) 


The  first  member  is  the  quantity  cf  work  of  the  mutive  furce, 
wbk-h  19  equal  to  that  of  inertia;  the  product  Af.v\  is  called  the 
lielnff /oree  of  the  body  whose  mass  is  Jf.  Whence,  we  see  that 
ihc  wort  of  intrlia  it  equal  to  Haff  the  living  force  ;  and  the  living 
force  of  a  body  is  double  the  quantili/  of  work  expended  hy  %t»  inertia 
ichilt  it  «  acquiring  iU  velocity. 

g  55. — If  the  force  become  constant  and  equal  to  F,  the  motion 
will    be  uniformly   varied,   and   we   have,    from    Equation    (IS), 


Multiplying  by  di  and  integrating,  wo  get 


(22) 


and  if  the  body  be  moved  from  rest,  the  velocity  will   be  equal  to 
wrro  when  I  in  zero ;    whence  C  =  Q,  and 


(23) 


Multiplying  Equation   (32)    by    dl,   after  omitting  C  from  it,  oiid 
in t (grating  again,  we  find 


■od  if  the     :dy  start  from  the  origin 


r  spaces,  C  will  be  zero,  anl 

w 
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Making    (  c<juh1    Io    .me    second,  in    Etjiia 
dividing  the  lust  by   the  firsl,  we  hnvo 


.   (21)   und  (23),  and 


or, 


(25) 


riint  is  to  siiv,  the  velocity  generaUd  in  the  fint  unit  of  linu  it 
tucasured  hy  tloulile  the  apice  dencribcd  in  acquiring  ilm  vtlueily. 
Eqiiati.ma  (23),   (24),  and   (25)    express   the  laws  nf  cunstaiit  ftiroiw. 

§50. — The  dynamical  measure  for  the  intensity  of  a  force,  or  th« 
pressure  it  is  capable  of  producing,  is  assumed  to  be  the  cflfect  this 
pressure  can  produce  in  a  unit  of  time,  this  effect  bei)ig  a  quantity 
of  motion,  measured  by  (he  product  of  the  mass  into  the  velocity 
generated.  This  assumed  measure  must  not  bo  confounded  wilh  the 
ijunnliiy  of  work  of  the  force  while  producing  this  effect.  Tin 
former  is  the  measure  of  a  single  pressure;  the  latter,  tliia  pressure 
repeated  at  niatiy  times  as  there  are  points  in  the  path  over  whidi 
this  pressure    is  excited. 

Thus,  let  the  body  be  moved  from  A  Io 
£,  under  the  action  of  a  constant  foicc,  in 
one  second;  the  velocity  generated  will, 
Equation  (25),  be  2/lJ?.  Make  J}C=2AB, 
and  complete  the  square  £CFK  BE  will 
be  equal  to  v;  ihe  intensity  of  the  fone 
will  be  Af.v;  and  (he  quantity  «f  work, 
the  product  of  M.v  by  AB,  or  by  its 
equal  {  D ;  thus  making  the  quantity  of 
work  ^  M  v^,  or  the  mass  into  one  half  the 
square  BF;  which  agrees  with  the  result  obtiiiiicd  from  Eijuation  (21 ). 


GqrtLiBBiru. 

g  57. — Eqvilihriitm  ia  a  term  employed  to  express  the  state  of 
two  or  more  forces  whith  balance  one  another  through  the  tntorveo- 
tion  of  some  liody  subjected  to  Ihoir  simultaneous  action.  Wbeo 
npjilied   to  a  body,  it  means  that  the  body  is  at  roKt. 


UECUANtCS    OP     SOLIDS. 


iti 


^  W«  nnwt  htt  careful  to  distinguish  l>ctween  the  extraneous  forces 
which  act  uj'Hjn  a  body,  and  the  forces  of  inertia  which  they  msy,  or 
nuy  not,  develop. 

If  a  body  subjected  to  the  simultaneous  action  of  several  eitrannoH 
furces,  be  at  rest,  or  have  unifurni  motion,  the  extraneous  forces  ore 
in  equUibrio,  and  the  force  of  inertia  is  not  developed.  If  lite  body 
haw  vsriod  niolion,  the  extraneous  forc*8  are  not  in  equilibrio,  but 
dertlop  (brocB  of  inertia  which,  with  the  extranoous  forces,  are  in 
cqvilibrio.  Forces,  therefore,  including  the  force  of  inertia,  itro  ever 
U  equtlibrio;  and  the  indication  of  the  presence  or  absenee  of  the 
force  of  inertia,  in  any  case,  shows  that  the  body  is  or  is  nut  chang 
big  its  condition  in  respect  to  rest  or  motion.  This  is  but  a  conse- 
quence of  the  uni^-crsal  law  that  every  action  is  accompanied  by  ou 
equal  and  contrary  reaction. 


TUK    OOBD. 

I  53.— A  c-jrd  is  a  collectiun  ..f  niiileriul  ] 
to  form  one  continuous  and  flexible  line.  It 
in  what  immcdiHlely  follows,  as  perfectly  ^'xi 
wUhoat   thitkntKi   or   tetight. 

g  50. — 5y  the  tension  of  a  cord  is  mi 
tw«  of  its  odjitcent  particles  are  urged  I 


I    united    u  ^^^| 


ant,  the  effort  by  which  any 
)  separate  from  each  other. 

applied    at    ihc    extremities 


{60. — Two    equal    forces,  P 
A,  A'  of  n  straight  cord,  and 
■ctiiig  in  opposite  directions 

from    its    middle    point,  will  J*'         -''  ■* _^ 

nidinuin  eaeh  other  in  oqiii- 

Uhrio.      For,    all    ihc    points 

^  the  oord  being  eilu.ited  on   the  line  of  direction  of  ihe  forces,  any 

one  of  Ihoni,  as    O,  may  be    liikcn  as  the   common  point  of  applies 

tion  without    atlcnn!;  thbir   ciTeds ;    hut  in  this  case,  the  forces  being 

equal  will,    §34,    ncutrali:!C   cnch   other, 


ttaMM 
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g61. — If  two  equal  fiirues,  P  and  P',  solicit  in  opposite  dircctit 
rte   extremities  of  the  cord 
A  A',  the  twision  of  ihe  cord 

»iU  be  measured  by  the  in-  r jf  at 

tensity  of  one  uf  the  foreea. 
For,  the   cord    being  in  tliis 

cose  in  cqiiilibn'o,  if  we  suppose  any  one  of  its  points  aa  0,  to  beoome 
fixed,  the  c([iiilibriuiii  will  not  be  disturbed,  while  all  cornmiuiica- 
tioii  between  the  fonies  will  be  intcKepted,  nnd  either  force  m^ 
be  destroyed  without  nffecting  the  other,  or  (ho  part  of  the  cord  on 
which  it  acts.  But  if  the  part  AO  of  ihe  cord  be  attnehed  to  % 
fixed  point  at  0,  and  drawn  by  llic  force  P  alone,  this  force  must 
measure  the  tension. 


criil    small  wht-uls 


§62.— Suppose  A,  A\  B,  S',  &■ 
pulleys  perfeclhj  free 
to  move  about  their 
centres,  which,  con- 
ceive for  the  present  e!L_«. 
to  be  fixed  points. 
Let  one  end  of  a  cord 
be  fastened  to  a  fi.\ed 
point  C,  and  be 
wound  around  the 
pulleys  fts  represent- 
ed in  the  figure;  to  the  other  extremity,  attach  a  weight  w.  "Ho 
weight  w  will  be  maintained  in  equilibrio  by  the  resistance  i>f  (lie 
fixed  point  C,  through  the  medium  of  the  cord.  The  tension  of  iha 
cord  will  be  the  same  throughout  its  entire  length,  and  ei^tuU  M 
the  weight  w;  for,  the  cord  being  perfectly  flexible,  and  the  wheels 
perfectly  free  to  move  about  their  centres,  there  is  nothing  to 
intercept  the  fre*  transmission  of  tension  from  one  end  to  the  other. 
Lei  the  points  »  and  r  of  the  cord  bo  supposed  for  a  moment, 
6xi>d;  the   intermediate  portion  ir  may  be  removed  without  anccting 
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Uie  tension  oF  the  cord,  or  ibe  equilibrium  of  the  weight  ib.  Al 
the  point  r,  apply  in  the  direction  from  r  to  a,  a  furce  whose  iuten- 
Mty  is  eijual  to  the  tension  of  the  cord,  and  at  t  an  equal  force 
acting  in  the  direction  from  f  to  A ;  the  points  r  and  jr  nia.y  now  be 
regarded  aa  free.  Do  the  same  at  the  points  «',  r',  »",  r",  »"'  and 
r"'.  and  the  nction  of  the  weight  w,  upon  the  pulleys  A  and  A'  will 
be  replaced  by  the  fmr  forces  at  a,  s',  s"  and  *"',  all  of  equal  in- 
tensity and  acling   in   the   same  direction. 

Now,  let  the  centres  of  the  pulleys  A  and  A'  be  firmly  con- 
neeted  with  each  other,  and  with  some  other  fixed  point  as  m,  in 
tbe  direction  of  BA  produced,  and  suppose  the  pulleys  diminished 
indefitiitely,  or  reduced  to  their  centres.  Each  of  the  points  A  and 
A'  vn\i  be  solicited  in  the  same  direction,  and  along  the  same  line, 
by  a  force  equal  to  2ie,  and  therefore  the  point  m,  by  a  force 
equal    to   4 10. 

Had  there  been  six  pulleys  instead  of  fuur,  the  point  m  would 
have  been  solicited  by  a  force  equal  to  Ow,  and  so  of  a  greater 
number.  That  ia  to  say,  the  point  m  would  have  been  solicited  bT 
a  force  equal  to  w,  repealed  as   many  times  as  there  are  pulleys. 

If  the  extremity  C  of  the  cord  had  been  connected  with  the  point 
fR,  after  passing  round  a  fifth  pulley  at  C,  the  point  m  would 
have  been  subjected  to  the  action  of  a  force  equal  to  bur  ■  if 
seven  pulleys  had  been  employed,  it  would  have  been  urged  by  a 
force  lie ;  and  it  is  therefore  apparent,  that  the  intensity  of  the 
force  which  solicits  the  point  m,  is  found  by  tnulli/ili/inff  ike  lentiim 
of  the  nrd,  or  wripkl  to,  by  the  number  0/ pulleyn. 

TTiis  combination  of  the  cord  with  a  number  of  wheels  or  pulleys. 
b  called  a  mujle. 


§63. — Conceive    the    poim 
m'  or  in",  on  the  line  AB. 
being   invariably    connected    1 
paths,  and  each  equal  to  m  in',  or  m  m", 
portions  of  the  cord  will   be   shortened 
ened  in  the  second,  by  equal  quantities; 
of  the   path    described   by  »i,    n   'he   nu 


m   to   be    transferred    to    the    position 

The  centres  of  the  pulleys  A,  A',  Sec, 

'ith    the   point    m,    will    describe   equal 

,  or  m  m",  so  that   each  of  the  parallel 

1  the    first   case,  or  length 

&i)d    if  t   denote  the  length 

iber  of  parallel  portions  of 


i 
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the  cord,  which  is  equnl  to  the  number  of  pulleys,  and  g,  the  change 
in  length  of  the  portion  v  w  in  consequence  of  the  itiotJon  of  m, 
we  shall  have,  because  the  entire  length  of  the  cord  remains  the  same. 

».'  =  £ (20) 

The  first  member  of  thia  equation  we  shall  refer  to  as  the  thangt 
in   length  of  cord  on  Ike  pulletfi. 

§64, — The  action  of  any  force  P,  upon  a  material  point,  jnay  be 
replaced  by  that  of  a  muffle,  bij  maiing  t!ie  feniion  of  ilt  cord  equal 
to  the  intengili/  of  the  given  force,  divided  b'j  the  number  of  parallel 
portions  of  tlie  cord,  or  number  of  puliiei. 


VlU'rUAL  VELOCITIES. 
—Let  M  represent  a  collection  of  material   points,   united  in 
whatever,  funning   a    solid   body,  and    subjected   to   the 
action    of   several    forces,   P,  /",  P",  P'",  &c,  ;    and   suppose  these 
forces  in  equilibrio. 

Kind    the    greatest    force   w,  which    will  divide   each  of  the  given 
forces  without  a  remainder ;    replace  the  force  /*  by  a  miiffie,   having 


a  nnmlwr  of  pulleys  denoted  by  — ;    the  Icnsion  of  the  coM  will 
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tie  denoted  hj  w.  Do  the  sanio  for  each  of  the  forces,  nnd  we 
ebttU  have  as  many  muntes  as  there  are  forces,  and  all  the  cordk 
will  have  the  same   tension. 

Let  the  several  cords  be  united  into  one,  as  rcprciwntcd  In  the 
figure,  one  end  being  attached  at  C,  the  olher  acted  upon  by  a  weight 
equal  to  the  force  w.  The  action  upon  the  body  will  remain  un- 
changed; that  is,  the  substituted  forces,  including  w,  will  be  in  equt- 
librio. ' 

In  this  state  of  the  system,  let  a  force  Q  be   applied  to  put   the 
body   in    motion,   and    at   the    instant    motion    begins,    withdraw    this 
force  and  stop  the  motion  before  the  equilibrium  of  (he  forces  is  dcx 
troyed.     The  points  of  application  of 
the    original    forces    will    each  have 
described  an  indefinitely  small  path, 
OS  m  11.      Let  m  r  be  the  projection 
of  this  path  upon  the  original  direc- 
tion of  the    force,  and   denote  the 
length  of  this  projection  by  e.     Join 
the  point  n  with   any    point    o,  on 
the    direction    of  the    force   and   at 
some  definite  distance  from  m.     From  the  triangle  onr,  we  have 


\he  displacement  being  indefinitely    small,  nr     may   be  neglected   in 
comparison  with  or  ,  being  an  indefinitely  small  quantity  of  the  seconfl 


But  the  number  of  pulleys  in   the   muffle    which  acts   along  tha 
direction  of  the  force  P  is. 


;  the  duitigc  In   the  iength  of  (he  cord   on  llw  piiWcv*  rf  -Jrib. 
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muffle,  Dnusod  by  the  slight  motion  of  the  point  of  application  of  tte 
force  P,  will,  since  the  centre  of  the  pulley  £  is  fixud,  be 


and  denoting  by  e',  e",  t'",  die,  the  projections  of  the  paths  described 
by  the  points  to  which  the  forces  P',  I"',  P'",  &c.,  are  respectively 
applied,  on  the  origiual  directions  of  theiH!  forces,  we  shall  have 


P'.  e'     P", . 


P"'.  e"' 


for  the  corresponding  changes  in  the  length  of  the  cord 
muffles. 

In  all  these  changes,  the  cord  being  in  extensible,  its  entire  leogtli 
remains  the  same,  and  if  the  change  in  length  which  the  portion  uv 
undergoes    be  denoted  by  £,  we  shall  have 


I 


■^  (P..  +  /"..'  +  />".."  +  !"■.,■■'  +  Ac.)  +  I  = 


.(27) 


This  oqiialiou  expresses  ihe  algebraic  sum  of  all  the  changes  tn 
the  lengths  of  ihc  eevcral  parts  of  the  cord,  between  the  points  of 
application,  and  ihe  fixed  points  towards  which  the  points  of  applica- 
tion are  solicited ;  the  effect  of  these  changes  being  to  shorten  some 
and  lengthen  others,  sorae  of  tho  terms  of  Equation  (27)  must 
be  negative. 

Now  it  is  one  of  tlie  essential  properties  of  a  system  of  forces 
iu  cquillhrio,  to  leave  a  body  subjected  to  their  action  iis  free  to 
move  as  lliongh  these  forces  did  not  exist.  The  additional  force  Q, 
therefore,  was  wholly  employed  in  de^•eIoping  the  ineilia  of  the 
body  M;  it  was  neither  assisted  nor  op|>OBed  by  the  fortes  repre- 
ionted  by  the  action  of  the  muffles,  because  those  forces  balanced 
caeli  other,  and  the  motion  was  arrested  iMsfore  the  points  of  appli- 
cation were  sufficiently  di«lurl)cd  to  break  up  the  equilibrium;  nor,  , 
reciprocally,  §  35,  was  the  action  of  the  iniiffles,  nor  the  tension  of 
t!ic    cord    which     produced     this    uelioii,    nffL-uletl     ly    g.       IK't.c.    tho 
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of  tlio  cord  WHS  invAriiiMe  dnring  the  distiirbiince.  But 
iuvuiable  tension  must  bavc  kept  the  vrciglit  w  at  rest  ilurin^r  1 
dupUccmotit,  and  v/e  have 


■nd  E<imilion  (27)  will  mine 


J'e  +  p-e- 


+  P"\ 


;  =  0, 


'  -H  ice.  =  (>  ; 


ZlL 


g08. — It  may  be  objected,  that  the  given  TorceB 
nible,  luid  Utut  therefurp,  a  force  cannot  bu  fuund  which  will  divide 
each  without  a  remainder;  to  which  it  is  answered,  that  Equa 
(28),  being  perfectly  independent  of  the  valiio  of  the  weight  «•,  or 
lenaion  of  tha  cord,  this  weight  may  bo  taken  so  small  as  to  rendei* 
the  remainder  afler  division  in  any  particular  case,  perfectly  inappre- 
ciable. 

§67. — The  indefinitely  sniall  paths  mn,  m'n',  described  by  tha 
points  of  application  of  the  forces,  P  and  /*',  during  the  slight  motion 
we  have  supposed,  are  called  virluut  veloei- 
tU*  ;  and  they  are  so  onlled,  because,  being 
tlie  actual  distances  passed  over  by  the 
points  to  which  the  furces  are  npplieil,  in 
iba  B«ne  lime,  they  mc<isure  the  relative 
rates  of  motion  of  those  points.  The  dis- 
tances *  ni  and  r'm',  representpxl  by  e  and 
#*,  arc  therefore,  the  projections  of  the  virtual  velocities  upon  iha 
directions  of  the  forces.  Th>!se  projections  may  fall  on  the  side 
towsfds  which  the  forces  tend  to  urge  these  pointa,  or  the  reverse, 
tl^Mndiflg  upon  the  ilircetion  of  the  motion  imparted  to  the  system. 
In  the  first  case,  ihe  projections  are  regarded  as  potHivt,  and  in  the 
•Mond,  oa  ntgalive.  llius,  in  the  ease  taken  for  illustration,  m  r  is 
positive,  and  m'r'  negative.  The  products  Pe  and  P'e',  are  called 
virtual  mowtnlt.  They  are  the  elementary  quantities  of  work  of  iho 
forces  P  and  P".  The  forces  arc  always  regarded  as  positive;  the 
•ign  of  a  virtual  moment  will,  therefore,  depend  upon  that  of  the 
pnieclion  of  the  virtual   veEocity. 

|6a. — Itcfen-ing  to  Equation  (28),  we  eon  chide,  therefore,  tliat  ulicn- 
<WW  Mteral  /orret   arf   in   fguillhrio.    tht  alf/ehraie  lUMV  ri/    tlieir  rirtuol 


bi 
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tpomeiiU  IS  eqiiul  to  tero;   and   iu  tiiis  consists  uhut  is  tailed  ihl 
vijilt:  (li  virluikl   veluciliea. 

g  CO. — Converaely,  if  in  any  Bvstem  uf  furces,  llie  algul 
uf  (be  virtual  moiniMits  be  ctjuul  to  zero,  the  furcts  will  be  in  cqui- 
llhrio,  Tor,  if  ihpy  bo  not  iu  erjuilibrid,  some,  if  not  all  the  points 
of  application  will  have  a  molion.  Lot  q,  g',  g",  6:c.,  be  iho  prck- 
jcctiuns  of  llio  paths  which  these  points  ilescribc  in  the  lirst  tustimi 
r>f  time,  and  Q,  Q',  Q",  &c.,  the  intensities  of  such  forces  as  will, 
when  applied  to  these  points  iu  a  direction  opposite  to  tliu  autua] 
motions,  produue  an  equilibrium.  Then,  by  ibe  principle  of  virtual 
Telocities,  wu  shall  have 

Pt  +  p't-  +  P"t"  +  &c.  +  e?  +  G'v'  +  Q'Y  +  ^i''-  =^ 

But  by  hypothesis, 

Pc  +  P'e'  +  P'l"  +  ie.  =  0, 
and  hence, 

Ql  +  QV  +  Q'V  +  &c.  =  0  .    .    .    (a8]| 

Now,  the  forces  Q,  Q',  Q",  iic,  have  each  been  applied  in  I 

lion  conti'ary  to  the  actual  motion  ;   hence,  all  the  virtual  iiiomend 

Equation  (28)'  will  have  the  negatite  sign  ;    each  tiTrn  must,  Uiorefurc, 

be  equal  to  zero,  which  can  only  be  the  case  by  making  Q,   Q',  Q", 

ic.,   separately    equal    to    zero,    since    by    supposition    the    quantltiea  , 
denoted  by  g,  q',  q",  are  not  so.      Wu  therefore  conelude,  that  when 
ihi  algebraic  sum  of  ibe   virtual   moments  bf  a  Rystem  it  forces  is 
equal  to  zero,  the  forces  wilt  be  in  equilibrio. 

Whatever  be  its  nature,  the  effect  uf  a  force  will  be  the  same  if 
we  ottributo  ita  clfort  to  attraction  betwfen  its  point  uf  applicnljon 
nnd  some  remote  point  assumed  arbitrarily  and  as  fixed  upon  its  Ilnfi 
of  direction,  the.  intensity  of  the  nttraclion  being  equal  to  that  of  the 
force.  Denote  the  distance  from  the  point  of  application  of  P,  to 
that  lowarda  which  it  is  attracted,  by  p,  and  the  corresponding  dJs- 
lAnces  in  the  case  of  the  forces  I",  P",  &c.,  by  p',  p",  ic,  respect- 
ivdy;  also,  let  &p,  ip',  Sp",  &c.,  represent  the  augmentation  or  dimi- 
nution of  these  diitnnces  cnnsed  by  the  displacrmcnt,  supposed  il 
Litdy  small,  then  g  C.%  will 

t  i=  ip,  e    =  ii^(',  t"  =  5//',  &c., 


or  dimi- 

I 


MECHANICS    OF    SOLIDS. 
and   Equation  (-38)  may  be  written 

PSp  +  P'Sp'  +  P"5p"  +  &c.  ^  0     .     .     .  (29) 
in    which  the  Greek   letter  &  simply  denotes  change  in   the   value  of 
the  letter  written  immediately  after  it,  this  change  arising  from   tho 
small   displacement. 

g  70. — If  the  extraneous  fi>rccs  applied  to  a  body  be  not  in  equi- 
librio,  they  will  eommunicate  motion  to  it,  and  will  develop  forces  of 
inertia  in  its  various  elementary  masses  with  which  they  will  be  in 
equilibrio ;  and  if  extraneous  forces  equal  in  all  respects  to  these  forcoa 
of  inertia  were  introduced  into  the  system,  the  algebraic  sum  of  the 
virtual  moments  would  be  equal  to  zero. 

But  if  m   denote    the   muss   of   any    element   of    the   body,  t  the 
path  it  describes,  its  force  of  inertia  will,  Eq.  (13),  be 
,„    (/=«  . 


<iP 


ttnd  denoting  the  projectio 
tual  moment  will  be 


and  because  iho  forces  of  inertia  act  in  oppositi 
(urccs,  their  virtual  momenta  must  have  signs 
[he  latter,  and  Equation  (29)  may  be  written 


l.P.5p  - 


iPx 


)  the  extraneous 
■ary  to  ibusc  of 


.  (30), 


in   which  I  dijnotes   the   algi;bralc   t 
written  immediatelv  after  it. 


I'KtNOrPLE    OF    D'ALEMBERT. 

§71. — This  simple  equation  involves  the  whole  doctrine  of  Mcchanies. 
The  extraneous  forces  P,  F',  P",  &c.,  are  called  impressed  forces. 
The  firoos  of  inertia  which  thoy  develop  mny  or  miiy  not  be  equal  to 
ihem.  di-pending  hikhi  the  mrinner  i.f  their  nppl  ciilion.  If  the  Impressed 
Ibrcca  bo  In  cquilibrio,  fur  Instiiiice,  lliev  will  di  vebij.  no  fi^ee  cf  inertia; 


i 
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but  in  bII  ABM'*,  the  force?  of  inorliu  Oeiuldpcil  will  bo  ctjiiii!  and  C 
irnrv  to  so  much  of  the  iiiiprcssci]  forct-s  as  cli/tL-riniiioa  tlie  clmnge  of 
motion.  The  jKirtioiis  of  the  iiiiprcswMl  forecs  wliidi  ili'tcrtiiinu  n  ciiaiigo 
i»f  motion  aro  calloJ  rfftftivt  /orcrx ;  itnU  from  H^nation  (30),  wo  infer 
thill  tliu  iriijircsM^d  and  cfli-ctivc  forces  are  always  in  cquilibrio  when  (he 
Uircptions  of  the  latter  are  reverse-i.  This  is  unnally  known  as  U'Attm- 
b(iC»  J'riiiriplf,  and  is  notiiiiig  more  than  a  plain  uonscqnencc  of  the 
law  tliat  action  and  reaction  aru  ever  equal  and  conlrarj'. 

This  same  principle  is  al»u  ununeiatL-d  iu  anutlier  wa^.  Sincu  tli« 
effuelivo  forces  reversed  would  maintain  die  iiuprcssad  Torres  \a  e^ul- 
libriu,  and  prevent  them  from  producing  a  uliani^c  of  motion,  it  followi 
that  whatever  fonts  may  he  liml  and  gained  wv*t  ht  in  tquililii-io ;  bIh 
a  motion  different  from  tliat  wliicli  actually  takes  place  must  occur. 


liEriillESCK  TO  CO  ORDISATK   AXtS, 


g  li.—Firtt  Traat/o 
lor  easy  disoussion,  ant 
motions  to  rectangular  n\cs. 

Denote  lij  o,  ,3,  y,  the  angli 
P  makes  wilh  ihe  hkcs  i,  y,  z, 
which  its  viitunl  velocity  makes 
angle  whii-h  iho  virtual  vclocily  : 
each  other,  liien  will 


cur.       I 


Equation  (30)  is  of  a  form  too 
be  simplified  by  referring  the  forces  and 


s   which  the   direction   of  the   force 
respeclively  ;    by   a,  b,  f,  the  angles 

rith  the  same  axes;   and   hy  9,  the 
id  direction  of  the  force  make  with 


Dt-notc  by  i,  the  virluaJ   velocity,  and  multiply  the   above    equation 
by   J'i;   and   we,  have 

J'i<-<,^9  =  Pkf<»iii.c.,^a  +  i'ieosi.cos^  -f  /^-t- cos  c .  008  y ; 
Dtlt    denoting    the    corudinales  of   the    point    of  iipidiealii 

t  cos  9  =  ip  J    Ir  cfis  a   —  01  ;    t  cos  i  =  dy  ;    ir  cos  ( 
mid   those   values  substituted   above,  give 

P.Ap  ^  I'wsa.ix  +  J'eo^^.-u,  ^  J'eoi^y.Si.    .    .  (SlJ 
Similar  values  may   be  fomid  fur  the  viriuiil  moments  of  <^ther| 
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.»LID8, 


§  73. — If  P  Le  replaced  by  tJic  for<;e  of  inertia,  then  will  a,  Q,  iinil 
ill-note  tlie  in  din  lit  ions  of  the  direction  of  lliia  furco  to  the  axes  xijx; 
ite  irirtuid  velocity;  a,  6^  and  e  tlic  iuclitiations  of  Uio  latler  to  the 
j-^  and  ip  its  inclination  to  tbe  direction  of  (lie  force  of  iuLTtiii,  and 
»  m»y,  Eq.  (13),  «rit« 


-■ici 


B  +  m— ct,ifl.i-BosS+,« 


cP»  cosi3  =  (fy;    tf'<  cos  y  =  (T* ; 


•nd  «iniilar  expressions  may  be  found  for  the  virtual  moments  of  the 
litfw*  of  inertia  of  the  other  elementary  masses. 

814.— If  the  intensity  of  the  force  P,  bo  represented  by  a  portion 
rf  its  line  t)f  direction,  wliich  is  the  practice  in  all  gcometricul 
tllimniilDns  of  Mechanics,  itie  factors  P  cos  n,  P  cos  /3,  and  P  cos  7, 
in  E'lualion  (31),  woidd  represent  the  intensities  of  furces  eqnal  to 
•^  projeclions  of  the  intensity  P,  on  iho  ases ;  and  regarding  these 
*»  teUng  in  the  directions  of  the  asea,  the  factors  5x,  5y,  and  h.,  will 
'^•"wol  Ihe  projeclionE  of  their  Tirlual  velocities,  which  virtual  veloci- 
•i"  will  coincide  with  that  of  the  force  P. 
AgJiin.  Equation  (32), 


"  dt^' 


'  dfi' 


•"  fcrew  of  inertia  in  the  direclionii  of  the  axes,  and  Sx,  Si/,  6z,  are 
™  pFojDciions  of  their  virtual  velocities ;  these  virtual  velocitioa  coincide 
'"ih  Ihsi  of  the  inertia  of  m. 

*l)o   values  of  these  virtual    velooilies  depend   upon   the  nature  o( 
I'm  tf^laccment. 
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FBGB   MOTION    OF   A   BIOID   SYSTEM. 

§  75. — Second  Transformalion.  By  tho  substitution,  iu  Equation  (30), 
for  Pip  and  m.  -r—^  .  S s,  tlieir  values  in  Etjuatioss  (31)  and  (32),  there 
would  result  an  cijuation  containing,  in  general,  tlirce  times  as  many  Tari- 
ations  of  xyz  as  there  arc  extraneous  forces  and  elementary  masses,  m. 
'Where  the  forces  arc  applied  to  a  body  whose  elementary  masses  are  in- 
variably connected — that  is,  to  a  rigid  solid — the  number  of  these  varia- 
tions is  greatly  reduced,  in  consequence  of  tlie  relations  delermined  by 
this  conncetion. 

The  most  general  motion  wo  can  attribute  to  a  body  is  one 
of  translation  and  of  rotation  combined.  A  motion  of  transla- 
tion carries  a  body  fmm  place  to  place  through  space,  and  its 
position,  at  any  instant,  is  determined  by  that  of  some  one  of  its 
elements.  A  motion  of  rotation  carries  the  elements  of  a  body 
around  some  assumed 
point.  Ill  this  investi- 
gation, let  this  point 
be  that  which  deter- 
mines the  body's  place. 

Denote  its  co-ordi- 
nates by  Xi  y,  r,  and 
those  of  the  element 
in,  referred  to  this  point 
as  an  origin  by  x',  y', 
z' ;  there  will  thus  be 
two  sets  of  axes,  and 
supposing  them  parallel, 
we  have 


z 

J5 

y/^ 

/ 

/ 

/ 

/ 

ind  diflerentiating, 


rfy  = 


t  =  x,  +  s^, 

f  =  y.  +  y'. 

E  =  r,  -f  *'; 

dx,  -I-  dx', 
dy,  +  dy'. 


(33), 


(84). 
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Demit  from  m,  the  pcr- 
pendicula'8  mX',my',mZ'^ 
upon    the    movabJe     axes. 
Denote  the  first  by  t',  the 
second  by  r",  and  the  third 
bv  r'".      Let  0',  0",  0'", 
be  the  projections  of  m,  on 
iheplanea  zy,  xt,  yr,  res- 
pectively.   Join  the  several 
poinlB  by    right    lines    as 
indicated  in  the  (iguro. 
Denote   the   angle 


Then  will 


tlie  oiangle  m  Z'  0"  give 


the  triangle  m  T  0'", 


r"  cos  4-,  1 

y'  =  r'  cos  «,  1 
■'  .ID  .,  I 


.  (35), 


Wc  here  have  two  vnluca  of  x',  otic  dependent  upon  f,  and  the 
<^r  upon  4,.  ]f  the  body  be  turned  through  an  indcfniitt-ly  small 
'"gle  about  the  axJD  x',  the  corresponding  increment  of  x'  is  obtained 
•"J  iliffereutiaiing    the   first   of  liquations   (35) ;    and    we   h:ive 

dx'  ^  -~r'"  liiji  9.1/9; 
"  it  be  turned   through  a    like  angle   about    the    axis  y',    the    uor- 
"•["JBding   increment  of  x'    is  found    by    diffeientiaiing    ihe    first  of 
^Miiuns  (3«),  and 

djf  =  r"eos.i  .d-^. 

"  tbne    mulions   take    placi 
■■^va  beconin   paMial    differ. 

*ftwti»l, 


lultaneously   about    both    axes,   the 
I  of  x',  and  we  have  fur  its  total 


4X'  = 


it'^.d-l'  -""'sin  9  .((9, 


ELEMENTS 


reptadng  r"  coa  -^  and  i 
tioDB,  and  we  get 
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sin  9,   by  their  values  in  the  above  Eqiiit 


dx'  =  g'.d-].  —  y'-''?; 


and  iQ  the  same  way, 

Jy'  =  i' ,  dif  —  z'  .d  a, 
dt'  =  y'  .d'S  —  x'  .d  -^^ 

which  Gubsthutcd  in  Equatiuna  (34),  give 

dx  =  dx,  +  i' .  d-^.  —  y'  .dif, 
dy  =  dy^  -(-*',(/  f  —  z' .  d'B, 
dz  =  d Zj  +  y'.d  w  —  «'. d^J^, 


.(38) 


.(39) 


and  because  the  displacement  is  indefinitely  small,  we  may  write 


Mid  tnese  i 


P.ip  = 


Sx  =  Sx^  +  z'.Ss}.  —  y'-^V) 
iy  =  Jy,  +  x'.Sifi  —  /.Sw, 
Jz   =iz,  +y'.Jo  —  ar'.i.],; 

Equations  (31)  and  (3S),  give 

Pcosa.Ji,  +/'cos^.Jy,  +Pcos 
+  P.  (l'.C0S;8  —  y',COSa).ip 
+  /• .  (z' .  COS  a  —  a' .  COS  7) .  3+ 
+  /".(y'-cos/  —  z'.cos^).iiw. 

d'x 


■  ix 

+  m- 

d( 

-k,  + 

»' 

■P,- 

w' 

'''  ii 

JC 

!' 

i-i- 

jL 

£1.^ 

Similar  values  may  be  found  for  P'.Sp'hnA  1 


,   rfV 
■  dp 


Sa',&ui. 


these  values  f  >', ,  Sy^  and  Sz,,  will  be  the  aame,  as  also  J 7,^4')  ""^ 
Sw,  for  the  lirat  relate  to  the  movable  origin,  and  the  latter  {o  the 
angulsr  rotation  vhieh,  B'ncc  iho  body  is  a  tolid,  must  bo  of  pqual 
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nlam  for  all  the  elcmeote ;  so  that  to  find  the  values  of  the  virtual 
momeuts  of  the  other  forces,  it  will  be  only  iieccssaiy  suitably  to 
acoent  P,  a,  P,  7,    n,  y,  t,   x',  y',  *'. 

These  values  being  found  and  substituted  in   Equation  (30),  we 
Aall  End, 

+  ^IP.co8(3  —  Sot.  -0  Sy, 

+  (lP.eo.y-l«..g.)j,, 
+  [jP.K.eos^-y.co..)-...  ■'■■^'-''■'^']  I, 
f  rif.(.'.co».-i'.eosy)-s».'''''''^~''-]  J+ 

Now  tbe  displacement  vas  wholly  arbitraiy;  the  values  of  dz,,  ii/,, 
i',.  it^,  ij^,  da,  dctermiDed  by  this  dispUcemcat,  are  also  arbitivy; 
"bciice,  by  tlip  priuciple  of  indfjterniinate  co-cfficicnta, 

IP. 009  ft  -  Im--^  = 


=0 .  (40) 


XP.cos  V  ~  Sm 


=  0, 
1  =  0; 


(^) 


»/'.(^.co,g-y'.co8a)-I^-'''-'^y-;y'-'^^  = 


*''•  (»* .  cos  a  —  «' .  cos  7)  —Im 


t'.<Px  ~-  x'.dh 


>f.fr'.oo.,-,'.cos^)-Im.*^^:^^3^^  = 


(B) 
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g7(J. — These  six  equaliima  express  either  all  the  circumstances  of 
motion  attending  the  action  of  forces,  or  all  tbe  circumstances  of 
eiuililirium  of  the  fiirces,  according  as  inertia  is  or  is  not  brought 
into  action;  and  the  study  of  the  principles  of  Mechanics  is  little 
else  tlian  an  attcnlivo  consideration  of  the  conclusions  which  follow 
fi'om  their  discussion. 

Equations  [A)  relate  to  a  motion  of  tronslatioli,  and  Etjuatlons 
(B)  to  a  motion  of  rotation.  They  are  perfectly  sj-rn metrical  and 
may  be  memorized  with  great  case. 


COMPOSITION     AND    KE80LCTION    OF    roECFS. 

§  77. — When  a  free  body  is  Bubjccted  to  the  simultaneous  actiou 
of  several  citrancoua  forces  which  arc  not  in  equilibrio,  its  state  will 
be  changed;  and  if  this  change  may  be  produced  by  the  action  ol 
a  single  force,  this  force  is  called  tl)c  residlanl,  and  the  several  forces 
are  termed  fomponeals. 

The  resultant  of  several  forces  is  a  singh  foTce  lehicfi,  acting  alone, 
will  pioilace  the  name  effcel  as  lice  tevrral  /irces  acting  siinuUaneanalg ; 
and  the  eomponrnls  of  a  single  force,  are  ttveral  forces  wliose  t^miilta- 
neous  uetion  prodiiers   the  eatiie  tjfret  ait    the  tdnffle  force. 

If,  then,  several  extraneous  forces  implied  lo  n  body,  be  not  in 
cquilibrio,  but  hiive  a  resultant,  a  single  force,  equal  in  intensity  lo 
this  resultant,  and  applied  so  as  to  be  immediately  opposed  to  it, 
will  produce  an  cquillhrium;  or,  what  nmonnls  lo  the  same  thing, 
if  in  any  system  of  extraneous  forces  in  equilibrio,  the  resultant  of  all 
the  forces  but  one  be  found,  this  resultant  will  be  equal  in  intensity 
and  immediately  opposed  to  the  remaining  force;  otherwise  the  sya- 
lein  could   not  be    in  equilibrio. 

Conceive  a  system  of  extraneous  forces,  not  in  equilibrio  and 
applied  to  a  solid  body,  and  suppose  that  the  equilibrium  may  be 
produced  by  the  introduction  of  an  additional  extranoous  force 
Denote  iha  intensity  of  this  force  by  li,  ihc  angles  which  its  direc- 
tion niftlt&s  with  the  axes  i,  y  and  e,  by  a,  h  and  r,  respcc-ivcly, 
and  the  co-ordinates  of  its  point  of  application  by  .r,  y,  g,  Theii 
nause  (he  inertia  cannot  act,  iPx,  tPij,  •T'z  will  be    m  ro,  and  taking 


=  0, 
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tlu   two   origins  to  coincide,  Equations  (A)  and  [B),  will  give 

Bcuaa  +  F"  COS  a'  +  i*"  cos  a"  +  P'"  cos  a'"  +  &c.  =  0, 
JJ  cos  fi  +  P'  cos  /3'  -i-  i"'  cos  (8"  +  P-"  cos  /3"'  +  &c.  =  0, 
J  cos  c  +  P'coay'  +  J'"  cos  7"  +  P'"  cos  7"'  +  Ac  =  0  ; 

A  (i  cos  6  -  y  cos  a)  +  7"  (x'  cos  ^'  -  y'  cos  a')   ] 
+  J"'  {x"  cos  ,3"  —  y".C09  a")  +  &c.  ! 

+  /"'  (i"  cos  a"  —  *"  cos  y")  +  Sic.  i  ' 

B  (y  cos  e  -  2  cos  i)  +  i^  (y'  cos  y'  -  z'  cos  ^')   (         q 
+  P"  (y"  cos  /'  —  «"  cos  ^")  +  &c.  ! 

Now  R  is  equal  in  intensity  to  the  resultant  of  all  the  othei 
forces  of  the  system,  or  in  other  words,  to  the  resultant  of  nil  the 
original  forces;  and  if  we  give  it  a  direction  directly  opposite  to 
that  in  which  it  is  supposed  to  act  in  the  above  equations,  it  be- 
'xmQ3  in  all  respects  the  same  as  that  resultant,  being  equal  to  it 
In  intensity  and  having  the  same  point  of  application  and  lino  of 
direction.  Adding,  therefore,  180°  to  each  of  the  angles  a,  b,  and  c, 
ihe  first  terms  of  the  foregoing  equations  become  negative,  and 
transposing  the  other  terms  to  the  second  member  and  changing  all 
'lie  signs,  we   have, 

RiXia^P'  cos  a'  +  P"  cos  a."  +  F"  cos  a.'"  +  i 

A'»si  =  i"tos(3'+  P"cos|3"  +  y"  cos /3"' +  &c.  =  Y;  \  ■  .(41) 

iicos  e=  P'cm  y'  +  P"  cos  y"  +  P'"  cos  y'"  +  &c.  : 


«{»«> 


'tieoae 


P'(yco.^' 

-  5-  CO.  a') 

C08a)  = 

+/»■(»"  COS /3' 

-y"co..") 

■     /"(.'».,■• 

-  .'  CO,  f) 

cosc)=      +P"(i"cosa' 

-I"  CO./') 

+  &c 

f     P'  is'  COS  y'  -  «'  cos  ^'j 
wi)=^  +/"'(y"cos7"-  i" cos/3") 
l.  +  <lfO. 


■  («) 
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Scosa  =  X 


r  =  Z. 


(48) 


Ji(zQOsb  -y  cos  o)  =  Z,  1 

^(jcosa-zcosf)  =  ■«;  [ («) 

A  (y  cos  c  -  z  cos  i)  =  JF.  J 

Eliminating  il  cos  a,  R  coe  i  and  R  cos  e,  from  Kqu.ilions  (44), 
ny  means  of  Equations  (43),  we  get,  by  transposing  all  the  terms  to 
the  first  member, 

Xy  ~  Yx  +  L  =  0,  "I 

Zx-  Xz  +  M  =  fi,\ (45) 

ra-  Zy  +  A'=:O.J 

Ejthcr  one  of  these  equations  is  but  a  consequence  of  the  other  two. 
They  are,  iherefore,  ibe  equations  of  a  rigbt  line— the  locus  of  tbo 
points  of  applicaiion;  and  from  wbicb  it  is  apparent,  that  ihc  point  of 
application  of  a  force  may  be  taken  anywhere  on  its  lino  of  direction, 
within  the  limits  of  tbe  body,  without  allcring  ihe  effects  of  ihe  force. 
The  condition  expressive  of  the  existence  of  the  dependence  of  one  of 
these  equations  on  ibc  others,  will,  also,  express  the  existence  of  a  ungle 
resultanL 

g7P. — To  find  this  condition,  multiply  the  first  of  these  Equations 
by  Z,  the  second  by  Y,  the  third  by  X,  and  add  the  products; 
we   obtain, 

ZL+YM+XN=G (46). 

1 79. — Having  nscertained,  by  the  verification  of  this  Equation, 
that  the  forces  have  a  single  resultant,  its  intensity,  direction,  and 
the  equations  of  its  direction  may  be  readily  found  from  Equations 
(43)  and  (44). 

Squaring  each  of  the  group  (43),  and   adding,  we   obtain, 

iP  (cos"  «  +  cos'  6  +  co9»  c)  =  .r»  +  Y*  +  2». 


UECHANICS    OP   SOLIDS.  65 

Extracting   tlie   square  root   and  reducing  by  the  relation, 

cos'  a  +  cos'  b  +  cos*  e  =  1, 

tliere  will  result, 

R  =  -/XM^^r^T^ (47) 

irhioh  gives  the  intensity  of  the   resultant,   since   X,    T  and  Z  art 
known. 

Again,  from  the  same  Equations, 

X 


cos  e  =  -■ 


(48) 


whicii  make   known  the  direction  of  the  resultant, 
llie  group  of  Equations  (45)  give, 


Xy-Vx  +  SF'  (cos  ff'x'  - 
Zx-~  Xt+lP'{<xa  a'  z'  - 
K«  -  Z  y  +  2  /"  (cos  y'  y'  - 


y'x-)  =  0,  ^ 
^'0  =  o.J 


wluch  are  Uie   equations  of  the  line  of  the  resultant. 
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§80.-— If  all  the  forces  be   applied    to  the  same  point,  this  point 
■nay  be  taken  as  the  origin  of  co-ordinates,  in  which  case, 

x'  =  x"  =  x"'  &c  =  0, 
y'  =  y"  ^  t/'"  &c.  =  0, 
«'  =  f"  =  r'"  &c  =  0, 

■■d  the  lart  term  in   each  of  Equations   (40),  will   reduce   to  zero. 
^tt*,  to  determine  the  intensity,  direction  and  equataoQ^   ot    *&>•> 
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Tine   of   direction    of   the  resultant,    we    have,   Equations   (47),   (18) 
■nd  (19), 

B  =  yfZ^  +  yt  +  z^    ....        (50) 

X 


'  R 


'  R 


(51) 


Xy  -  Y%  =  0, 
Zx  -Xz=  0, 
r«-  Zy  =  0. 

The  last  three  equations  show  that  the  direction  of  the  rvaidtant 
passes  through  the  common  point  of  application  of  all  the  force*, 
which   might  have  been   anticipated. 

§81. — Let  the  forces  be  now  reduced  to  two,  and  take  the  plane 
of  these  forces  as  that  of  sy;   then  will 

y'  =  y"  =  y'"  =  &c.  =  90» ;  e  =  0, 
the   lost  Equation  of  group  (41)  reduces  to, 


and  the  above  Equations  become, 


(53) 


(54) 


Xy  -  rar  =  0 (65) 

The  last  Is  an  equation  of  a  right  line  passing  through  the 
origin.  The  dirtelion  of  Ou  raulUmt  will,  therefore,  pat  /hrougk  lit 
pmnt  tf  aj^lioaHon  of  the  jiireex.  The  cos  e  being  zero,  e  is  VO^, 
MoS  Bit  direction  of  tite  rautHuU  u  thtr^fitre  in  the  pianr  of  tkt  forar 


R  =  ^jc'  +  y 

""  =  § 

...r,j 

».  .  =  0, 

-  r»  =  0  . 
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Substituting  in    EquBtion   (53),    for  X  and    >",    their   value 
Equations  (41),  we  obtain. 


:/(^ 


«T  +  (■'"  COS  ^'  +  /"'cos0")'; 


R  =  ^F'^  +  /"'^  +  a  J"  t"  (cos  a'  « 
denoting    the   angle   made   by    the    direct io 

eoH  a'  cos  ="  +  C03  ^'  cos  ^ 
and    therefore, 


=  V/"^  +  /"'^  -Vi.1"  P"  B 


l""+cos/J'co3^"); 
of  the  forces   by  S,  we 


(56) 


from  which  we  conclude  that  the  intensi/y  of  the  resullanl  i*  equal 
Io  that  diagonal  of  a  parallehgratn,  whose  adjacent  g'ldea  Tepreimt  tk» 
direelion*  and  inlcnt'tliei  of  Clie  coiiiponeiils,  leliich  passes  [lirougK  lAs 
point  of  application. 

1 82.— Substituting  in  Equalions  (54),  the  valuRs  of  X  and  J',  fmni 
Equations  (41),  we  have, 

Ji  cos  a  =  /"  cos  a'  +  P"  cos  a", 
fi  cos  6  =  P'  coa  ,3'  +  7"'  cos  j8", 
and   because 


-^", 


'.  W 


these    E-]uations   redut 


3s  <t'  +  P"  COS  a", 
n  «'  +  /"'  sill  a"  ; 


i 
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and,  by  division, 

sin«      />'«»<»'  + /""sill  a" 

L-oa..      /"  COH  «'  +  /"' cos  a'" 

«I«ri,.g  fraclion. 

Hiul  Irunsposiiiy,  we  find, 

p-(.\n^-co 

«-.o.a"»in<.)^p-(Mn«oosa' 

vllCIKV, 

P' 

sill  n"  COS  o  — COB  a"  sin  o       sin  (a 

p" 

sin  a  cos  a'  —  COS  a  sid  a'        sin  (<( 

■') 


•    (■o)'. 


Thnt  is  to  say,  the  intansitics  of  tho  components  are  inversely  propor- 
lionnl  to  till-  sines  of  the  niigies  wLIch  tLcir  diroctioiis  make  with  thwt 
of  tlicii-  resultant;  but  lliis  is  the  relation  thsl  subsists  betwoi-n  the 
two  ailjacunt  sides  of  a  parullelogmm  and  ibe  sines  of  the  anyica  which 
tliuy  make  with  tho  diiigonul  through  their  point  of  incotiiig.  Whenc<% 
Kqs.  (00)  and  (6ltj', 

Tht  reaitllant  of  any  two  force*,  applied  to  the  mme  point,  in  rfprt- 
lenleti,  in  ialrnfili/  nnd  dirfction,  by  that  diiigonal  nf  a  pariil/el'Hfram   of 
whirh  the  adjacent  nidfS  t-eprfstnt  the  compoitenta. 
Making 


a'  =  the  angle  RmP'  =z  p', 


usual  trigonometrical  formula, 
SI"  if       V  R^p' 


g  83.— Ill  the  triangle  RmP',  since  PR  is  cijiial  and  parallel  to 
(he  lino  which  represents  the  force  P",  the  angle  m  P' R  =.  s,  is  th» 
»iipplcnicnt  of  the  angle  6,  mado  hy  the  directions  of  the  components, 
snd  t)icre  will  result  the  following  equation  : 


-V  p' p'- 


(68) 


MECHANICS    OF    SOLID 

E<]uati<>n  (57),  will  make  knovrn  iho  angle  made  by  tho  directioD 
of  the  resultant  with  that  of  cither  of  two  oblique  components,  pro 
vidcd,  the  intensities  of  the  components  and  resultant  be  linawn. 

§84.— Also,  from  the  two  triunglca  RmF'  and    Rm 


from  whiii  the  angles  made 
iy  the  diroction  of  the  result. 
US   with  its  two  components  may  be  found. 

fi85.— Let  there  now  be  the  three    forces  P,  P",  P",    applied    to 
material     point    m,    in 
directjons    m  P,    m  /", 
I  -^'i  not  in  the  Bame  plane ; 
reaultAnt   will  be  reprc- 
^t«d  in  int«RBit;  and  direc- 
>   by    the    diagonal    of    a 
'^•^'lelopipedon,  construe  led 
pPoji   the  lines   reprcsenling 
'  directiona  and  intensities 
tlt4w   components.      For, 
'■■y    off  tJie    distances   m  A, 
'  '*  *^i  and  m  B,  proportional 
p  to  tile  int«nsitieB  of  the  com- 
Niienta   which   act  in   the  direction  of  these  lines,  and  construct  the 
P*'*llclopi[)edou   Ji  £ ;    the   resultant    of    the   components    P'  and    P 
*•"•    §82,    i>c   represented  by  the  diagonal  mB,  of  the  parallelogram 
^^  JtC;    and  the  resultant  of  this  resultant  and  the  remaining  oom- 
pWeni  P",  will  be  represented  by  the  diagonal  m  D  of  the  parallolo- 
P**n  EmBD,   which  is   that  of  the  parallelopipedon. 

§8C, — If  the  forces  act  at  right  angles  to  each  other,  the  parallel- 

'?'pedon  will  bc-comc  rectangular,  and  the  intensity  of  the  resultan^ 

I   iwioted   by  It.   will   become  known  from  the  formula 
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R  =  i/>»  -!-  P"^  +P"'; 


Let  three  lines  be  drawn  through  the  point  of  applieation   m',   of 
ll>e  forte  P'.  parallel  to  any  three  reeUnguIar  axes  x,y,t;  and  denote 
l.jr  a',  j3',  y',  the  angles  which 
Ihe   direction   of     this    force 
makes    with    these  axes  res- 
pectively ;   then  will 


P'coa  a.', 
P'coa^', 
P"  eoay', 


be  the  compcDcnta  of  the  force  i*",  in  the  direction  of  the  axes,  and 
Ibey  will  act  along  the  lines  drawn  through  the  point  f»'.  These  are 
the  same  as  the  teims  compoamg  in  part  Equations  (A),  and  as  the 
eflbct  of  the  components  is  idoiitic.il  with  that  of  the  resultant,  tJiese 
ooniponents   may   always    be  substituted  for  the  force  P".      llic  same 


Lfcr    the     tiirceti    uf    incr 
^^^™eompoueiits  of  iliis   J'ui 


<fx       d^y 


and  m-n'    denote    tlie 
lit* 
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g  87. — Examfilts. — 1.    Let  the   point   m,  be  solicited  bj-  two  furcea 
wboBe  intensities  are  9  and  5,  tud  whose  di 


mftke  an  angle  with  each  olher  of  57°  30'.  Re- 
quired the  intensity  of  the  force  by  which  tlie 
point  is  urged,  and  tlie  direction  in  which  it  ia 
compelled  to  move, 

f^t,  the  mtensity  ;    make  in  Equation  (56), 


and  ftere  will  rcault, 


Again,  substituting    th( 
Kquations  (59),  we  have. 


R  =  -/sl  +  25  +  90  X  0,537  =  12,422. 

of  a,  P"  P"  and  R  in  iho  f.m  .f 


;  19°  50'  35"  nearly, 


which  is  the  angle  made  by  ihc  direction  of  the  force  9  wiili  tliut  of 
the  resultant. 

2. — Rc(juired  the  angle  under  which  two  equal  components  should 
■«t,  ill  order  that  their  result.'tnt  shall  be  the  n'*  part  of  either  of  them 
separately. 

By  condiiion,  wo  have 


r  P"  . 


Hfl: 


nfi  +  nR  +  R  _   (2n  +  1)  fl 


■nd,  Equii 


,  (ns), 


-  V  jv  pi 
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nhlch  reduces  to 

«» t»  =  ±  4- 

\T  n  he.  equal  lo  unity,  or  the  resultant  be  equal  to  eitlier  (broOi 
ip  =  OO", 
and,  g83,  the  angle  of  the  components  should   bo  120°. 

3. — Required  to   resolve  the   Torcc  18  =:  a,  into   two   componen'j 
whose    diflerence   shall    be  5  ^  A,   and    whoso    directions   make  with 
cacli  other  an  angle  of  3S°  =  S,      Alsu,  to    tind  the  angle   which    the 
direction  of  each  component  mnlces  with  that  of  the  resultant. 
Writing  a  for  R   in  Equation  (50),  wo  have, 
p-i  +  p"s  +  ZP'P"  cos  *  =  a^ 
and  by  condition, 

P'  -  F"  =  b (e). 

Squaring  the  second  and  subtracting  it  from  the  first,  wo  get 

UF'F"  (I  +  cos  i)  =  a*  -  6» ; 
which,  replacing  (1  +  cos  f)  by  2  cob'  J  S,  reduces  to 

"Hib  added  to  the  square  of  the  Equation  (e),  gives 

V  coH=  i  5  ' 

from  which  and  Equation  (c)  wc  finally  obtain^ 


'  V      V  cos*  i  a  /         '      ' 

which  are  the  required  components. 

To  find  the  angles  which  their  directions  make  with  the  resnltut, 
we  have  from  Equations  (50), 

(f"  =  24'  =  the  angle  wh'.eh  P"  makes  with  the  resultant. 


MECHAHICS    OF    SOLIDS. 


9'  =  14'  =  angle  which  f  makes  with  the  reaultant. 

4, — Required  the  angle  under  which  two  components  whose  inten- 
sities are  denoted  by  5  and  7  should  act,  to  give  a  rusultanl  whose 
intensity  is  represented  by  9. 

Ant.  84»    15'    30" 

6. — From  Equation  (56)  it  appears  that  the  resultant  of  two 
components  applied  tu  the  rame  point,  is  greatest  when  tlic  anglM 
made  by  their  directions  is  0°,  and  least  when  180".  llequired  the 
angle  under  which  the  components  should  act,  in  order  that  the 
resultant  may  be  a  mean  proportional  between  these  values;  and 
also  the  angle  which  the  resultant  makea  with  the  greater  component. 
Call  P*,  the  ganter  component. 

AX  -I  P" 

Ana.  d  =  cos    —  -ttj. 


6, — Given  a  force  whose  intensity  is  denoted  by  17.  Required  the 
two  components  which  make  with  it  angles  of  27°  and  43°. 

g  88. — The  theorem  of  the  parallelogram  of  forces,  just  explained, 
enables  us  to  determine  by  an  easy  graphical  construction  the  in- 
tensity and  direction  of  the  resultant  of  several  forces  applied  to  tha 
same  point. 

Let  P\  P",  P"',  &e.,  be 
several  forces  applied  to  the 
same   point    m.      Upon    the 
directions  of  the  forces,  lay 
off   from    the    point   of    ap- 
plication    distances     propor- 
UomI  to  the    intensities   of 
^  forces,  and  let  these  dis- 
•Mew  represent    the   forces. 
^^  the    extremity  P'    of 
"•fine  mi*',    which    repre- 
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acntti  thu  first  Tui-ce,  draw  ihu  line  /"  h  equal  and  parallel  tu 
whii;li  rcprcM-nts  the  second,  then  will  the  line  joining  tlie  extrnnilT 
ur  iim  IJiiu  and  the  point  of  applioatioii,  rt^prvsvnt  iJiu  resullant  vt 
rhcsB  twu  forces.  From  the  extremity'  n,  draw  the  line  n  u'  oquil 
and  pfirallel  to  mP"'  which  represents  the  Ihird  force;  mti'  will 
reprt'Hvnt  the  rosultnnt  of  the  first  three  forces.  The  construcUaa 
beinj;  thua  continued  till  a  line  be  draun  equal  and  parallel  lit 
I'very  line  representing  a  foroe  of  the  sysleio,  the  resultant  of  ibe 
whole  will  Iw  rcpresenied  by  the  line,  (in  this  instance  m  n"),  join- 
ing the  point  of  appliealiua  wilh  the  la-^t  exti-eniity  of  the  hiat 
line  drawn.  Should  the  lino  which  is  drawn  et^ual  and  parallel  to 
that  which  represents  the  last  force,  terminate  in  the  point  of  appli- 
cation, the   resultant  will   be   equal    to   xero. 

The  reason  for  ihis  construction  is  too  obvious  to  need  cxpliu 
nation. 

gS9. — If  the  forces  siill  be  supposed  to  act  in  ihe  same  plane, 
but  upon  different  points  of  [lie  plane,  the  lirst  of  Equations  (-10) 
Ukes  the   form, 

r*  -  A-y  =  S  [/"  (eos  /J'  i'  -  cos  a'  y")  ], 
thus,  differing  from  Equation  (55),  in  giving  the  equation  of  the  line 
of  direction    of    the    resultant    an    independent     term,     and    showing 
1  line  no  longer  passes  through  ihe  origin,     It  may   bo  con- 
ruclcd  f^-i-'in   the  above  equation. 

—To  (inJ  the  resultant  in  this  ease,  l>y  a  graphical  eonstnio--. 
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proportivDal  to  the  intensities  of  the 
the  parallelognim  OSRff,  then  wi 
these  forces.  The  direction  of  this 
meet  the  direction  of  the  force  F"', 


forces  P"  and  /*",  atd  construct 
I  OR  represent  the  resultunt  of 
resultant  being  produced  till  it 
produced,  a.  similar  construction 


nill   give  the    resultnnt   of    the    first    resultant  and    the    fui 
which  will    bo    the    resultant  of   the   three  forces   P',   P"   and  P" 
and    ihe  same  for   the    other  forces. 


OF  PABAULEL   >~OBCBa. 

§01. — [f  [he  forces  act  in   parallel  dircctiotis, 
CM  a'  =  COB  a."  =  co«  a'"  =  Ac^ 
COB  3'  =  cos  |8"  =  cos  ^"'  =  kv^ 

cos  y'  =  cos  y"  =  cot  y '"  =   lia^ 

and  Eciualiona  (41)  become, 

X  =  (P'  +  P"  +  P'"  +  iic.)  cos  a'. 
y  =  (P'  +  F"  +  P"'  +  ic.)  cos  3', 
Z  ^  (P'  +  P"  +  P'"  +  ic.)  cos  y' ; 


these 
B  = 
but, 


valu 


a  in  Equation  (47)  give, 
^(P'  +  P"  +  p-  _,.  ie.)=  (CO 


>^  ^'  +  c 


I*  3'  +  cos'  y% 


■■  1) 


Jt  =  P'  +  P"  +  P'"  +  &^c (60) 

If  some  of  the  forces  as  P",  P"'.  act  in  directions  opposite  to 
tho  others,  the  cosines  of  a"  and  a'"  will  bo  negative  while  they 
hnvc    the   same   numerifal   value  ;  and   the   last  eijuation  will  hecoine 

I{  =  P  -  P"  -  p-  +  &c. 
Whence  we    Ctinclude,  that   the  resuliaiU  of  a   uuml/tr   of  jMralUl 
foTtti    it    tqital   in     i-itennily    to    the    erects   of    tkt   turn    of   Ihe   inUA- 
tities    of    tl.ost     which    act     in     one    direclinit     ovtr     lji«     sum    of     tKi 
inUnrifie^   ly' Mote   w/ikh    ai    in    ihe    oppaxite    direction. 


i 


76 


ELEMENTS    OF    AKALVTICAL    MECHAKICS. 


§9-2.— Thu  values  of  Ji,  X,  Y  and  Z  being   substituted   in  Equi 
tioni  (48)  give, 

__  (j"  +  P-'  +  f "  +  &c.) . 


r  +  1"' 

+  j- 

•  +  i<i 

^p,  ^  p.. 

+  p" 

■   +   &0.)  . 

!o.r 

f  +  i^' 

+  J- 

'  +  S.C. 

(p'  +  p" 

+  p" 

■  +  it) 

cos/ 

F  ->r  P''  +  I""  +  to. 


=  cos  y. 

The  denominator  of  these  expressions,  being  the  resultant,  Is  t;ssen- 
tially  positive  ;  ihe  signs  of  the  cosines  of  the  angles  a,  h  and  c, 
will,  therefore,  depend  npon  tlio  nnmeratore;  these  are  sums  of  the 
components  parallel  to  the  three  nxes. 

Htnce,  ike  resultant  acta  in  the  directum  of  those  forces  ivhott 
cvsine  coeffidenta  are  negative  or  poailive  aeeording  at  the  sam  'if  the 
fwmer  or  latter  forces  i>  the  greater. 

§  03. — Equations  (49),  which  are  those  of  the  rcsaltant,  bec^nie, 
after  roplacirig  X,   Y,  and  Z,  by  their  valncs  in  Equntiona  (41), 


fli/.cosa-;?r.co^6  +  c)s  .3'.S  /'V- cos  a.  2  P'y'=Q, 
Itx.KO&c  -  Pu  .c-yia  +  cos  a'.  2  /*'j'  -  wsy.lFx'=  0, 
Sz.cos  b  —  Py  .  cos  c  +  coa  y .  X  P'y'  —  coa^'.  £  P'z'=  0  ; 


and  because, 


COB  a  =  cos  a 
cos  6  =  cos  j£ 


we  have, 

(R'j  -  %F;i') .  cos  a'-  {Rx  -  IPV) .  cos  fi'=  0, 
(fljr  -  2/''x').c<)a  y~  (Rz  -  IP'i')  .cos  ii'=;  0, 
(Rz  -  XPz) . cofl  ,a'-  (Ry  -~  iP'y')  . coa  y'  =  0  ; 

and  hecaaae  a',  (i'   and  y',  ore  connected  only  by  the  relatu.:! 


eitliiT  two    of    the  cosines    of   these    ftn^rlt.'s   are  ivimlly  nrbitniry,  aTid  | 
from  the  principle  of  indelerrainate  co-cflidpnts.  we    have,  by  dis]>c;iis- 
ing  with  the  e'lga  2  and  writing  out  tho  terms, 


It!,. 

Sz  = 


P'x'  +  P"x"  +  P"-£'"  +  Jic.  1 
P'<j'  +  P"-j"  +  -P"y"  +  iec. 
PV  +   /"'z"  +  P"'t'"  +  &C.  J 


•  (81) 


Tho    forces    being   given,  ihu    vuliie  of    R,  §91,    bocomea    known,  1 

1  the  co-ordinates  x,  y,  z,  urc  dutcrmiiied  frotii  the  above  equations ; 

tlieae   coordinates    will  obviously  remain  the  $«me  whatever  direction  I 

given  to  thu  furc^,  provided,  they  remain   parallel   and  retain  tho  1 

intensity  and  points  of  application,  these    latter   elements    being  I 

ha  only  ones  upun  which  the  values  of  z,  y,  z,  depend. 

He  point   whose   co-ordinates   are  x^  y,  i,  which    is    a    point     of    j 
ipplieation  of  the  resultant,  is  ealk-d  the  reiUn  if  para/ltl  /ojwj,  and 
nay  be  defined  to  be,   ikal  puhil  in  a  »yslim  vf  parallrl  form  through    \ 
wkieh   the    reviltant   of  Ike  aysttm    will    always   pass,   whatever    he     the 
dirteli'm  of  the  foreen,  provided,    Ihtir    intenailiea    and  points   of  appli- 
aation  remain   tite  sanie. 


«94._D;¥iclln 


m-b  of  the  above  Etjiiationa  by  Jt,  we  sliall  have 
'  +  P"x"  +  P"'x"'  +  &c._ 

(«J) 

P'  +  /"M-  P'"  +  &c.  ' 

either  co-ordinalc  of  the  centre  <if  a  sy»!em  of  parallel  fori 
iM  tjuat  If   the  algebraic  sum   of  the  products   which   result  from    muUi. 
'lying  the  inlentity  of  taeh  force  by  l/ie  corresponding   coordinate  of  tft    I 
of  application,  divided  by  the  algebraic  sani  nf  the  forces, 
it  points  of  application  of  the    forces   be    in    the   same   pinr 


p*  +  P' 

+  P' 

'  +  &c. 

py  +  P'v 

+  /■' 

y  +  fai. 

y          P'  ^  P' 

+  J" 

'  +  A;c. 

P'l'  +  P"z' 

+  P' 

■z"'  +  &c. 
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the  co-ordinate   plane  xy,   ma;    be   taken   parallel   to   thia  plane,  fa 
which  case 


(f '  +  P"  +  P'"  +  jec.)  i' 
P'  +  p"  +  p-  +  toj. 


=  «*; 


from  which  it  follows  that  the  centre  of  parallel  forces  is  also  In  tbifl 
plane. 

If  the  points  of  application  be  upon  the  same  straight  line,  tak^ 
the  axis  of  x  parallol  to  this  line  ;  then  in  addition  to  the  above  resnlta 
we  have 

y'  =  y"  =  y"'  =:  ic, ; 


_  (P'  +  f"  +  .P"'+&c)y'_     ,_ 
^  ~      I"  +  P"  +  P'"  +  &c.  *  ' 

whence,  the  centre  of  parallel  forces  is  also  upon  this  line. 

g  05. — If  we  suppose  the  parallel  forces  to  be  reduced  to  two,  \'n. 
P'  and  P",  we  may  assume  the  axis  x  to  pass  through  their  points 
of  application,  and  the  plane  xy  to  coniain  their  directions,  in  which 
case,  Equations  (60)  and  (61)  become, 

R  =P'  +  P" 
Rx  =  P'x'  +  P"x" 
z  =  0  and  y  =  0. 

Multiplying  the  first  by  i',  and  subtracting 
the  product  from  the  second,  we  obtain 


s  t,  -  ,■)  =  i>"  («"  - 


•■) .  ■  («) 


Multiplying  the  first  by  x"  and  sub- 
tracting the  second  from  the  product, 
wo  get 

mx"  -  ^)  =  p' {x-  ~ X')  ....  (») 

Denoting  oy  ^  and  S',  the  distances  from  the  points  of  api^ioBtioB 


and  P"  to  tliiit  of  the  r 
respectively,  we  have 

i"  -^  x'  =  S'  +  S"; 
ind  from  Eijuatlons  (a)  and  (*),  there  will  resuU 

P'  :  r"  :  R  ::  S"  :  S'  :  S"  +  S- 
!f  the   forces  act   in   opposite   directions,  then,  on 
lh>t  i"  is  the  greater,  will 

R  =  P-  -  P" 

Rx  =  P'x'  -  P" 
?  =  0,  y  =  0. 

and  by    n    procesa    plainly    i 
wtuit  preeedt's, 

P'  :  P"  iR-.-.S"  -.S-  -.S'  - 


.     .    (33) 

siippoaiiion 


-S'.  . 


(64). 


From  ihis  and  Proportion  (03),  it  is 
obvious  that  ihe  point  of  Application    of  / 

the  resultant  is  always  nearer  that  of  the  L^ 

greater  eomponent;    and    that   when    the 

components  act  in  the  same  direction,  the  distjince  between  the  point 
Df  application  of  the  smaller  component  and  that  of  the  resultant,  ia 
leas  than  the  distance  between  the  points  of  application  of  the  com- 
ponents, while  the  reverse  is  the  case  when  the  components  act  in 
upposite  directions.  In  the  first  case,  then,  the  reaultant  is  between 
the  components,  and  in  the  second,  the  larger  component  is  always 
between  the  smaller  component  and  the  resultant. 

And  we  conclude,  generally,  that  the  reiultuiil  of  tao  foreta  lehkh 
kI'cU  loo  pninU  of  a  right  line  in  parallel  direelioiis,  it  equal  in  inlen- 
tity  lo  the  mm  or  difference  nf  the  inreunlies  of  tht  eomponmla,  accord- 
ing o»  tliey  act  in  the  tame  or  opposite  direction/:,  that  il  almai/e  act* 
in  ike  dlrtclitin  of  the  greater  comptinenl,  that  its  line  of  direction  i'» 
tontained  in  Ihe  plane  rf  the  componenla,  and  that  the  intensify  nf  either 
tomponent  i»  to  that  of  the  resnllant,  as  the  distance  belieeen  the  point  i 
of  oppticalinn  of  Ihe  other  eomponent  and  Ihitl  of  (fit  r(s\illii iil,  i 
the  di:t/a/ice  6e/iivfii   the  p-inls  of  appVcal\ot\    of    ihe   rompoiwnls. 


so 
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§90. — Examplet. — 1.  The  kngth  of  the  line  m'm"  joimng  tbe 
points  of  application  of  two  parallel  forces 
at-'ting  in  the  same  direction,  is  30  feet;  the 
furces  are  represented  by  the  numbers  15 
and  5.  Reijuired  the  intensity  of  the  re- 
Miltant,  and  its  point  of  application. 

^  =  i"  +  P"  =  15  +  5  =  20 ;  I 


20  :  15  : :  30  ;  m"  o  =  22,6  feet. 
A  single  force,  therefore,  whose  intensity  ia  represented  by  20,  applied 
at  fl  distance  from  the  point  of  application  of  the  smaller  force  equal 
to  22,5  feet,  will  produce  the  same   effect  as  the  given  forces  applied 
at  m"  and  »/. 

2. — Required  tlie  intensity  and  point 
of  application  of  the  resultant  of  two 
parallel  forces,  whose  intensities  are  de- 
noted by  the  numbers  II  and  3,  and 
which  solicit  the  extremitiei  of  a  right 
line  whose  length  is  16  feet  in  opposite 
directions.  '-^ 


-  P"  =  11  - 


P'  .  m" 


-  P" 


:  22  fuet 


3. — Given  the  length  of  a  line  whose  extremities  are  solicited  iu 
the  same  direction  by  two  forces,  the  intensities  of  which  differ  by 
ihe  n"  part  of  that  of  the  smaller.  Required  the  distance  of  the 
point  of  Application  of  the  resultant  from  the  middle  of  the  line 
Let  3/,  denote  the  length  of  the  line.     Then,  by  the  conditions, 


2m-t-  I       8«+  1 


^^  1 
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gffT. — The  rule  at  Ihe  close  uf  §05,  enables  ua  [o  determiiiii  by  ■      ^^^H 

tery  euy  grapUcal  construction,  the  position  and  point  of  application       ^^^H 

tf   the   restOtant   of   a    number   of  parallel    forces,    whose   direc^ona,      ^^^^| 

itenuCiva,  and  points  of  application  arc  ^ven.                                              ^^^^H 

Let  /*,  P',  P-.  F",  and  P",                                                               ^^H 

be  several    furcea  applied   to  the                                    ^                              ^^^H 

taaterinl    points  m,  >/i',  m",  m"\                    </•'                                                ^^H 

ind  m",    io   parallel    directions.                                                                  ^^^| 

Join  the   points  m  and  in'  by  a                   J^'^'Z^^^-^^'^^                               ^^B 

■twigbt  line,  and  divide  thia  line        *'  Sc^''^—-— ---J!\ 
M  the   point   o,    in    the    inverse             /^   ^^^-^^^ 

r"   1 

rttio    of  the    intensities    «f   the            "               ^'^"^^ 

\    ■ 

foree*  i*  and  F ;  join  the  points                                             ^^ 

0  uiii  m"    by    the    straight  line                                                  ^-                   ^^H 

on",  and    divide    this   line  at                                                                               ^H 

in  ibe  inverse  ratio  of  the   sum  of  the  first  two  forces  and  tliu  force         ^^B 

f"\  and  continue  this  construction  till  the  last  point  m''  is  included,         ^^^| 

tl»n  will  the  Inst  point  of  division  be  the  point  of  application  of  the         ^^H 

nsullant,  through    which   its   direction  may  be  drawn  parallel  lO'  that        ^^^| 

or  tbe  forces.      The   intensity  of  the   resultant  will   be  equal  to  tha        ^^H 

•Igebraic  sum  of  the  intensities  of  the  forces.                                                   ^^| 

^  position  of  the  point  o  will  result  from  the  proportion                      ^^^| 

P  +  i-,  /-.„»':„. _^-,                                   ■ 

ttu  Of  0'  fiuni                                                                                               ^H 

>'+''  +  ''■■■  l^' ■-■--■' ■■"■  =  ~M^.:                 ■ 

■lui  of                                                                                                                         ^^1 

?+ l»  1    p"       p"' .         pi'i  .  „'„'"  .  o'n'.            —P".o'm'!'                 ^^H 

'tl'+P-        F    .        F     .om      .oo     -p^p,_^p.,_j,,.,          ^m 

■»i  finally,  tlinl  of  o'"  from                                                                                 ^^H 

^^i.p..     j>"' 1   Pi- .  _pi' ..  o'-m"- o"o"'                 P".o"m''                 ^^^M 

^mmmtj-     J-  -i-r    .r     .0  m   .0  0    -  p+i.^p,>_p>.^^     ^H 
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g98.— Wben  two  furoes  P"  and  /*'  act  in  opposite  O!recl40« 
dislaiice  of  the  point  o,  at  which  the  resultwit 
M   applied,  from    the   point   m',    at   which   the 
component    P'   is   spplied,  is    found   from    iIlg 
IbEmula 


sod  if  the  components  P'  and  P"  hcconie 
equal,  ihc  distance  tn,' o  will  bo  infinite,  And 
the  resultant,  zero,  In  other  words,  the  forces 
will  have  no  resultant,  and  iheir  joint  effect 
will  be  to  turn  ihe  line   m"m',   about  some  point  between  thu  puiDU 

The  forces  in  this  case  act  in  opposite  directions,  are  eijiiat,  but 
not  imnicdialely  opposed.  Ti>  such  forces  the  term  couple  is  applied. 
A  couple  having  nn  sin;;Ie  resultant,  their  action  cannot  be  compared 
to  that  of  a  single  fbroe. 

g09, — The  analyticul  condilion.  Equation  (46),  expressive  of  the 
uistcnce  of  a  single  resultant  in  any  system  of  forces,  will  obviously 
be  fulfilled,  when 

X  =0,    F  =  0,    and  Z  =  0. 

But  this  niny  arise  from  the  parallel  groups  of  forces  whose  sum? 
arc  denoted  by  X,  T,  and  Z,  reducing  each  to  »  couple.     These  thro« 
Ajuplcs   may    easily   be  reduced    by   composition    lo  a   single   oniple, 
buyond  which,  no  further  reduction  ean  he    made.      It  is,  thercfer%,a  ] 
failing  case  of  the  general  analytical  condition  referred  lo, 

WORK  OF  TUE   KESULTANT    AND   OF   ITS   COMTONKNT 

g  100.— We  have  seen  th^l  when  the  rcsullniil  of  sevvrid  forow 
b  introduced  as  an  additional  force  wiih  iis  directiuii  reversed,  jl 
WUl    hold    its    components    in    p'liiilibrio.       Denoting    ihe    intenhily    of 
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by    R,    and    the   proji^crlo 


.   virliial    velocity   by 


ir,  wo   have   from   Equation  (29), 

—  li&r  -+  P,ip  +  P'.Sp'  +  P".5p"  +  4!c.  =  0, 

RSt  =  P.5p  -^  P' Sp    +  P"  Sp"  +  iic.,-     .     .     .     (65)    j 

ia   which  P,  P"  P",  &c.  are   the   rom(Kinents,  and  Sp,  Sp'  Sp'\  fiio.    j 
'the   projections  of  their  virtual  veUicitieb. 

§  101.— Now,  the  displacement  by  which  Equation  (29)  i 
Ittced,  w&s  entirely  arbitrary  ;  it  may,-  therefore,  be  made  to  conform 
ti  alt  respeets  to  ibnt  which  would  bo  produced  by  the  compoiientB 
P,  P",  iic,  acting  without  the  opposition  of  (he  force  equal  and 
nntrary  to  their  resultant;  and  writing  dr  fur  ir,  dp  for  Sp,  ^c, 
Equation  (65)  will    become 

Sdr  =  Pdp  +  P'dp'  +  P"dp"  +  tie,  ■ 

utd   integrating, 

/Rdr  =  /Pdp  +  fP'dp-  +  fP"dp"  +  &c., 


(6fl) 


(67) 

io  which  R,  P,  P',  iiv.  may  be  constant  or  functions  of  r,  p,  p',  &a, 
«q»Mively. 

From  Equations  (GO)  and  (CT),  it  appears  that  the  quantity  oF 
*ork  of  the  resultant  of  several  forces  is  equal  to  the  algebraic  sum 
of  the  (quantities  of  work  of  its  components. 

Again,  replacing  Pip,  P'ip',  Sec.  in  Equation  (65),  by  their  valuer 
in  Equation  (31),  and  writing  dr  for  ir,  dp  for  Sp,  &c.,  we  find, 


/Sir  =  flP.coea.dx  +  fzP.cosg.dy  +  fSRa 


.  (0-) 


^  which  R    may  be   constant  or   a  function  of  r ;  P,  constant  or   b 
ftftction  of  J,  y,  K,  Sic. 
If  ilie  forces  be   in    ei^uilibrio,  then  will  R  —  0,  ana. 


iP.c 


t  B.rf/  +  XP.nos^.dij  +  IP,  CO*  yd  J  -  ft. 


IJM^  . 
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§  102. — II  is  now  apparent  tliM  in  llie  traDsformation  of  Eniialiot 
(30)  Ui  Equation  (40),  each  forc»»  of  the  original  Bj-slem  was  ri'placod 
by  its  tbrce  components  in  direutions  of  three  ruulangulat  axue,  arbitr&> 
tily  assuincil, 

TUb  componcntij  parnlli:]  to  cither  axis  will,  §  43,  work  diiring  iin^ 
motion  which  will  carry  their  points  of  application  in  tlie  dircclion 
of  that  axis,  and  will  cease  to  work  wlien  the  motion  hecomoi;  per^ 
pendictilar  to  the  same  line. 

I^t  the  points  of  application  of  tlie  forces  move  in  linos  parallel 
to  the  Axia  z;  the  coniponents  parallel  to  z  alono  can  work,  for  the 
paths  being  pcrpi.'ndicnlar  to  the  directions  of  Iho  other  coraponeola, 
the  work  of  the  lattur  will  be  nothing,  bccauHi;  the  projccliuiis  of 
the  pnlliB  upon  their  lines  of  dirt^ction  will  be  xcro.  Tlic  elementary 
work  of  the  extruneoua  forces  will,  in  this  case,  be  found  in  tlio 
term  of  Equation  (40),  and  equal  to 


[SP  co»'y).6 r, 


Again,  let  the  points  of  application  turn  around  the  axii  r,  parsllol 
to  the  plane  xi/;  the  components  partUk'l  to  the  axea  x  nnd  t/  alone 
can  work,  since  the  paths  will  bo  perpendicular  to  the  com|Kinents 
in  the  direction  of  z,  and  iheir  projections,  therefore,  «ero.  The  ele- 
mentary work  in  this  case  will  be  fonnd  in  the  fourth  term  of  Equa- 
tion (40),  and  equal  to 

[S.P{x'  (x»(3~  y'  KOia.)]i<f. 

Now  let  both  of  these  motions  take  place  simnltaneously ;  tliat  is,  let 
the  points  of  application  move  in  tlic  direction  of  the  axis  e,  and  also 
turn  alK>ut  that  line;  all  the  components  will  work,  because  the  pullis 
will  be  oblique  to  (heir  directions,  and,  therefore,  have  projections  rf 
mcAEnrablo  values.  The  amount  of  elementary  work  of  the  l^xtrallo■ 
ous  forces  will,  in  this  case  be  found  in  the  third  and  fourth  tonm 
of  Equation  (40),  and  equal  to 

[(2  P  cos  7)]  .  J  I,  +  [E />  t^' cos  ^  -  /  Cf  s  «)]  .  d  p. 
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The  same    remarks  apply  to    motion    in    the   direction    of  and    abont 
ea?h  of  the  other  axes. 

g  103. — The  rule  for  estimating  the  quantity  of  work  when  the 
motion  is  parallel  to  either  axis  or  to  a  nght  line  oblique  to  the 
three  axes,  is  simple;  that  for  getting  the  work  during  motion  about 
an  axis,  is  not  so  obvious.  Let  the  motion  take  place  around  the 
axis  2;  and  consider,  first,  the  work  of  the  force  P,  The  two  compo- 
nents of  this  force,  viz.,  P  cos  j3  and  P  cos  ot,  which  enter  the  fourth 
term  of  Equation  (40),  have  for  their  resultant  P  sin  7.  This  resultant, 
§81,  acts  in  a  plane  parallel  to  th.it  of  xy^  and,  therefore,  at  right 
angles  to  the  axis  z.  Denote  by  c2^  the  angle  which  this  resultant 
makes  with  the  axis  x\  then  will 


=  P  sin  7  .  cos  a^,  \ 
=  P  sin  7  .  sin  a^  J 


P  cos  a  =  P  sin  7  .  cos  a^, 
/*cosj3 


(70) 


and  these  values  in  the  term  P  {xf  cos  /3  —  y'  cos  a),  give 

P  (a/  cos  j3  —  y'  cos  a)  =  P .  sin  7  (ar'  sin  a^  —  y'  cos  aj   ,    (71) 

From  the  point  of  ap- 
plication m  of  P,  draw 
^he  line  m  A  perpendicn- 
Iv  to  the  axis  z\  denote 
its  length  by  h\  and  its 
inclination  to  the  axis  x 
^1  ?>'.  Multiply  and  di- 
vide Equation  (71)  by  k 

•^^  reduce   by  the   rela- 
tions 

•^,  =  co8(p';    — ,  =  8in9'; 
*«»i  will  resnlt 

'(*^eoi/|  —  ^ C08 a)  =  P8iii y /ft' (»in «, . cos^'— C08a, . sin ^')=s Psin y/i' sin {a^  —  f *),  ' 

Diaw  from  A'  the  lino  A*  k*  perpendicular  to  the  direction  of  the  line 
^  M  (produced),  and  denote  its  length  by  V ;  then  will 

'.  •;    .  h'  mn  (fly  —  9')  =  V^ 
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And  tlien  will  tl'siiiU 

and  the  same  for  the  forces  /",  P",  Ac;   so  tbat  we  may  wriw,  oinil 
ting  the  accent  froin  k, 

l/'(^'  L-os;3-y'cosa)  =  li'.siD  y.A;    .     ,     .     (73) 

and  the  measure  of  tlic  elcmcntaTy  work  doc  to  rotuliun  about  the  axis 
t,  will  be  given  by  either  member  of  the  Biuotion 

[Ii'(r'c«>0~/cos=)].Jp=[S/'8inr.*]d9    .     .     (7*) 

§  104. — So  that  in  estimating  the  wock  due  to  I'otktion  alone  about 
the  axis  z,  each  force  is,  in  elfuct,  ruplaeed  by  its  two  components,  the 
one  parallel,  the  other  perpend iuiilar  to  that  line,  and  thu  former  !> 
neglected  because,  in  tliis  motion,  it  cannot  work. 

§  105. — The  quantity  of  work  obUiiicd  by  multiplying  that  one  of 
th«  two  components  of  a  force  which  is  perpendicular,  while  the  other 
is  parallel,  to  a  given  line,  into  tlie  perpendicular  diatanee  between  thia 
line  and  that  of  the  force,  is  called  tlie  cotHfonent  mommt  o/  the  /one 
in  reference  to  the  line. 

g  lOfl, — The  line  in  reference  to  which  the  moment  is  taken,  u 
called,  in  general,  a  component  axis;  tl>c  perpendicular  dislAnco  from 
the  axis  to  the  line  of  direction  of  the  force,  is  called  the  Itoer  arm  <^ 
the  force ;  and  the  extremity  of  the  lever  arm  on  tlie  axis  is  called  k 
eeatie  of  the  momeal. 

When  the  direction  of  the  force  is  perpendicular  to  the  axis,  ih'e 
latter  in  called  the  tiioment  axi>  of  the  force.  In  this  case  the  corapt>- 
nent  parallel  to  the  axis  becomes  zero,  and  the  normitl  component  the 
force  itself. 

The  moment  of  the  resultant  of  several  component  forces,  taken  in 
re^roncc  to  its  moment  axis,  is  called  the  retaltani  momriil,  Tb» 
moments  of  the  component  forces  arc  called  compoatnt  momtntt. 

g  107. — Changing  S(p  into  dfia  Equation  (74),  wo  may  write 

[X  Pix  cos  fi  -  y- coi  t)-\il^={X  r  ^iny,t]  d9  .    .    {HJ 


y[iP(.' 


-i,'.06a)]rf^,=yts/'.«inr-*]''fl>    -     Oi)\ 


'Whence  it  sppcare,  tliat  tho  oletDenttiry  qu&ntilv  of  work  a  force  will  • 
(Wrform  during  the  (notion  of  its  point  of  appiicatioa  about  nii  axis,  a 
e^oai  to  tlic  product  of  the  moment  of  the  fora  into  the  Jifftireiilial  of 
tht  path  deaeribtd  at  the  unit's  Jittanee  from  the  axis. 

I  108.— The  whole  quantity  of  woik  will  result  from  ihu  integration 
of  F^Rotion  (74)'  bctwui-n  limiU.  lu  this  integration  t^o  ca»va  may 
irae,  vit.;  either  the  inonient  may  be  constant,  or  it  may  be  Tariabli^, : 
In  the  first  cue,  the  quantity  of  work  is  obtiuncd  by  mu]tipiyin<;  the  • 
cenitant  moment  into  the  path  ik'scnbcd  by  a  point  at  the  unit's  dis- 
tance froiu  the  axis.  In  the  ticcond,  the  force  may  be  couEtmit  auti 
the  lever  ami  variable;  the  force  variable  and  tho  lever  arm  constanl; 
*>r  both  may  be  lariulile,  and  in  KUeh  way  as  not  to  make  their  prod- 
let  constant.  In  all  such  eases,  relations  between  the  intensity  of  the 
Its  lever  arm,  and  the  patli  described  at  the  unit's  distance,  must 
known  in  order  to  reduce,  by  elimination,  the  second  member  of 
lation  C'-i)'  to  a  function  of  a  single  variable. 

These  remarks  are  equally  true  of  tho  forces  of  inertia.  The  intcnsi-. 
I  of '<lhese  de[iend  upon  ihu  irias.4es  of  the  matciial  elements  and  their 
jree  of  accvlerntion  or  returtlation ;  their  poiuls  of  upplicailon  are  on 
!  elemeiits  ihemselvos:  the  elementary  arc  di'scribed  ut  the  unit's  dis- 
ii-e  is  tlie  aiime  for  both  teU  of  ummenta,  anil  ila  vhIuu  deponiU  upon 
i:  diitribution  of  the  imitciial  with  refercucc  to  the  axis  of  mutioii. 
The  moments  of  the  forces  which  urge  a  liody  to  turn  in  opposite 
directioDB  about  any  asHumed  axis  must  have  contrary  signs. 

The  sign  of  J'  sin  y  i',  or  iU  equal  P  cos  p  ,x'  ~  P  coi  a  ,  i/',  du- 
pendi  upon  the  angles  which  the  direction  of  the  force  makes  with  the 
tics,  and  upon  the  sigUB  and  relative  values  of  the  co-ordinates  of  Hit 
point  of  nppVrcHtion. 

Lvt  tlic    angles  which   the  direction  of  any  force   makes  with   the 
Gi>«riiinate   «xe»   be    estimated   from    the   positive  side   of  the    origin ; 
if  the    angles    which    thiit    direction    miikes    with    Iwlh    axes   I 
and  the  point  of  iipjilieation    lie  iu   ihe  first  ai\g,\e,  T'  ' 
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»nd  P  COS  a  .  y',  will  be  poaitive,  and  if  the  first  of  these  prodndr 
exceed  the  aecond,  the  moment  will  be  poutivo;  but  if  the  lattei 
be  the  greater,  the  moment  will  be  negative.  The  same  remnrki 
apply  to  the  other  ases. 


COMTOSmOW     AMD     RE80LCTI01T    OF    MOMKMTfl. 

'  g  10ft. — The  forces  being  supposed  to  act  in  any  directions  whatever, 
join  the  point  of  application  of  the  resultant  A  and  the  origin  by 
a  right  line,  and  denote  its  length  by  H,  Multiply  and  divide  eacfa 
of  the  Equations  (44)  by  /f,  and  reduce  by  the  relations, 

^=cosS, 


In   which   ^,  %  and   t,  denote    the    angles    which    the   line  B  roikes 
with  the  axes  *,  y  and  x,  respectively ;  then  will 

i?./r.(cosfi.co8^  -  cosa.cos  J)  =  £, 
ii..ff.{co3a.  COS*  -  cose. cos^  =  ^,    \    .     .     .    (75) 
ii..ff.{cose.cosg  -  cosfi.cosO  =  ■fl'- 
Squaring  each  of  these  Equations  and  adding,  we  lin( 

I'     cos^  h .  cos' ![  —  2  cos  6 .  cos  ff  ,  cos  ^ .  cob  \  +  cot*  a  .  coa'  J  1 

Bf .  H^K  +co3'a.eos*«  — 2coso.cosc.cosf.coaij4-  coa^e.  cos'JJ  , 

l+coa*c.coa^g  — 2coa  i  .  cos  e  .  cosf  .coss  +  o 

=  Z»  +  Jif  +  A'» ,.     .     (76) 

But 

cos*  a  +  cos*  h  +  cos'  f  =  1, (77) 

COS*  X.   +  ''^  5  +  f^'*  *  =  'i (78) 

oofl  a ,  cos  ^  +  cos  A .  cos  £  +  cob  r .  cos  (  =  eoa  p,      (79) 


i!<»«!;+  COfi'.=  1   -c 

o."J, 

to."  J  +  0.'?  =  1  -c 

.s»s. 

..  fnd, 

ff.ff'Ei- 

(oo...co,5  +  «,.4.™,E  +  co, 

t.co.i)'l  =  i>+.¥=+Jf' 

Soni  B,««tioii  (;»), 

■-(c-a.co 

.J  +  C0.5.™.f   +CO.C.C0..) 

*  =  1  —  cos*  f  =  sin'  $ 

«ich  reJiice 

Ihe  above  to 

""'     iT'.siij'^)  is  the  squaro   of  ihe    pt'rpcndicular  drawn   from   tlie  \ 
llic  direction  of  (he  resnlrnnt;    it  is,    iherePire,  the   sqoara 
the    lever   arm  of  ih(^  rcaullajit  rcfiTrfd  to  iho  origin  bs  d  ecntre 
niomenla.     Denoting    ihis  lever  arm   by  K,    wu  have,  after  taking 
square   root, 

R.K  =  \ny+  ^  +  JV» (80) 

"*t  \i  to  say,    the  reiuitant  moment  nf  any  nyalem    of  /oree»   is   tqual 
'*    */j«   giptart  root  nf  the  sum  "/  the  tquarei   nf  the  »um»  if  Ihe  com- 
'«Ti(  momntti,    taken  in  reference  to  any  three  rectangular  axes  through 
jutint  atrumed  at  the  centre  of  momeiitt. 

§110. — Dividing   the    first  of  Equations    (75),  hy    Equation  (80), 
'     find, 


jy(eo*J.co,?- 
K 


'  VL^ 


-  y 


■  Bie  effect  of  h  ('ler.o  it,  §'7.  independent  of  the  position  j 
ffat  »f  application,  provided  it  be  taken  on  ihe  line  of  3i^ 
W  tKc  point  of  npplieaiion  of  Jl,  be   taken  at  The  cxlTeinM\  ( 
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lever  arm,  then  will  ff  coincide  with  and  be  equal  in  lengtli  to  K 
X  and  %  ^lill  become  the  angbis  which  the  lever  arm  mak«a  with  tht 
axes  X  and  y,  respectively,  and  the  well  known  relation  obtained 
Irom  tlu!  formula^  for  the  tranaibrmation  of  co^irdlnatea  from  one 
net  of  rectangular  axes  to  another,  will  give 

cose,  =:cos&.co8^—  cosa.cotg; 

in  which  0,  is  the  angle  the  resultant  axis  makes  with  the  axis  i; 
whence,* 

cos  9.  =  ■        _^  _^T (81) 

In  the  same  way,  denoting  by  6,  and  6,  the  angles  which  the 
moment  axis  of  R  makes  with  the  co-ordinate  axes  y  and  x  respec- 
tively, will 

co.e,=  -~^_ (82) 

■y/L'  +  M'-^If 

C08et=~;=^L= (83) 

y/L'-^M'+Jf 

whence  we  conclude  that,  the  tonne  of  the  angle  which  the  retultanl 
axh  maket  wilk  any  aaaumed  line  is  equal  to  the  earn  of  the  momenle 
nf  the  forces  in  reference  to  Ihia  line  taken  a»  a  atmponenl  axit  divided 
by  the  retultant  moment. 

g  111.— Multiplying  Equation  (81)  by  Equation  (80),  there  will 
result, 

S.X.coie.  =  L (84) 

which  shows  that  the  eompontnl  moment  ^  ang  tgiUm  of  foret*  in 
reference  to  any  oblique  axil  it  equal  to  the  product  of  the  retultant 
moment  of  the  tyttem  into  the  eotine  of  the  angle  between  the  resultant 
and  component  axa. 

For  the  Kinie  system  of  forcca  and  the  same  centre  of  momenta, 
it  is  obvious  that  It  and  AT  will  be  constant ;  whence.  Equation  (80), 
Ibe   (tMM   of  tht   ijuartt   ef  ike   $umi   of  Oe   moments   i»  r^irmar 

•>MApvnUi,Sa.l. 
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*  any  tkret  rteUfgnlar  axet  through  the  ctntrt  of  momtntt,  taktn 
at  component  axe*,  i»  a  constant  quantity.  Also,  BJiice  ihe  axis  «, 
may  h*ve  on  inrmUc  number  of  positions  and  still  satisfy  tho  con- 
dition of  making  equal  angles  with  ihe  reauUnnt  axis,  we  sec, 
Equntiun  (84),  that  ike  sum  of  the  momfnls  of  fit  fureei  in  re/traiu 
to  all  eompimtHt  axei  vluch  make  equal  anyUa  w'nh  the  resallanl 
aril  vilt  be   eonttant. 

§  ll"2.— Denote  by  i„i,,  i.,  the  angles  which  any  component 
mjiis  luakes  wiili  the  co-ordiniile  axes  z,  y  and  x,  respectively,  and 
by  i  tlic  angle  which  the  component  and  resultant  axes  make  with 
each   other,  then  will 

cosrf  =  COS  e, .  COS  ^  +  C03  6, .  COS  fl,  +  cosG,.cosi».; 
multiplying  bolb  membcra  by  R .  K,  we  have 
A.A".coad  =  fl.A".coaG..coa«,  +  «.A'.cosD,coa*,+^.Ar.co8e,.C(w#.. 

But,  Eoualion  {84}, 


R.IC.c 
R.K.c 
R.JC.c 
vfaicfa  lubititutcd  above,  give 

R.K.cixA  =  L.coi6 


+  M.cm6.  +  If.L 


(85) 


That  is  to  say,  the  contjionent  nwment  in  ri-ference  to  any  asaumed  com- 
ponent Bii*,  (>  equal  to  Ihe  avm  of  the  products  ariaing  f.oin  tnultrjili/ing 
tkt  turn  of  the  moments  in  reference  lo  the  co-ordinate  itxes,  by  Ihe 
nnnet  of  the  amjles  which  Ike  direction  of  the  comimient  axis  v.akft 
uitk   Ihete  co-ordinate  axet,  respeclivetij. 

TBANSLATION    OF   EQUATIONS    (.1)    AND   (fl). 

gI13. — Eijn^lious  (A)  itud  (B)  may  now  be  trunUuted.     They  express 
thb  conditions  of  equilibrium  of  a  system  of  forces  acting  in  varioui 
directions  and    upon   diiferent  points  of  a.  solid    lody.     'S\vc8ft  «n^&i>  J 
lions  are  six  in   number:  viz.: 
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I. — The  ttlfftliTaic  turn  of  llie  componenU  of  ihr  foreet  i 
Miy   threr  reeUingular  dirtctioin    must  le  ttparuttly  equal  to  i 

2.— r/«  algthraie  sum  of  (he  mmmnU  of  /At  /orce*    taken  i 
tnce    to    eae/t    u/    three    rtctiinyular   axes   draten    Ihravijh   any  amvmtd 
centre   of  taomrrtlii,  tnust  be   trparalelf    equal   A>   xero. 

If  the  extraneous  forois  be  in  cquilibrb.  the  terms  which  inoaaure 


the  foicc 


ofii 


will   be  expressed   by 


n  will  disappear,  and  these  condilioiu  of  cquilibiia 


IP-COSU    = 

2  f    CIS  0  = 
ZP.  cosy  = 

If.  (I'.cos  a  —  a' COS  7)  : 
IP.  (y'eoB  y  -  *'coB/9)  r 


A 


(By 


The  above  conJillor. 
forces  on  a  free  hody, 
determine  the  possille  i 


Hlii(.'!i    relate    I 
(juiklified    by 


'    the   action  of  a  aj'^lem  of 
onditions  of  conftruint   that 


gll4. — If  ihc  body  eontain  &  fixed  point,  the  origin  of  the  mova- 


ble co-ordinates,  in  Equnlii 
which  case  we  sliali  hAve, 


(40),    may  be   taken   at  this  point; 


luffl^^ 


und  it  will  only  he  necessary  that  the  forces  satisfy  Equii 
(fi),  these  being  the  co-efficients  of  the  indeterminate  ijuantilies  ihnt 
do  not  reduce  to  zero.  Hence,  in  the  case  of  a  fijcd  point,  tht 
turn  of  the  momenli  of  the  forrei,  taken  in  rtfirente  to  each  of  Ikrt* 
rettangular  oxei,  pQwing   ihrwgh  the  point,  muil  eeparalely  redvet  to 


system    contain    (iro  fixed  pui. 


>  of  the  I 


MECHANICS    OF    SOLIDS. 

that  of  X,  may   be  assumed    to    coiiieiUe    with  fh<:  line  JLiiiiing   I 
firfinU,  in  >^'liith  case,  thero  will  rexult  in   Equutiuu  (40), 

5x,  =  0,     5?  =  0, 

Sy,  =0,     54.  =  0. 


and  it  will  only  be  necessary  that  the  forces  satisfy  the  last  Equa- 
tion in  group  (B)\  or  that  tht  sum  0/  tke  moments  of  the  forets  ■» 
rt/erence   to  the  line  joining   the  Ji-ied  points,   redate  to  tero. 

If  the  system  be  free  to  slide  along  this  line,  Sx,  will  not  reduce 
to  zero,  *nd  it  will  be  necessary  that  its  eo-effiwent,  in  Equation 
(40),  reduce  to  zero;  or  that  llie  algebraic  sum  of  tke  components  iif 
the  given  forces  parallel  lo  the  line  joining  the  fixed  puiiits,  also  reduce 
to  tero. 

If  three  points  of  the  system  be  constrained  to  remain  it  a 
fixed  plane,  one  of  the  co-ordinate  pluncs,  as  that  of  xy,  may  be 
taaumed  parallel  to  this  plane;    in  which  case, 


6^  =  0; 

and  the  forces  must  satisfy  the  first  and  second  of  Equations  [A) 
and  the  first  of  (B)';  that  is,  the  algebraic  sum  of  the  omponenia 
tf  the  given  forces  parallel  lo  each  of  two  rectangular  axes  parallel  lo 
lit  given  plane,  mval  neparotely  reduce  to  xeio,  and  the  sum  of  tlit 
moments  in  reference  to  an  axis  perpendicular  to  this  plane  must  reduce 


§115. — Gravity  is  the  name  given  to  that  force  which  urges  all 
bodies  towards  the  centre  of  the  earth.  This  force  acta  upon  every 
particle  of  matter.  Every  body  may,  therefore,  be  regarded  as 
nbJM!lcd  to  the  action  of  a  system  of  forces  whoso  nunjber  is  equal 
lo  the  number  of  its  particles,  and  whose  points  of  application  have, 
«itli  respect  to  any  system  of  axes,  tie  same  co-ordina!c3  as  thes4 
wiidea. 


« 


J 


ELEUEMTS    UF     ANALfTlCAL    MECHANICS. 


The  weight  of  a  body  ia  the  resultant  of  ihW  ayslem,  or  Ik* 
rtmllaiil  of  all  the  forces  of  gravity  ahich  act  vpnn  il,  and  is  equal, 
in  intensity,  but  directly  opposed  to  the  force  nhldi  is  iust  nuflicieBt 
to  su)>p<irt  the  body. 

ITie  direction  of  the  force  of  gravity  i«  perpendicular  tc  Ok 
earth's  surface.  The  earth  is  an  oblate  spheroid,  of  small  ctccntri- 
dty,  whose  mean  radius  is  nearly  four  thousand  miles;  hence,  as  the 
directions  of  the  force  of  gravity  eonvei^e  towards  the  centre,  it  is 
obvious  that  these  directions,  when  tliey  appertain  to  particles  of 
the  same  body  of  ordinary  magnitude,  are  sensibly  parallel,  since 
the  linejir  dimensions  of  such  bodies  may  be  neglected,  in  compari 
Bon  with  any  radius  of  curvature  of  the  earth. 

The  centre  of  such  a  system  of  forces  is  determined  by  Equa- 
tions (62),  §04,   which  are 


4 

(88) 


*.   -  p'    +   J,.'  +  /X"  +  4„,         ' 

_  py  +  P'Y'  4-  /"V"  +  &c 

*'  P'  +  P"  +  P'"  +  &c.      ' 

^    ^  PV  +  /"•»"  4-  p"'i'"  +  Aic 

P'  +  P"  +  P'"  +  ic.       ' 

in  which  r^  y,  «_,  are  the  co-ordinates  of  the  centre ;  P',  P",  &c., 
the  forcos  arising  from  the  action  of  the  force  of  gravity,  that  ia, 
the  u'cJghU  of  the  elementary  masses  m',  m",  &c.,  of  which  the 
coordinates  are  respectively  i'  y'  i',   x"  y"  i",  .Jjc. 

Tliia  centre  is  called  the  crntre  of  gramly.  From  the  values  of 
its  w^ordinate*.  E.p.alions  (80),  it  is  apparent  that  the  positiou  of 
this  point  is  independent  of  ihe  direction  of  the  force  of  gravity  ia 
reference  to  any  assumed  line  of  ihe  body;  and  the  centre  of  gravity 
of  ■  body  may  be  defined  to  be  that  point  tkrovgh  yehkh  it*  wiffM 
I^-mAmjti  paurt  in  whatever  «roy  Ike  My  may  be  lurnej  in  regard  to 
t  iirte&m  cf  the  force  of  gravity. 

I  Tbo  values  of  P',  P",  &c.,  being  regarded  as  the  weights  a',  w", 
j,«f  the  elementary  masses  m',  m",  ic,  we  have,  Equation  (I), 
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EqUftti0l)H(86), 


m','.'  +  m"g". 

+  m 

"ff' 

•J"  +  to. 

m-j'  +  "."J-' 

+  m' 

■j" 

+  to.       ' 

wV'y'  + »»"?"/ 

+  m 

"«' 

'»'"  +  te. 

m'g'  +  m",' 

+  m' 

J" 

+  to.       ' 

«■/.■  +  »".,".■ 

+  m 

■s- 

■  ."■  +  la. 

■■  (87) 


ii'j('  +  ^"3"  +  m"V"'  +  -S^c. 


gll6. — It  will  be  shown  by  a  process  to  be  given  in  the  proper 
place,  that  the  intensity  of  the  fyree  of  gravity  varies  inversely  as 
the  aquore  of  the  distance  from  the  centre  of  the  earth.  The  distance 
from  the  surface  to  iho  centre  of  the  earth  is  nearly  four  thousand 
niiles ;  a  change  of  half  a  mile  in  the  distance  at  the  surface  would 
'therefore,  only  cause  ,1  change  of  one  four-thousandth  part  of  its 
entire  amount  in  ihe  force  of  gravity;  and  hence,  within  the  limits 
of  bodies  whose  centres  of  gravity  it  may  be  desirable  in  practice  lir 
determine,  the  change  would  be  inappreciable.  Assuming,  then,  the 
furce  of  gravity  at  the  same  place  as  constant,  Equaiioua  (87), 
become 

in'i'  +  m" x"  -\-  m'" x'"  +  &c    ■ 


m'  +  m"  +  m' 

+  die. 

„',■  +  ,,,","  +  .,■ 

'  j'"  +  to. 

m'  +  .,.-■  +  m" 

+  to. 

!»■!'  + m"j"  +  ».■ 

'»"■  +  to.. 

m'  +  li 


'  +  &e. 


(88) 


from  which  it  appears,  that  when  the  action  of  the  force  of  gravity 
T>  constant  throughout  any  collection  of  particles,  the  position  of  the 
oenlre  of  gravity  is  independent  of  the  intensity  of  the  force. 

§  tl7. — Substituling  the  value  of  the  masseu,  given  in  Equation  (1)', 
IbGre  will  result, 

v'rfV  +  v"d"x"  +  v"'d"'x"'  +  &c 


v'd"  +  v"U"  +  »'"<*"'  +  &c 


_  p'rf'y'  +  t 


. '"y"  +  t 

v'd'  +  v"  d"  + 


h  &0. 


~"'d"'  +  4ic  ' 
t'  +  v"  d"  z"  +  w"'  d'"  z'"  +  &c, 
v'd'  +  v"ti"  +  v"'d"'  +  &c 


(SO) 
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Ai)d  if  the  elements  be  of  homogenous  density  throughont^  we  i 
have, 

rf*  =  d"  =  J'"  =  &e. ; 
euJ  Eqimtioiis  (80)  become,  _ 

v'x'  +  v" x"  -f-  v'" x'"  +  &c. 


.'  + .' 

-t-  v" 

+  4«. 

* 

/  + ."» 

■  +  1 

'/"+ te. 

.'  + ," 

+  •" 

+  ic.        ' 

V 

.'  + ." . 

'  +  » 

'  *'"  +  Aic, 

-  &c 


(M) 


wnence  it  follows,  that  in  all  homogeneous  bodies,  the  positiou  of 
lite  centre  of  gravity  is  indcpemleiit  of  the  density,  provided  the 
intensity  of  gravity  is  the  same  throughout. 

g  118. — Employing  the  character  Z,  in  its  usual  signification,  Elqiiv 
tions  (90),  may  be  written. 


and  if  tbe  syslcm  Lie  so  united  as  to  l>o  continuous, 
/,-  x.iV 


(»1) 


/: 


y.dV 


C.y 


(M) 


§119. — If  ihe  collection  be  divided  symmetncally   by  the  ] 
vy,  then  vill 

2(vr)  =«, 
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and,  therefore, 


hence,  th<^  centre  of  gravitf  will  lie  in  this  plane. 

If,  at  ^tie  same  time,  the  collection  of  elements  be  symmetrically 
divided  by  the  plane  xt,  we  ihall  hare, 

y,  =  0;  ■ 

the  collection  of  elemenliB  will  be  symmetrically  disposed  about  the 
axis  X,  and  the  centre  of  gravity  will  bo  on  that  line.  .  . 

Although  it  is  always  true,  that  the  centre  of  gravity  will  lie  in 
a  plane  or  line  that  divides  a  homogeneous  collection  of  particlef 
symmetrically;  yet,  the  convene,  it  is  obvious,  is  not  always  true, 
viz. :  that  the  collection  will  be  symmetrically  divided  by  a  plane  or 
line  that  may  contain  the  centre  of  gravity. 

Equations  (93)  are  employed  to  determine  the  centres  of  gravity 
of  all  geometrical  figures. 


THE  C^fTKE  OF  QBAVITT   OF  LINES. 

S  120. — Let  t  represent  the  entire  length  of  an  arc  of  any  curve, 
whose  centre  ot  gravity  is  to  be  found,  and  of  which  the  co-ordi- 
nates of  the   extremities  are  a',  y',  a',  and  x",  y",  a". 

To  be  applicable  to  this  general  case  of  a  curve,  included  within 
the   given  limits.  Equations  (92)  becojne 


■/;:■ 

.■i..i/i+ 

dx' 

-24 

■ 

j:'- 

,d..^fTl 

d,' 

-24 

. ..,  ■  ,,, 

:x 

.if;^/Ii 

-J-5 
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Example  I.— Find  the 
Sm,     Let, 

y  =  a.  X  +  ^, 
r  =  k'*  +  ^', 

be  the  equations  of  the 
line. 

Difieretitiating,  substi- 
tuting in  EijualionB  (04) 
and  (93),  integrating  be- 
tween the  proper  limits, 
and  reducing,  there  will 

suit. 


I  of  the  reiitre   of  gravity  of  a  j 


«.. 

{X'   +   X") 

g< 

3 

which  are    the  co-ordinates  of  the  middle  point  of  the  line;   i 
Mid   x"  y"   t'\   being   those   of  its  cxtrcmiticg ;  whence  we  cond 
IA«(  (Al  cen(«  of  gravity  of  a  slraiyht  tine  it  at  ill  middle  point. 

Example  2. — Find  the  centre  of  gravity  of  the  )>erimettr  of  a  potygon^ 
This  mav  be  done,  according  to  Ecjtiations  (00),  by  taking  the  sum 
rf  the  products  which  result  from  muUiplying  the  lenglh  of  each  sidft 
by  the  co-ordinate  of  its  middle  point,  and  dividing  this  sum  by  Um 
lenglh  of  the  perimeter  of  the  polygon.  Or  by  oonstrucUon,  aa  Ibi- 
lowi; 

The  wnighta  of  the  several  sides  of  the  polygon  constitute  » 
of  parallel  forces,  whoso  points  of  application  are  the  centres  of 
gravity  of  the  sides.  The  sides  being  ot'  hnmogmDoiis  density,  llwii 
weighxa  are  proportional  to  tbtir  lengths.     Hence,  to  find   the  ccuUi 


UECUAN1C8    Oh 


;   liny  two 


Krarit)'  of  the  entire  polygon,  join  the  middle  pui 
of  the  sides  hy  s  right  line,  ttnd  divide  this  line  in  tl 
of  the  lengths  of  the  udjaeent  sides,  the  point  of  division  will,  §97, 
be  the  centre  of  gravity  of  these  two  sides;  next,  join  this  point 
with  the  middle  of  a  third  side  by  a  straight  line,  and  divide  this 
line  in  the  inverse  ratio  of  the  sum  of  first  two  sides,  and  this  third 
Bide,  the  point  of  division  will  be  the  centre  of  gravity  of  the  three 
^des.  Continue  this  process  till  all  the  sides  be  taken,  and  the  last 
point  of  division  will  be   the  centre  of  gravity  of  the   polygon. 

Find  Ihe  potitimt  of  the  autre  6/  gravitt/  of  a  plane  curve. 
Assume  the  plane  of  xy  to  coincide  with  the  plane  of  the  curve, 
'm  irhich  cose, 


and  Equations  (&3)  and  («4)  become, 


/: 

'^V'+S 

y; 

• 

y^V+S 

=/; 

« 

- 

-n/-^-^- 

(05) 


(96) 


—Find  the  centre  of  gravity  of  a  eircittur  are. 
Take  the    origin    at    the   centre    of  curvature,    and   the   axis  of  y 
^paaaing  through   the  middle    point  of  the  arc.     The  equation  of  the 


I  _i« 


.  (95), 


B^^\^ 


i 
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will  give  OD  reduction, 

*,  =  0, 

•nd  denoting  the  chord  of  the  aro  hj  e  =:  x"  +  x", 
«,  =  0, 


whence  we  wncltfde  that  Iht  etntre  of  gravity  of  a  circular  arc  w 
on  a  line  dravm  through  tlu  eentn  of  curvature  and  ilt  middU  point, 
and  at  a  dietartce  from  th»  emlre  equal  to  a  fourth  proportional  to 
the  arc,  radiut  and  chord. 

Example  4. — Find  the  centre  of  ffravily  <f  the  arc  of  a  cycloid. 
Tho  radius  of  the  generating  drcle  being  a,  the  difTercntial  equa 
tion  of  the  curve  is, 


dx  = 


■/2«y-y' 


■(«) 


the   origin  being  at  A,  and 
^B  being  the  axis  of  x. 

Transfer  the  origin  to  C, 
and  denote  by  *',y'  the  new 

0(M>rdi nates,  the  former  being  estimated  in  the  direction  CP,  and  the 
latter  in  the  direction  DA.    Then  will 


and  therefor^- 


dx- 


■^iax"  —  i" 


(«)' 
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dils,  in   Equations  (96)  and  (95),  gives,  omitting   the   accent  on   Um 


y.  = 


/  „    xdxyj 


Int^rating  the  first  two  equations  between  the  limits  indicated, 
and  Bobstituting  the  value  of  >,  deduced  from  the  first,  in  the  second, 
wc  have, 

.  =  2  ^a»  (^,"  -  v«'), 

and  from    the  third  equation  we  have,  afler    integrating  hy  parts, 

substituting  t]ie  value  of  dy,  obtained   from   Equation  (a)',  and  re> 
duciiig,  there  will  result, 

and  taking  the  integral  between  the  indicated  limits, 

.,,  =  2yT;[y(/?'  -  VT)  +  J(2u  -  .")*  -  i(2«  -»')']l. 
hence,  replacing  i  by  its  value,  and  dividing,  ■  ,., 


»,-y  +  j- 


-  .'■•i 


•  -'') 


Supposing  the  arc  ^  begin  at  C,  we  have, 

i'  =  0, 
■a. 
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If  tlie  entire  stnii^arc  from  C  to  ^  be  tjikcn,  these  values  become, 

',  =  i". 

s,  =  «('-!). 

Taking  the  entire  arc  A  C B,  the  curve  wUI  be  symmetrical  with  ru 
pect  to  the  axis  uf  x',  and  therefore, 

J,  =  0; 

benco,  tkt  centre  of  gravity  of  iht  are  of  the  cycloid,  generated  by  one 
ttitirt  revolution  of  tki  generating  circle,  is  on  the  Hue  which  divide* 
the  curve  tymmelrically,  exd  at  a  distance  front  the  tummit  of  f/ie  curve 
equal  to  one-third    of  iU  height. 

THE    CENTEE    OF    OEAVITT    OF    StrBFACGS. 

§121. — Let  i  =  0,  be  the  equation  of  any  surface;  L  being  a 
function  of  xyi;  then  will  dxdy,  be  the  projection  of  an  element 
of  this  surface,  whose  co-ordinates  are  xyz,  upon  the  plane  ly;  and 
if  t"  denote  the  angle  which  a  plane  tangent  to  the  surface  nt  the 
same  point  makes  with  the  plane  zy,  the  value  of  the  element  itself 
will  be 


dx.dy 

cos  a" 

But  the  angle  which  a  plane 
makes  with  the  co-ordinate 
plane  x  y,  is  equal  to  the 
angle  which  the  normal  to 
the  plane  makes  with  the 
axis  s,  and,  therefore, 


/m-c^y-it)' 


(vr, 
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I  henee^  In  Eqnaticoia  (92),  omittiDg  tlie  double  agn, 

dr  =  dx-d9.w, (06) 


.dt.df 


m. 


^■^ 


in  which. 


-y; 


J'j.v.dx.dy; 


t»  being  a  function  of  x,  y,  t. 

If  the  8ur&ce  be  plane,  the 
plane  of  « y  majr  be  takea  in  the 
surface,  in  which  case, 

«0=  1, 
s  =  0, 

■nd  EquaUons  (9S),  and  (100),  be- 
come, 


Jt"J,"  dy.xdx 
_J^"L"dx.fdy 


m 


(100) 


(101) 


»=  f'„fl,dx.dy,     ......      (108) 

Ib   whidi  the  laitgnU  U  to   be   taken   first   with  Te&p«A  \o  ^,  wA> 
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between  the  limits  y"  =  Pm"  <uid  y'  =  Pm'\   then  in  respoot  to  i^ 
between  the  liraiu  *"  =  AP'\  and  a^  =  AP'.     Hence 


(lOS) 


(104) 


y'  and  y",  denoting  running  co-ordinates,  which  iahy  bo  either  roots 
of  the  BnnDe  equation,  resulting  from  the  same  value  of  x,  or  ,tbey 
may  belong  to  two  distinct  functions  of  x,  the  value  of  x  being  the 
same  in  each.      For  instance,  if' 

F    {xy)  =  0, 

be  the  equation  of  the  curve  n'm"n"nt',  it  is  obvioua  that  between 
the  limits  x"  =  A  P"  and  x'  =  A  P',  every  value  of  x,  ss  ^  P, 
must  give  two  values  for  y,  viz.:  y"  =  Pm"  and'y'=  Pm'.      Or  if 


Fi„j)  =  0, 
J."  (,y)  =  0, 

bo  (he  equations  of  two  distinct 
curves  m"  u"  and  m'  n',  referred 
to  the  same  origin  A,  then  will 
y"  and  y'  result  from  these 
niii'cltons  separately,  when  the 
aame  value  ia  given  to  x  in  . 
each. 


Example  1. — Required  the  porition  itf  Iks  ttHIre  of  grawity  of  tin 
•tfi  of  a  IriatiyU. 
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htl  A  BC,  he  the  triangle. 
AHOme  the  origin  of  co-ordi- 
DfttM  At  one  of  the  angles  A, 
and  draw  the  vua  y  parallel  to 
the  opposite  side  £  C.  Denote 
the  distance  A  P  bj  x\  and 
suppose. 


be  the  cquatior^  of  the  i 


A  C  and    .-1  B,    respcotivclj,   then 


-  y' 

/:<• 

-6)1 

"'     2 

/,'"-»)' 


i/,  (•'  -  S')  • 


2  (.  +  >)»' 


/.. 


{a  ~6)a!dx 


whence  we  conclude,  that  tlie  centre  of  gravity  of  a  triangle  is  on  a 
tine  drawn  from  any  one  of  the  angles  to  the  middle  <•/  Ike  oppoeiU 
tide,  and  at  a  distance  from  this  angle  equal  to  two-thirds  of  the  lint 
t&ut  drawn. 

Sxample  2. — Find  the  centre  of  gravity  of  the  area  of  any  polygon. 

From  any  ono  of  the  angles 
as  A,  of  the  polygon,  draw  lines 
to  all  the  other  angles  except 
those  which  are  adjacent  on  cither 
nde;  the  polygon  will  thus  be 
divided  into  triangles.  Find  by 
the  rule  just  given,  the  centre  of 
pmtj  of  each  of  the' triangles; 
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of  Ihe 


join  any  two  of  thcae  centriM  by  k  right  line,  and  divide  tliis  line  tf' 
Ihe  inverse  ratio  of  the  areas  of  the  triangles  tu  which  these  centres 
belong-  the  point  of  division  will  be  the  centre  of  gravity  of  tben 
two  triangles.  Juin,  hty  a  straight  line,  this  centre  with  the  ct^ittre  of 
gravity  of  a  third  triangle,  and  divide  this  line  in  the  invorae  ratio 
of  the  sum  of  the  areas  of  the  first  two  triangles  and  of  the  liiird,  ihu 
point  of  division  will  be  the  centre  of  gravity  of  the  three  trianglos. 
Continue  this  process  till  all  the  triangles  be  embraced  by  it,  and  ihn 
last  point  of  division  will  be  the  centre  of  gravity  of  the  polygon  , 
the  reasons  for  the  rule  being  the  same  as  those  given  for  the  deter- 
mination of  the  centre  of  gravity  of  the  perimeter  of  a  poly( 
being  only  necessary  to  substitute  the  areas  of  the  triangle 
lengths  of  the  sides. 

£xamph  3. — Delertnlne  the  poiitiot 
eireutar  sector. 

The  centre  of  gravity  of  the  sec- 
tor will  be  on  the  radius  drawn  to 
the  middle  [Hjint  of  the  arc,  since  this 
radius  divides  the  sector  symmetri- 
cally. Conceive  the  sector  CAB,  to 
be  divided  into  an  indefinite  number 
of  elementary  sectors ;  each  one  of 
these  may  be  regarded  as  a  triangle 
whose  centre  of  gravity  is  at  a  dis- 
tance   from    the    centre    C,    equal    to 

two-thirds  of  the  radius.  11^  therefore,  from  this  centre  an  i 
described  with  a  radius  equal  to  two.thirda  the  radius  of  the  eectOTf 
this  arc  will  be  the  locus  of  the  centres  of  gravity  of  all  the 
elementary  sectors ;  and  for  reasons  already  explained,  the  centre  of 
gravity  of  the  entire  sector  will  be  the  some  as  that  of  ilie  portion 
of  this  arc  whidt  is  included  between  the  extreme  radii  of  the  sector. 
Hence,  calling  r  the  radius  of  the  sector,  a  and  e  its  arc  and  chord 
respectively,  and  jr,  the  diat.ince  of  the  centre  af  gravity  from  the 
centre  C,  we  have. 
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lor 


Hw  oentro  of  gnvitjr  of  a  circular  sector  is  therefore  on  the  radiut 
cfraMM  to  tAt  unddlt  point  of  tA»  arc  y/  tha  teelor,  and  at  a  diatime* 
fnrn  tht  etntrt  of  curvature  equal  to  tvii>-iAirdt  of  a  fourth  proper' 
lional   to  the  art,  chord  and  radiui  of  the  teelor, 

Example  4,- — Find  the  centre  of  gravity  of  a  :iTeubr  tegment. 

Aamime  the  origin  at  the  centre  C, 
and  take  the  axis  x  passing  through  the 
middle  point  of  the  arc,  the  centre  of 
gravity  in  question  will  be  on  thin  axis, 
and,  therefore, 

y,  =  0- 

Let  A  B  HA  be  the  segment,  and 

the  equation  of  the  circle,  the  origin  being 
at  the  centre  C,  then  will 


and,  Equations  (103)  and  (104), 


-i^.dx 


=  -a-^-T)- 


«  being  the  area  of  the  entire  aegment.     Denoting  the  chord  AB 
by  e,  tre  have, 

irhencc, 

''  =  1277' 
and   we   conclude,    that   the  centre  of  gravity   of   a    circular    teffmtnt 
ta   o»  the  radiut  dravm   U>   the  middle  of  the  are,  and  at  a  dittanei 
from   the   centre    eqval    to   the  cube  of  the    chord,   divided  by  twit 
Hmea  Am  ana  of  Ike  MffmenL 
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Replacing  the  value  of  s,  and   supposing  z'   to  be  2ero,  in  wliicb 
ease  the  segment  becomes  a  semicircle,  we  xhall  find,  - 


g  122. — If  tho  surface  be  one  of  revolution,  about   the   axis  x  for 
instance,  it  will  be  symmetrical  with  respect  to  thisaxis;  hence, 

y,  =  0;     z,  =0; 
and    if  ^(xy)  =  0,    be   the   equation    of    a   meridian    section   in   the 
plane    xy,    then  will  the  area  of  an    elementary    zone  comprised  be- 
tween  two  planes  perpendicular  to   tho   axis  of  revolution   be, 


Example  I. — Find 

ceitlrt  of  ffravif}/  of 
a  right  conical  tur- 
fate. 

The  equation  of 
tlie  element  in  the 
piano  xg,  is,  assum- 
ing the  origin  at  the 


*r„ax^dx^/l^f7i 
<r  /»,  ax  dx  y'l  +.a 
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Sxaw^  a, — Rtquired  Ikt  poii- 
litm  of  tkt  centre  of  gravity  of 
a  tphtrical  torn. 

Assuming  the  origin  at  the 
centre,  the  equation  of  the  nkB- 
ridian  onrre  is, 

y»  =  a'  -  «» ; 
whence, 

ydy  =i  —  xd», 
Jy*    _   a* 
<*«*   ~   y»' 


j:- 


!■■' 


-a{z"-r') 


2 


Hence,  the  centre  of  gravity  of  a  epherieal  none,  is  at  the  middle 
poitti  of  a  line  Joininff  the  centra  of  Us  circular  bates.  And  in  the 
earn  of  one    bate    it  ii  only  neeeemry  to   make  x"  —  a,  mhieh  pivet. 

So  that  Ike  centre  of  gravity  of  a  zone  of  one  base  ie  at  the  tntddU 
of  the  rer-tine  of  itt  meridian  curve. 

THE    CENTBES    OW    ORA-Vm    07    V  <LUUE8. 


g  123, — When  it  is  the  question  to  determine    he  centre  rf  gravil; 
of  the   volume  of  any  body,  ve  have 

-■•  ;  '  ■■  dV  =  dx.dy.dt. 

Mid  Equations  (92)  become,  . 


£'J^' /.'''■■''>■'''■'• 
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_/"/"/""■''''■''••''' 

_fi:.fr,f;;,..dy.i..i. 

•Dd, 

^=J^'' /,'■/!■'■'"■■'•■■'■■ 

In  which  the  triple  integral  must  be  extended  to  include  tba 
;ntire  space  embraced  hy  the  surface  of  the  body ;  this  sur&ce 
being  given  by  its  equation. 

If  the  volume  be  symmetrical  with  respect  to  any  line,  this  lino 
may  be  assumed  as  one  of  the  co-ordinate  axes,  as  that  of  x;  in 
which  cose,  if  X  represent  the  area  of  a  section  perpendicular  to  this 
axis,  and  x,  its  distance  from  the  plane  ye,  then  will  Xdx,  be  an 
elementary  volume  symmetrically  disposed  in  regard  to  the  axis  x, 
and  Equations  {&t),  become 


£'■ 


Xxix 


y,  =  0. 
«,  =  0, 


(lOT) 


(108) 


Example  1. — Find  the  position  of  the  centre  4^  gravity  of  a  aetnU 
ellipsoid,  the  eqnation  of  whose  aurfiiee  is 


A'*^  JP^   C^~ 
The    semi'wes  of  the  elliptical  section  parallel  to  tho  plane  yc,  are. 


-v/TT^' 
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«iMO0e, 

•nd,  Equations  (107)  and  (108), 

"-/•...(. -^.)..  -«  ■ 

If  the  figure  be  one  of  roTolution  about  the  axis  of  x,  then,  denoting 

/■(«y)  =  0, (lOU) 

the  equation  of  the  moridian  aeotion  by  the  phine  xy,  will 

x  =  <,; 

and  Equations  (107)  and  (108),  may  be  written, 
/^,  *y*xdx 

*'  =  - — V ("«) 

y=  /"„  *y*dx (Ill) 

Szample  1. — Btquired  tkt  potilion   of  the  centre  vf  gravity   o^  a 
pamboloid  of  rtvolution. 

In  this  case,  Equaticn  (100), 

f'{xy)  =  y»  —  2px  =  0, 
whenee, 
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£j!an.jj/  2. — Required    (he  posiliuu   •/  the    centre    of  graviti/  I 
volume  of  a  apktrical  segment. 

F{zy)  =  j,»  +  ai-a»  =  0, 

wlwiico, 


i  'Li"! 


'Ja-' -'')<>' 


'■^ia-  -z"')-j"(3a' 


\Sa^  -  y )  -*'  (3a^ 


■^1- 
.')]• 


and  for  a  segm 


(3.> 


:■■) 


If  the    voiume    have  a  plane  fuee,  and  be  of  such  ligiiro  thoT 
areas  of  nil  sections  parallul   to   this   face,  are  connected  b_v  an 
of  their  liislances  from  k,  the  position  of  the  centre  of  gravity 
also  lie  found  by  the  method  of  single  integrals. 


Example   1. — Find  the  cenlre  of  graviltj  nf  any  pyra 


iid. 


)  base    ~ 


Find  by  the  method  explained,  the  centre  of  gravity  of  the  I 
of  the  pyramid,  and  join  this  point  with  the  vertex  liy  a  slraight  line. 
All  sections  parallel  to  the  base  are  similar  to  it,  and  will  be  pieroed 
by  this  line  in  homologous  points  and  liierefure  in  their  centres  of 
gravity.  Ench  section  being  supposed  indefinitely  ihin,  and  ita  woiglit 
acting  Ht  its  centre  of  gravity,  the  centre  of  gravity  of  the  ontln 
pyramid  will,  |94,  be  found  somewhere  on  the  same  line. 

Take    the  origin  at  the   vertex,  draw  Iheaxis  x  perpeudicula 
the  ;)lane    of    tlio    base,    and    the.  plane   *y    ihruugh    i 
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gnvit}  ;  and   let  X  repriiscnt  any  section  parallel  tu    the   base,  then 
will  Equations  (92)  become, 


j:^' 


V        ' 

J^^ 

z,  =  Q,                        A 

^^="^^^1 X 

nnd, 

V  =  Jf,  Xdz. 

Represent  by  A  the   base  of  the  pyramid,  c  its  altitude,  and  let 

y  =  ax. 

bo    the  equation  of  the  line  joining  the  vertex  and  centre  of  gravity 

of  the   base. 

Then, 

A:X-.:e^:x\ 

-  =  ^^' 

vnd  for  any  frustum, 

K=/::^'. 

A  r',           4  ^"3  -  «'v  ' 

tJ."  ''•^' 

mod  for    Ihe    entire   pyramid,  make  x"  =  c,  and  x'  =  0,  which  giva 

',  =  J. 

ft.      . 
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;whencc  we  conclude  that  the  centre  of  gravity/  of  a  pyramid  in  on 
the  line  drawn  from  the  vertex  to  the  centre  of  gravity  of  the  basTy 
and  at  a  distance  from  the  vertex  equal  to  three-fourths  of  the  length  of 
this  Une, 

The  same  rule  obviously  applies  to  a  cone,  since  the  result  is  inde- 
pendent of  the  figure  of  the  base. 

The  weight  of  a  body  always  acting  at  its  centre  of  gravity,  and 
in  a  vertical  direction,  it  follows,  that  if  the  body  be  freely  sus- 
pended in  succession  from  any  two  of  its  points  by  a  perfectly 
flexible  thread,  and  the  directions  of  this  thread,  when  the  body  is  iu 
equilibrio,  be  produced,  they  will  intersect  at  the  centre  of  gravity  ; 
and  hence  it  will  only  be  necessary,  in  any  particular  case,  to  deter- 
mine this  point  of  intersection,  to  And,  experimentally,  the  centre  of 
gravity  of  a  body. 

THE   CENTROBARYC   METHOD. 

§  124. — Resuming  the  second  of  Equations  (95)  and  (103),  whioh 
are, 

f^y  d  X  Jl+%. 
X  ▼  dx* 


y.= 


8 


in  which 


and 


in  which 


if^{y"*-y'*)dx 
y.= — 

S 

ii{y'—y)dx; 


clearing  the  fractions  and  multiplying  both  members  by  2n, 
shall  have, 

2n.y,s  =Jn  2ny  ^dx^-hdy',       .    .    .    .    i 
2nys8=:Js»ir{y"*''y^dx     ... 


OLTDS. 
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I 


The  second  inembor  of  Equation  (112)  is  iho  nrea  of  a  surface 
generated  liy  fbe  revolution  uf  a.  plana  curve,  \t'h<ise  extremities 
are  given  by  tlie  ordinalea  answering  to  the  abscisses  x'  and  z", 
about  the  axis  x.  In  the  tirst  racmfaer,  ■  is  ttio  entire  length  of 
this  arc,  and  2*y,  is  the  circumference  generated  by  its  centre  of 
gravity.  Hence,  we  have  this  simplt;  rule  for  finding  the  area  of  a 
(igure 

Multiply  the  length  of  the  gtnerai'mg  curve  by  Ike  circtimfirenct 
tltucribed  by  its  centre  of  gravity  ubout  the  axit  of  'otallon ;  tht 
predael   will   be    the    required   aiirfiice. 

The  second  member  of  Equulion  (113)  is  ihc  volume  generated 
by  s  plane  area,  bounded  by  two  branches  of  the  same  curve  or 
by  two  difierent  curves,  and  the  ordiriates  aiisuerjdg  to  the  abscisses 
jc*  and  i",  about  the  asis  x.  t,  in  the  first  member,  is  tlie  generating 
area,  and  2^y,  the  circumference  described  by  its  centre  <if  gravity. 
Hence,  this  rule  for  finding  the  volume  of  any   figure  of  revolution,  viz.; 

Multiply  the  generating  area  by  the  eireamference  described  by  itt 
centre  of  gravity  about  the  axis  of  rotation  ;  the  product  will  be  tht 
volume   MOiig/il. 

Example  \.—IUquired  tht  measure  of  the  surface  of  a  right  cotu. 

Let  the  cone  be  generated  by  the 
rotation   of  the  line    A  B  about   the  _ 

line  A  C      The  centre  of  gravity  of  -^| 

the  generatrix  is  at  its  middle  point  ^  . 

O,  >nd   therefore,  the   radius   of  the  ^-  \ 

circle    described    by    it   'will   be  one-  ■''  ''  '" 

lialf  of  the  radius  CS,  of  the  circu- 
lar base  of  the  cone.      Hence, 

2^y,.,  =  2^.^^^  =  ^SC.AB. 

Ezample  -i.—Fiad  the   volume  of  the  cone. 

The  area  of  the  generatrix  AB  C\  Is  ^  B  C,  A  C ;  and  the  radiua 
of  the  circle  described  by  its  centre  of  gravity  is  \BC.     Ileneo, 

x*y  i  =  lit  B  C- =  * 


i 


BtEMENTS    OF     AKALTTICAL    MECHANIC** 


OENTEK    OF 


§  125. — When  the  elementary  i 


I  uf  a  body  exert  tbclr  fatva.*  1 


or  inertia  aimultnneouslv'  a 
rienoe  equal  accelerations  c 
fuetor 


in   parallel   direotiooB,  they  must  exm 
retardalioRs    in    the   same  tii 


in  the  measures  of  these  forces,  as  given  in  Equation  (13),  r 
the  saine  for  all.  Substituting  these  measures  for  /",  /*", 
Equations  (62),  we  find, 


d^ 


Whence,  Equations  (88),  the  centre  o(  inertia  cwincideH  with,, 
centre  of  gravity  when  theforce  of  gravity  is  constant,  both  being  at  ibe 
centre  of  muss.  !n  strictness,  however,  the  centre  of  gravity  is 
always  below  the  ci^ntre  of  inertia;  for  when  the  variation  in  the 
force  of  gravity,  arising  fi-om  change  of  distance,  is  taken  into 
account,  the  lower  of  two  equal  masaoa  will  be  Ibund  the  heavier. 
And  in  bodies  whose  linear  dimensions  bear  some  appreciable  propor- 
tion to  their  distances  from  the  centre  of  attraction,  the  distanoo 
between  these  centre-it  becomes  seisible,  and  gives  rise  to  some 


m^t 
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MOTION    OF    THE    CENTRE    OF    INEBTt^ 


$196. — Substitute  in  Equations  (..4),  the  values  of  (Px,  iPy,  axiid*M, 
sea   by   EquAtions   (34),  and  we   have,  because  dt  is  constant,  and 


Hid  cPz,.  will   each   1 


I  common  factor  for  all  the 


"»•"-*■¥ 

-7?-^' 

.J" 

.P„.,-M.^ 

-^■- 

i.<p 

--k-^- 

.d^ 

dt" 


di^ 


which  M,  denotes  the  entire  mass  of  the  body,  being  equal  tu  1  m. 
I>enote  hy  x,  y,  b,  the  cO'Ordinules  of  the  centre  of  inertia  referred. 
b>  tlie  movable  origin,  then,  Equalions  (114), 

Ji.x  =  Sm^. 
M.y  =  I  my', 

I  differentiating  twice, 


M.iPx  =  2m. (Px', 
M.  d*g  =  I  m .  (fy',     . 
M.dH  =  Im.iPE', 

wWeh  auhitiluied  in  the   preceding  Equations, 

i/..„,._«-.^-i,._ 

dfl  Jfl 

Xp.<^Y  -  M--^  -  if- 


(118) 


di^ 


ilfl 


118 
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and  if  tho  movable  origin   be  taken  at  the  centre  of  inertia,   theo 
Hill, 

flP^  =  0,     flPy  =  0,     flPz  =  0 ; 

and  x^^  y^,  2r^,  will  become  the  co-ordinates  of  the  centre  of  inert» 
referred  to  the  fixed  origin,  and  we  have, 


2  P  •  cos  a  — 


cPx 


=  0, 


2P.cos^-ir. -^  =  0, 


SP.cosy- Jf.^ 


=  0; 


•       •       •■ 


(117) 


Equations  which  are  wholly  independent  of  the  relative  portions 
of  the  elementary  masses  fii',  m"  &c.,  since  their  co-ordinates  »\  y\ 
t\  &c.,  do  not  enter.  It  will  also  be  observed  that  the  resistance  of 
inertia  is  the  same  as  that  of  an  equal  mass  concentrated  at  the 
body's  centre  of  inertia. 

Whence  we  conclude,  that  when  a  body  is  subjected  to  the  action 
of  any  system  of  extraneous  forces,  the  motion  of  its  centre  of  Inertia 
will  be  the  same  as  though  the  entire  mass  were  concentrated  into 
that  point,  and  the  forces  applied  without  change  of  intensity  and 
direction,  directly  to  it 

This  is  an  important  fact,  and  shows  that  in  discussing  the  motion 
of  translation  of  bodies,  we  may  confine  our  attention  to  the  motioa 
of  their  centres  of  inertia  regarded  as  material  points. 


BOIATION    ABOUND    THE    CENTRE    OF    INEBTIA. 

g  127. — Now,  retaining  the  movable  origin  at  the  centre  of  inert ' 
substitute  in  Equations  {B\  the  values  of  d^x^  dhf^  and  c^,  as  gii^ 
by  Equations  (34),  and  reduce  by  the  relations, 

M.x  =  2m.a?'  rr  0, 
ilf.y=  2m.y'  =  0, 


id  we  have, 

P.  (cos  13  .  X-C08  a.y)-Sm.  (^.r-—^.  i/\  =  0. 


IP.  (cob  y  .y' — cps^.z')— 2  n 


/rf-i' 


rf'.v' 


=  0  : 


(118) 


ftom  which  alt  tracea  of  the  position  of  the  centre  or  inertia  have 
disappeared,  and  from  whicli  vc  inror  that  when  a  free  body  is  acled 
upon  by  auy  system  of  forces,  the  body  will  rotatu  iibmit  its  centre 
of  inertia  exactly  the  same  whether  that  ccutrc  be  at  rest  or  in 
motion. 

1 1S8.— And  we  arc  to  onclade,  Eqnatlons  (lit)  and  (118),  tliat 
when  a  body  is  subjected  to  the  action  of  one  or  more  forces,  it  will    , 
in  gcnerni,  take  op  two  motions—one  of  translation,  and  one  of  rotor 
tidu,  each  being  perfectly  independent  of  the  other. 

§  129. — Multiply  the  firet  of  Eqiialiims  (117),  by  y  ,  the  second  by 
r,,  nnd  subtract  the  first  product  from  the  second;  also,  tlio  first  by 
z,  ,the  third  byjr,  ,and  subtract  the  second  of  these  products  from 
Uie  first;  also  tbe  third  byy,,  und  the  second  by  «,  and  subtract 
the  second  of  these  prodncts  from  the  first,  and  ivc  have, 

J(?co.O).»-J(Pco.»).,-Jf.  (^.i,  -  ^_.,,)  =0,  I 

I(Poo,a).,-I(/>co.,).;.,-Jr.  (^..,  -^.,,)=0,      (110) 

I(;'cosr).y,-I(;'«>.»J)..,-Jf.  (^■y.-^..,)=0;J 

Equations  from  which  mny  be  found  the  circnmatancea  of  motioo 
of  the  centre  of  inertia  about  the  fixed  origin. 


) 


^_  applied  dUccU>  to  ^  ^^  p, 

iUo  forces  as  ''V  r  _  p  cos  o,  *  ^  • 

c  ,<^o  ^Kegarding  the  t'"^  t^,e  values  S  i--  ^ 

1 130.-^^1=        Equations  C^" )'         .    w  and  we  may 
,evtla.  replace  m  M    ^^  ^^^  ^_  respectively, 


r--*''-  df 


:i=:o,y  •  •   • 


<p« 


<t«  -=0- 


•ttoA   and  »n  " 
.»nt9  ate  oroittefli  j  i^etua 

r    m  wbvcb  tbe  '^«^«""^'   .^i„g  to  t\>e  centre 
from  wnii-  appertaiuing 

^^  understood  as  app 

'        „.»..  — »"°"' C  c«  ^' ^  "■'"  •""' 

./(Xdx+rdy  +  2d,) 

But,  _   _    j...  4-  «fe'    ^  ifl  =  V'  -, 


^j'(Xdx+>'  .wof^orkof   tbe 

.      ,  101    twice  the  ^---'''l^,  of   -ork  of 
T,e  first  term  _..    ^O]^'^  ^^  ,,,ee  tV>e  «V«-    f^,  ^^  the  con. 
U-aneous  for.es   the  se     ^_^.^^  ^^^^^^^  ,„a 
i,.rtia.  measured  by  thev  must  be   express 

of  integration.  ^^  ^e  variable   the>  ^^    ^^.for 

If  the  forceB  X.  J.  ^^^^^    ^^,    integration 

fanctions   of   «.  V-    ' 


MECHANICS    OF    SOLIDS. 


r  conditio 
i  make  th 


ftiimied,    and    that   iho   fur: 
int^'gration  possible,  we  ma 


F{xy!:)-iM.V'-  +  O'=0,      ....     (122) 
and  between   the  limits  ?,   i/,   r,    and    i/  y'  t' , 

whence  we  conclude,  that  the  qimnlity  uf  work  cxjicndt^d  by  the 
extraneous  furees  impressed  upon  a  tiody  during  its  poasafre  frcjjii  une 
position  to  &notlier,  is  equal  to  half  Iho  difftirence  of  the  living  Rirces 
of  the  body  at  these  two  positions. 

We  also  see,  from  Equation  (123),  that  whenever  th«  body 
returns  to  any  position  it  may  have  oceupied  before,  its  velocity  will 
be  the  same  as  it  was  previously  at  that  place.  Also,  that  the 
velocity,  at  any  point,  is  wholly  independent  of  the  path  described. 

If 

Xdx  +  3'rfy  +  Zdi  =  0, 
the  extraneous  forces  will,  §101,  be  in  equilibrio,  and 


'-n/^ 


md    the    motion,    therefore, 


that    is,    the    velocity    will   be    cc 
imiforai. 

g  132. — Again,  multiply  the  first  of  Equations  (118)  by  df,  the  sec- 
ond by  d  iji,  the  third  by  t^n;  add  and  rcdnec  by  the  relations  given 
in  Equations  (38) :    wc  find 

^    the    lirst    ineuibci'    by   ila   eqiin!    in    Equation 


iategmtiitg   and    rcpb 
(68),  we  have 


/-'^!-(-^:i^) 


+  c. 


Denoting  the  lover  arm  of  li  by  A',  tbc  vi-loeily  of  the  inotceule   m   ir 
reference  to  the  centre  of  inerliii  liy  c,  ic,  anil  thi:  ari:  Jcstribuii  bv  t 
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point  in  the  plane  of  the  resnltant  B  and  of  its  lever  arna,  at  the  aniCs 
distance  from  the  centre  of  inertia,  by  s,,  we  have 

J  Bdr  =J  RK.ds/,     /^      =  *'»  *^'^' 

whence 

rB.K.d8,  =  ^lmv*+  C 

Adding  this  to  Etjuation  (121),  there  will  result 

2j*{Xdx  +  rdy  +  Zdz)  +  2j^R.K.ds,  =  MV^i-lmv*+C  (121)' 

From  which  if  is  apparent  that  the  quantity  ot  work  impressed  upon 
a  body,  or  the  living  force  with  which  it  will  move,  is  dependent  not 
only  upon  the  intensity  of  the  force,  but  also  upon  the  distance  of  its 
line  of  direction  from  the  centre  of  inertia. 

§  133. — If  £r]uation  (121)  be  applied  to  each  one  of  a  collection  of 
elements  of  which  the  masses  are  7/^  m\  kc.  there  will  be  as  many 
equations  as  elements;  and  if  the  velocities  of  these  elements  be  de- 
noted by  r,  ff\  &c ,  we  have,  by  addition, 


2lf(Xdx  +  Vdt/-^  Zdz)z=z'^mv'-C     .     .     (121) 


ff 


Let  the  extraneous  forces  be  only  those  arisinor  from  I  he  mutual  actions 
and  reactions  of  the  elements  upon  one  another.  If  the  elements  m 
and  m'  be  separated  by  the  distance  r,  and  their  co-ordinates  he  xyz 
and  x'  y*  z\  respectively,  then,  the  reciprocal  action  being  along  r,  will 

a?  —  Jf*  m      y  ^  y'  z  ^z' 

006  a  = ;  cos  p  = ;         cos  y  = : 

r  r  r 

cos  a  = ;     cos  j3'  =  —  - — —  ;     cos  y  = ; 

r  r  r 

«ud  for  the  element  m  we  have 

XdxJt  rdyj-Zdz  =  pl^-^dx  +  ^-^dy-^'-^dz\; 

for  the  element  m^, 

Xdx'+rdy'+rdz'=  ^P^^'^JZJ^ldx'-j-^^^ 

and  by  addition, 
•'^•4-rrfy+zci«+xrffl^+rrf/+rrf«'s=-[(«B-af')d(«-«o+(y-y')<'Cr-y')+(»-0<'(«-«^ 


^^^^^^^^^^■^^^^H 

~| 

PUJ^^H^LJ^I 
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123  ^^1 

But 

■ 

r'  =  {r-y)'  +  (y- 

,■)'  + (2 -.■)', 

and  diffcrentinliiip, 

^^1 

rdr^(.-^■).H^-^■)  +  (^-!,■)d(!,-y')  +  {.-^■)d^. 

-■">■        ■ 

K>    tbat    tlii;   sGconJ    raciuber   above    reduces    lo  Fdr;    and    EqualLif       ^^| 

If  the  eleinenla  bu  iuviiriably  coiinectc 

.'-C 

^H 

during  llic  motion,  th 

diff^-  ^B 

sntials  of  r  will  be  zero,  and 

^^H 

1  Nl  l-'  = 

€. 

^^^1 

Tills  is  calluU  tlie  ctm»eivitivn   of  U 

ing  force. 

■ 

STABLE    AND    UNSTABLE    EqCILIBRIUM. 

■ 

omitting   tile   subscript 

accents,   ^^^| 

and   bearing   in    mind    lliat    tlie    co-ordinates   refi^r   to   ibe   cc 

ntre  ol'    ^^H 

inerlin,  into  wbieli  wc   in.ij'   suppose  fo 

r  simplificatiuu  the  bod/  to  be    ^^^| 

concentrated,  wc   may  write, 

^H 

\MV'^  -\MV-'  =  Fl,i 

■•/!')  -/'(.J.), 

^1 

iu   M-hich 

^H 

F{xyz)^f(Xd.+ 

yjf  +  zd,), 

^1 

and 

^H 

dFixyt)  =  Xdx  + 

Ydy  +  Zd!. 

^H 

Now,  if  the  limits  x' t/' z'  and  xy 

be    talten  very  near 

to  eacii     ^^H 

other,  then   will 

^H 

x'  =  x  -^-  dr;    '/  ^  y  + 

dy;     .■  =  ,  +  J,; 

H 

which   Biibfititnted   alwve,  give 

H 

4  ^  F''  -  1  jtf  F'  =  F(x  +  dx,  y 

■hd!i,,  +  d,)  -  F{, 

^1 

Mid   developing  by  Tayl-)r's  iheorem, 

^1 

,jfr.-jj.r.  =  j^;;;,';^ 

+  Bd,  +  Cdj 
+  B'd)'  +  &c.  +  D, 

■ 

hi    which   D  dcnotea    ihe   sun-    of     he    tenns    iuvolviug    ihe 

K\^^  ^^M 

fuwera  of  dx,  d  if  ami  dz. 

^H 

B. 

__^^ 
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If  J-tf  r'  be  i 


Adx  +  Bdy 


Adz  +  Sdtj  +  Cdz  =  dF{Ti,z)  =  Xdx 


Xdi  +  YJy 


-  Zdz 


But  when  this  coiidilioii  is  fulfilled,  ihe  furecs  will,  Equntiun  (6^J^l 
be   in   equilibrio;  and  we  therefore   conclude   thiU    wberievor   a    budy 
whose   centre  of   inertia    is  acted   upon   by  fbreo.*    nut 
reaches   a    position    in   wliieh    the    living   fiircc    or    the    quonti^ 
work  13  a  maximum  or  minijiiuin,  these  furues  will   be  in  equilU 

And,  reciprocally,  it  may  be  said,  in  gencrtil,  that  when  the  fuW 
are  in  equilibrio,  the  body  has  a  position  sueh  tbnl  the  quantity  of 
action  will  be  a   maximum   or    minimum,   though    this  U  uot  aituagt,  t 
true,  since    the  function    is  not   necessarily  either    a    maximum  j 
minimum  when  its  lirst  diflercntia)  co-cflicicnt  is  zero. 

§  135.— Ec^uation  (133)',  being  satisticd,  we  have 

Ilic  upper  sign  answers  to  tbc  caie  of  a  minimum,  and  the  1 
to  a  maximum. 

Now,  if  V  bo  very  small,  and  ul  the  same  time  a  maxluiun],~l 
rnust  also  be  very  small  and  le&s  than  V,  in  order  that  the  a 
mcnilier  may  be  negative ;  whence  it  appears  that  whenever  the  systC'rn 
arrives  at  a  position  in  which  the  living  force  or  quantity  of  work  is 
a  muximum  and  the  system  in  a  atatc  bordering  on  rest,  it  cannot 
Hepai't  far  from  this  position  if  subjected  alone  to  the  forces  whleti 
brought  it  tnei-e.  This  position,  which  we  have  seen  is  one  of  oqut- 
llbriiim,  is  called  a  position  of  uliible  tqit'ilibrium.  In  fact,  the  quantity 
of  work  immediately  succeeding  the  pusUion  in  question  bocotnliu 
negative,  shows  ihal  the  projection  of  the  virtual  velocity  i 
and  iheivfore  that  it  is  described  in  opposition  to  the  resultant  t 
forces,  which,  as  soon  as  it  .ivem>mc9  the  living  force  already  e 


will  c 


.■  the  body  to  retrace  its  course 
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I  ISO. — If,  oil  tlie  eoDtrary,  the  body  reach  a  position  in  w)iich  the 
quantity  of  work  is  a  minimum,  the  upper  sign  in  Equation  (124) 
must  be  taken,  the  second  member  will  always  be  positive  and  there 
will  bp  no  limit  to  the  increase  of  V.  The  body  may  therefore 
depart  further  and  further  from  thia  position,  however  small  V  may  be ; 
and  hence,  this  is  called  a  position  of  utntahU  tquilihtlum. 

§137.— If  the  entire   second   member  of  Equation    (124),  be  zero, 

^MV^  -iif  r=  =  0, 

and  there  wil!  be  neither  increase  nor  diminution  of  quantity  of  work, 
and  whatever  position  the  body  (icciipiea  the  forces  will  be  in  equili 
brio.     This  is  called  equilibrium  of  indiffertnct. 

§  138. — If  the  system  consist  of  the  uuion  of  several  bodies  acted 
uptin  only  by  the  force  of  gravity,  the  forces  become  the  weights 
of  the  bodies  which,  being  proportional  to  their  musses,  will  be  con- 
«UHl^  Denoting  these  weights  by  W,  W",  W"\  &c,,  and  assum- 
ing the  axis  of  i  vt-rticAl,  wo  have  from  Equations  (87), 

Rt,  =  W't'  +  W"i"  +  ir"V"  +  &c., 
in  which  R,  is  the  weight  of  the    entire   system,    and    ?,  the  co-ordi- 
nate of  its  centre  of  gravity;    and  differentiating, 

Mdi^  =  W'di    +  W"di"  -1-  W'dz'"  +  &c    .     .     .    (125) 

Now,  if  z,  he  a  maximum  or  minimum,  then  will 

WJi'  +  Wdt"  -f  W'dz"'  +  iio.  =  0, 

which  is  the  condition  of  equilibrium  of  the  weights.  Whence,  wo 
conclude  that  when  the  centre  of  gravity  of  the  system  is  at  th6 
highest  or  lowest  point,  the  system  will  be  In  equilibrio. 

In  ordei  ihat  the  virtual  moment  of  a  weight  may  be  positive, 
vertical  distances,  when  estimated  downwards,  must  be  regarded  as 
positive.  This  will  make  the  second  differentidl  of  z, ,  positive  at 
the  limit  of  the  highest,  and  negative  at  the  limit  of  the  lowest 
lioint.  The  eqoilihriuni  will,  iherefore,  Ir>  stable  whew  Ihft  wiuteft  v.'S 
Urnvifv  is  at  the  Ivn-esr,  niid  uiistnLIc  nhfn  at  the  WgVeal  ■^ci\'(\\. 


i 
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Integruling    Eqiinlion    (125),     butween    the     limits     i,  =  //,    ud 
M,  —  Jl',  i'  =■  h,  and  t'  =  A',  die.,  and  wo  find, 

A(//,  -  W)  =  W'(h,  -  A')  +  W"  (A„  -  A")  +  4:c; .  (IM) 

fiMm  wbich  wc  sec  lliat  the  work  of  the  entiru  weight  uf  the  systetb, 
acting  at  its  centre  of  gravity,  U  cqtiul  to  the  sum  of  the  (]uantiti«« 
of  work  of  the  coinponeut  weights,  which  descend  diminished  b;  the 

sum  of  the  quantities  nf  work  of  tliose  which  ascend.  ^^ 


TNITIAL    OONDrnoNB,    DntECT    AKD     tNVItliSt:    I'EOBI.KU. 


g  139.— By  integrating  each  of  Equations  (120)  twice,  we  ohtnin 
three  equations  involving  futir  variables,  viz. :  ic,  y,  «  and  (,  By 
eliminating  t,  there  wilt  result  two  equations  between  the  variables 
X,  y  and  i,  which  will  be  the  ef[uatii)ns  of  the  path  described  by 
the   centre   of  inertia  of  the  body. 


§  140. ^In  the  course  of  integration,  six  arbitrary  constants  will 
be  introduced,  whose  vnlucs  are  determined  by  the  initial  circuir.- 
staneca  of  the  motion.  By  the  term  initial,  Is  meant  the  epodl 
from   which  (  is  estimated. 

The  initial  elements  are,  1st.  The  three  eo-ordinatea  which  give 
the  posilion  of  the  centre  of  inertia  at  the  epoch ;  and  2d.  The 
component  velocities  in  the  direction  of  the  three  axes  at  the  same 
instant. 

The  general  integrals  determine  the  nature  only,  and  not  tJia 
dimensions  of  the   path. 

§141. — Now  two   distinct  propositions  may  arise.     Either  i 
be    required    to    find   the  path   from    given    initial    conditions,    or  A 
find    the   initial  conditions  necessary    to   describe   a  given   patli. 

In  Ihc  first  cjise,  by  integrating  Eqs.  (120)  twice,  we  obtain  six  i 

...       dx      d<i       dz         ,    ,     ' 

liuMs  in  X.  y,  z,  I,  the  component  velocities,  — ,     -~ ,     — ,  and  nix  <| 

traiy  constants  of  integration.     Making  in  these  equations   (  =  0,  fl 

euhelilutin^'  fi>r    ihv  co-ordiiiales    and  (-o'opoiieot  v.l.i-iiies  lb 


KECHANICS   OF  SOLIDS,  127  ] 

values,  iho  constanta  becume  known.  These,  in  the  three  equation  I 
olitWDed  from  last  integrution,  give  three  equations  in  x,  y,  z  uiid  /,  from  J 
which,  it  I  lie  eliminated,  two  equations  in  x,g  and  e,  will  result.  These  will 
be  the  equiitions  of  the  puth,  and  the  problem  will  bo  completely  solved. 
In  the  sciKind  case,  the  two  equntiuna  of  the  path  being  difTerentiated 
twice  nnd  divided  each  lime  by  dl,  give  only  fuur  eqnationa  involving 
tlirrt  first,  and  lAree  second  ditfereniiul  co-efficients.  The  inverse  problem 
is,  therefore,  indeterminate. 

But   Equation    (121)  being    dilTerentiatcd    and  divided  bjr  the  dif^ 
ferential   of  one   of  the    variables,  siiy  dx,  gives 


ijf. 


dj 


(127) 


which    is   a    fifth    equation  involving  X,   Y,  Z,  and  V.     By  assuming  j 

s  value  fur  any   one  of  ihese   four   quantities,  or  any  conditi 
Decling  them,  the  other    five    may  be  found  in  terms  of  ;r,  y  and  c 

TEKTICAL  MOnOK  OF  HEAVY   BODIES. 

g  142. — When  a  body  is  abandoned  to  itself,  it  falls  toward  the 
eartirs  surface.  To  find  the  circumstances  of  motion,  resume  Equa- 
tions (120),  in  which  the  only  force  acting,  neglecting  the  resistance 
of  the  air,  will  be  the  wc^ht  =  Mff ;  and  we  ahall  have,  Equa- 
tions (117), 

2  /•  cos  a  =  X  =  Mff.coaa; 

2  /■  cos  ^  =  r  =  Mg.coa^i 

IPoony  =  Z  =  Mff.co^y; 
in  which  M  denotes  the  mass  of 
the  body,  llie  force  of  gravity 
TU-ies  inversely  as  the  square  of 
the  distance  from  the  cefllro  of 
the  earth,  but  within  moderate 
limits  may  be  consideri.'d  invaria- 
ble. The  weight  will  therefore  be 
ccmstant  during  the  fall. 

Take  the  co-ordinote  i  vertical, 
itod  positive  when  estimated  downwards,  then  will 

cos  a  =  0;     cos  /3  =  0  j     cos  y  =  \^ 
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and  Equationn  (1^0)  become,  after  omitting  the  common  fiictor  ii, 
tPy 


dp  ' 


dfl  ' 


df*  " 


and  integrating. 


*~        «'     dt~        1' 


in  which  v  is  the  actual  velocity  in  a  rcrtical  direction. 
Malcing  ^  =  0,  we  have 


4t  -  ■• 
Th^  constants  u^,  m    and  n^,    are    the    initial    velocities    in    the 
directions    of  the   axes  »,  y  and  t,  respectively.     Supposing    the  first 
two  zero,  and   omitting   the   subscript  z,  from  the   third,  we    have, 

-r  =^;   rr^  =  *; 
dt  '    dt  ' 

•=^  =  ?'  +  « (12») 

Integrating  again,  we  find 

X  =  C;     y  =  C, 

and  if    when    (  =  0,  the   body  be   on   the  axis  2,  and  at  a   distance 
below   the  origin   equal    to   a,    then    will 

*  =  0;     y  =  0; 
t  =  lgP^Ht-\-a (130) 

If  the  body  had  been  moving  upwards  at  the  epoch,  then  would 
u   have    been   negntite,  and.  Equations  (139)  and  (130), 

«-  =  ?'-«• (m) 
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If  the  body  had  moved  from  rest  at  tho  epoch  and  from  ihe 
origin  of  co  ord! nates,  then  would  v  bo  the  actual  velocity  generated 
by  the  body's  weight,  and  z  =  A,  the  octual  space  described  in  tho 
time  (;  and  Equations  (129)   and  (130)  would  become, 


■-  yfWgh. 


(lat) 


(135) 


whence,  we  see  that  the  velocity  Toriea  as  the  time  in  which  it  i« 
generated  ;  that  the  height  fallen  through  varies  as  the  square  of  the 
time  of  full ;  and  that  the  velocity  varies  directly  as  the  square  root 
of  the  height. 

The  value  of  h,  is  called  the  height  due  to  the  velocity  v  ;  and 
the  value    p,  ia  called  the  velocity  due  to  the  height  A. 

r,  in  Equation  (132),  we  suppose  a  =  0,  we  shall  have  the  caa« 
of  a  body  thrown  vertically  upwards  with  a  velocity  u,  from  the 
origin,  and  we  may  write, 

"  =  »'-• (138) 

,  =  lji'-«i-, (m) 


■hen  the  body  has  reached  its  highest  point,   i 
find, 


which  is  the  time  of  ascent;    and  this  value  of  (,  in  Equation  (157), 
wiU  givo  the  greatest  height,  A  =  e,  to  which  the  body  will  attain, 


§143. — In    the  preceding   di-ii 
iStmospheric  resisliincc.      For  the 


I,    no   account    is   taken    of    the 
'  body,  this  resistance  varies  u 


ISO  ELEMENTS    OF    AlfALTTICAL    HBOHANICS. 

the  square  of  the  velocity,  so  that  if  k,  denote  the  velocity  ^hen  tha 
mcistAnce  becomes  equal  to  the  body's  weight,  then  will 

be  the  resistance  when   the  velocity  is  v,  snd  in  Equations  (117),  wc 
shall  have, 

S  P  cos  a  =  X  =  M  g  cos  »  +  Mg  -j^  ■  cos  a', 

li'cos^  =  r=  ifj^cos^  +  irp  -^.003/8', 

J  i*  cos  J-  =  Z  =  Mg  cos  7  +  Mg  •  —  ■  cos  y' ; 
taking  the  co-ordinate  z,  vertical  and  positive  downward,  then  will, 

cos  ^  =  cos  ^'  =  0, 

cos  y  s=  1,    cos  t'  =  —  1 ; 

and  Equations  (120)  give. 

Omitting  the  common  factor  M,  and  replacing  -j-j  by  its  value  — . 
dv  (  »'  \ 


git=  - 


htflgrating  and  supposing  tho  initial  velodty  zero, 
ifc  4-  V 

,i  =  ji.iog  j-i-;-    ■ 


(ISO) 


(1401 
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wliich  gives  the  time  in  terms  of  the  velocity;  or  reciprocally, 

I.   .                 !Li 
A±Ji  =  e   ~ (UJ) 

iu  which  e,  is  the  base  of  the   Naperian  system  of  logarithms,  and 
from  which  we  find, 

V  =z > (142) 

e  *  +  «    * 

which  gives  the  velocity   in   terms  of  the  time.     Substituting  for  «, 

its  value  -J-)     integrating  and  supposing  the  initial   space  zero,   we 
at 

have 

2  = --logj  (e*   +  «    *^ (H8) 

Multiplying  Equation  (139)  by 

dz 

we  have, 

k^v.dv 

and  integrating,  observing  the  initial   conditions  as  above, 

which  gives  the  relation   between  the  space  and   velocity. 

Ab  the  time  increases,  the  quantity  e  ^  becomes  less  and  less, 
and  the  velocity.  Equation  (142),  becomes  more  nearly  uniform ; 
for,  if  t  be  infinite,  then  will 

r  *  =  0, 

and,  Equation  (142), 

V  =z  k] 

maUm  the  resSstanoe  of  the  air  equal  to  the  bod^'%  ^^v^U 
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§144. — If  the  body   hod  been  moving  upwards  with  a  velocit/ 
V,    then,  taking  z  positive   upwards,   would,  Equations   (120), 


aubstitudng  j-    for  --t^'  and  omitting  the 


k.dv 
f  +  »»  " 


integrating, 


.ii. 


.an     i=-'-i+C; 
And    supposing   the   initial  velocity  equal  to  a,  v 
Cr=tan"'4, 


&ctor,  we  find, 
•    •    .    (146) 


-7-  =  tan 


!l 


Taking  the  tangent  of  both  members  and  reducing, 
a  —  *.tan  V 


.  =  t- 


.il 


i  +  a.tani 

which  may  be  put  under  the  form, 

?'       ,     .    St 
a ,  cos  -j; * .  sin  -j^ 

V  =  k-- 


.i.  »' 


.il 


(HO) 


(147) 


(148) 


Substituting    for  v   its  value  - 
Initial  »pace  tero,  we  have 


+  '■"'•-1 

integrating,   and   supposing   the 


=  _.log(_.sm-  +  cos^; 


(149) 
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[Splyiiig  Equation  (145),  by 


«ik1  integrating,  ttili  the  same  initial  conditiona  of  v   being   eqnal    to 
«r,  when  e  is  zero,  there  will  result, 


(160) 


§145. — If  we  deoote  by  h,  the  greatest  height  to  which  the  body 
■will  ascend,  we  have  e  =  k,  when  v  =.  0,  and  hence, 


I'inding  the  value  of  t,  from  Equation  {146),  we  have, 
,  =  _(tan     --.an      -)    •    - 
from  which,  by  making  ti  =  0.  we  have, 


(151) 


(162) 


(153) 


which  is  the  time  required  for  the  body  to  attain  the  greatest  eleva- 
tion. Having  attained  the  greatest  height,  the  body  will  descend,  and 
circumstances  of  the  fall  will  be  given  by  the  Equations  of  g  143. 
Denoting  by  a',  the  velocity  when  the  body  returns  to  the  point  of 
stArting,  Equation  (144),  gives. 


i» 


■  log- 


■hd  placing  this  value  of  A  equal    to   that  given    1 
there  will  result, 
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whence, 

a"*  =  a»  - 


«»  +  *»' 


that  ia,  the  velocity  of  the  body  when   it  returns  to   the  polid  * 
departure  is  less  than  that  with  which  it  set  out. 
Making  «  =  a'  in  Equation  (140),  we  have, 


•  log 


t  +  c 


and,  substituting  for  < 


,  its  value  aboTe, 


2« 


'  log 


v^ 


V«'  +  *'- 


•    (IM) 


a  value  very  different  from  that  of  /,,  given  by  Equation  (163),  ibf 
the  ascent. 

Multiplying  both  numerator  and  denominator  of  the  quantity  vhoK 
logarithm  is  talten,  by  yu'  +  P  —  a,   the  above  becomes, 


•  log- 


Jldding  Equations  (153)  and  (155),  we  have, 

I,  +  <,=i-[un     y  +  log 
«",  making  I  =  t^  +  I 


(15S) 


■,/«"  +  f  - 


-  +  log  • 


(156) 


If  11  ball  be  thrown  vertically  upwards,  and  the  time  of  ite 
absence  from  the  surface  of  the  earth  be  carefully  noted,  (  will  be 
known,  and  the  value  of  k  may  be  fuund  from  this  equation.  Hiis 
experiment  being  repeated  with  balls  of  different  diameters,  and  the 
roBulting  values  of  t  calculated,  the  reuatance  of  the  air,  for  »aj 
given  velodty,  will  be  known. 
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PB0JECTILE8. 

§  146. — Any  body  projected  or  impelled  forward,  is  called  a  fto- 
jectile^  and  the  curve  described  by  its  centre  of  inertia,  is  called  a 
trajectory.  The  projectiles  of  artillery,  which  are  usually  thrown  witli 
great  velocity,  will  be  here  discussed. 

§147. — And  first,  let  us  consider  what  the  trajectory  would  be 
in  tho  absence  of  the  atmosphere.  In  this  case,  the  only  force  which 
acts  upon  the  projectile  after  it  leaves  the  cannon,  is  its  own  weight ; 
and,  Equations  (117), 

2  P  cos  a  =  JT  =  Mp  cos  a, 
2  P  cos  /3  =  F  =  if  ^  cos  /3, 
2  P  cos  7  =   Z  =  Aft;  cos  y. 


Assuming  the  origin 
Mxt  the  point  of  de- 
X>arture,  or  the  mouth 
<^f  the  piece,  and 
t:^king  the  axis  z 
^vertical,  and  posi- 
^he  upwards,  then 
-vill 


cos  a  =  0 ;    cos  ^  =  0 ;    cos  7  =  —  1 ;    and.  Equations  (120), 


=  -Mff', 


aind  integrating,  omitting  if. 


dx 

.        — —  fi  • 

dt  «' 


dy                   dz 
— i—  =  t*  1     

dt         y* .  dt 


=  -  9t  +  u^    .     .    (157) 


integrating  again,  and  recollecting  that  the  initial  spaces  are  zero,  we 
We, 


X  = 


=  S''»  y  =  ^y-'j    =-i^<'  +  «,'< 


^i»\ 
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still  tliniinnting  /,  from  the  first  two,  we  obtAJD, 


w.iich    is   the   cqiiatiun  of  a   right   line,  and   from  which  we  s«e  tbkl 
the  trajectory  is  n  plane  curve,  and  that  its  plane  is  vertical. 

Assume  the  plane  zx,  in    this   plane,  then  will    ^  =  0,  and  £qua- 
tions  (158),  become, 


i?(*  +  «.-*■ 


(159) 


Denote  by  V,  the  velocity  with  which  the  ball  leaves  the  piece, 
that  is,  the  initial  velocity,  and  by  a,  the  angle  which  the  axis  of  the 
piece  makes  with  the  axis  z,  then  will, 

r.cosw,    and    F.sino, 

be  the  lengths  of  the  paths  described  in  a  unit  of  time,  in  the  direc- 
tion of  the  a\cs  x  and  z,  respectively,  in  virtue  of  the  velocity  V ; 
they  arc,  therefore^  the  initial  velocities  in  the  directions  of  ttcsp 
axca;   and  we  have, 


wliicli,  ill  Equations  (159),  give 


and   eliminating  /,  we  find 


(160) 


or   substituting  for    V  its  value   in  Equation  (135), 


(161) 


whldi  is  the  equation  of  a  parabola. 
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«r,  replacing  the 


Md  eliminnting  t,    by    mears   of  the    first   of  Eqi 
npladng   F',  in    thj  last  term   hj-  its  value  2^  A, 


g  148.— The  angle  a  is 
called  tilt  angle  of  prcgee- 
and  ihe  horizontal 
distance  A  D,  from  the 
place   of  deparlure  A,    lo 

i  point  D,  at  which  the 
projectile  attains  the  same 
level,  is  called  the  rangt. 

Th  find  the  range,  make  z  =  i 

J-  ^  0,    and    I  =  4  A 
ind    denoting   the    range   by  R, 


\  the   value   of  which  becomes  the  greatest   possible  whi 
■  flf  projection   ia  45°.     Making  a  =  45°,  we  have 

R 

is,    the    maxinium    rnngo    ii 
the   velocity  of  projeetitm. 

From    Ihe    expression    for    its    viilue,  we   also    see    thut   ihe 
range  will  result  from  two  different  angles  of  projection,  one  of  which 

the   complemeitt  of  the   other. 

§  149. — Denoting  by  v  the  velocity  at  the  end  of  any  time  (,  W6 


of  dz  and  dx,  obtained  from  Equations  (160), 
r=  "  2  r.,7.r.sin  a  +  -7^/»  ....  (164) 
(160).    and 
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)  a,  we  have  tlie  velodty   at 


in  which,  if  wo  make  x  =  4k 
the  point  D, 


■  P^. 


which  shows  that  the  velocity  at  the  furthest  extremity  of  the  ran^ 
is  equal   to   the  initial   velocity. 

Dtflerentiating  Equation  (101),  we  get 


■J-  =  tan  d  =  tan  a 


2A.cos»i 


(166) 


in  which  i   is  the  angle  which  the  direction  of  the  rnoUon  at  any 
Instant  makes  with  the  axis  x. 
Making   tan  d  =  0,  we  find 

z  ^  2  A  .  COS  a  ,  sin  a, 
which,  in  Equation   (IGl),  gives 

(ho  elevation  of  the  highest  point. 

Substituting  for  x,  the  range,  4  A  cos  a  sin  a,  in   Equation  (166), 

tan  d  =  —  tan  o, 

which    shows    that   the   angle  of  fall  is  equal  to  minus  the  angle  of 

projection. 

I  150. — The  initial  velocity  V  being  given,  let  it  be  required  to 
find  the  angle  of  projection  which  will  cause  the  Irajectory  to  pass 
through   a  given  point  whose  coordinates  are  *  =  a  and   z  =  &. 

Substituting   these   in   Equation   (161),  wo  have 


trom  which   to   determine  a. 
Making  tan  a  =  p,  wo  find 


■  r+? 


Making, 


the   question   may    bo    solved    with   only  a  single  angle 
But  the  above  equation  ia  that  of  a  parabola   whostc   i 
a    and    6,    and   this   curve   being    cou- 
Btructfd  and  revolved  about  its  vertioil 
enclose    the     entire     spacie 
within  which  the  given   point  r 
lituated  in  order  that  it  may  be  struck 
with  the  given    initial    velocity.      This 
paraliola  will  pass  through  the  furthest 
extremity  of  the  maximurn  ningc,  and 
St  a  height  above  the  piece  equal  to  li. 

§151. — Thus  we  see  that  the  theory  of  the  motion  of  projectiles 
is  a  very  simple  matter  as  long  as  the  motion  takes  place  in  rncuo. 
practice  this  is  never  the  case,  and  where  the  velocity  is  con 
sidcrnble,  the  atmoaphei'ic  resistance  changes  the  nature  of  the  tra- 
jectory, and  gives  to  the  subject  no  little  complexity. 

Denote,  as  before,  the  velocity  of  the  projectile  when   the  atmoa- 
leric    resistance    equals    its    weight,  by    k,    and    assuming    that  the 
reaistance  varies  as  the  square  of  the    velocity,  the    actual   resislauca    . 
t  when  the  velocity   is  w,  will  be. 
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by  making. 


He  forces  acting  upon  tho  projectilo  after  it  leaves  tha  pie(« 
Iwing  its  weight  and  the  atmospheric  resistance,  Equations  (120), 
become, 


-  =  Mg .  ooB  a  +  Mc .  e* .  «»b  a', 

-  =  Mg.cos^  +  i£e.v*.&M  |8', 

'-  =  Mg .  cos  7  +  Me . »' .  cos  y' 


Tailing  ihc  co-ordinates   e   vertical,    and    positi^e    when   estimated 
upwards, 

cosa  =  0;    cos|3  =  0;    0097=—  I, 

and  because  the  resistance  talfes  place  in  the  direction  of  the  trajec- 
tory, and  ill  opposition  to  tho  motion,  if  the  projectile  be  thrown  in 
the  first  angle,  tho  angles  a',  0',  and  y',    will  be  obtuse, 


dx 


.iv_. 


and   the   equations   of    motion    become,   after   omitting    the    common 
factor  M, 


Ptom  the  drat  two  we  have,  by  division, 


^I^E3  ~| 
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■nd  by  integration,                                                                                               ^^^H 

log  dy  =  ]ogdx  +  h,g  C;                                       '^^^| 

ud,  passing  to  the  tgiiantitics,                                                                         ^^^^| 

dy                                                                     ^^H 

Integrating  again,  we  have,                                                                                ^^^| 

^H 

In  which,  if  the  projectile  be  thrown    from  the  origlu,    C"  =  0,    Jius      ^^| 

giving  an  cqnation  of  a    riglil    line    through  the  origin.     Whence   wc      ^^^| 

wo  that  tlie  trajectory  ia  a  plane  curve,  and  that  its  plane  ia  vertical       ^^B 

Ihrough  the  point  of  departure.                                                                           ^^H 

Assuming   the   plane   zx,  to   coincide   with   that  of  the   trajectory,       ^^H 

and  replacing  t',  by  its  value  from  iho  relation,                                            ^^^| 

.^H 

^m 

ve                                                                                                               ^^1 

d*x                 d,     dx  _        1                                        ^H 

dfl  '~       "■  dt  '  di  ' 
iPa                            d,     dt 

(1<»)     ^M 

—   =    -ff-C—.—. 

M 

From  the  first  we  have,                                                                                     ^^H 

■ 

^^H 

dx                                          ^^H 

H 

uid  by  integration,                                                                           ^^^^^H 

^H 

and  making  C  =  log  A,  the  above  may  be  written,                                 ^^H 

^^^              '°'                                                                                   ^^H 
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and    assLDg  from  logarithms  to  the  quaotities, 

Ti-^'        *' 

Denoting  by   V,  the  initial   velocity,  and  bj  «,  Uk  angle  of  i 
jcctioD,  vo  have,  by. making  a  =  0, 


which  substituted  above,  given 


To   integrate  the  second  of  Equations  (168),  make 


in  which  p  is  an  additional   unknown   quantity. 

Differentiating    this    equation,    dividing    by    dt,    and    eliminat 

from   the   result,  -j-j-'    by    its   value  in    the   first  of  equations  (It 
we  have, 

(Pr         dp     dx  dt  dx 

TF  ~  Tt'  dl  ~ P-"-  Tt'Ti 
and   substituting  this  value   in   the    second  of  Equations  (168), 
have,  after  eliminating    —  by  its  value,  obtuned  from  Equation  (11 

^.4  =  _, (1 

dl    dt  '  '■ 

and   dividing  this  by  tlie  square  of  Equation  (170), 
dp 
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14S 
but  regarding  •  and  p  as  functions  of  x,  we  have,  Equation  (171), 

^  =  1=^ 0") 


w-hcsnce,  making   V  =  2gh,  Equation  (173)  Iieconiea 

^   -  _         ''"       .    .     .     . 
dx  2A.cos*a 

»nA     multiplying  this  by  the  identical  equation, 

dx.-/l  +  jfl  =  dt, 

oliti^Lio^  from  Equation  (174),  we  find. 


(175) 


2  A.  cos*  « 


/TT7*  +  log  {p  +  VT  +  Z*)  =  (?  -  g 


;  tntJ) 


">   which  C  ia  the  constant  of  integration ;  to  determine  which,  make 
*=  0  J  this  gives  j>  =  tan  a ;  and 


=*  g^^^j^  +  tana.yi  +  lan»«  +  Iog(tanai-  -/I  +tan»«)  -  (177) 
''rom   Equation  (17&)  we  have, 


ftoiik 


dx  =  ~  2A.oos*a.< 
("1), 
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from  Equation  (1*72), 


g  df-  =  —  dx.dp; 


and  eliminating  the  exponential  factor  by  means  of  Equation  (176), 
we  find, 


c  ,d  X  = 


dp 


c ,  d  z  = 


pdp 


;  •   (178) 


'^ eg  .  dt  = 


P  vTT^  +  log  (p  +  y/T+y)  -  0 

J ^-V  VTTJ^  -  log  (;>  4-  -/  1  +  P^) 


; .   (179) 


(180) 


Of  the  double  sign  due  to  the  radical  of  the  last  equation,  the 
negative  is  taken  because  /?,  which  is  the  tangent  of  the  angle  made 
by  any  element  of  the  curve  with  the  axis  of  a:,  is  a  decreasing 
function  of  the  time  t. 

These  equations  cannot  be  integrated  under  a  finite  form.  But 
the  trajectory  may  be  constructed  by  means  of  auxiliary  curves  of 
which  (178)  and  (179)  are  the  differential  equations.  From  the  first, 
we  have, 

dx  =  T  ,dp\ (181) 


and  from  the  second, 


dz  z^  T,p.dp\ (182) 


in  which, 


T=  — 


1 


^      jE>  -/  1  +  />2  +  log  (p  +  V^+P")  -  (^ 
and  dividing  Equations  (181)  and   (182),  by  dp, 


;-(183) 


d  X 
dp 


=  T; 


{W. 


dm 


=  T.p; 


(W 
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Now,  rpgarding  x,  p,  and  «,  p,  as  itie  vuriable  co.ordinutea  of  two 
auxiliary  curves,  T,  and  T .  p,  will  be  the  tangents  of  the  angles 
which  the  elements  of  these  curves  make  with  the  axis  of  p. 

Any  assumed  value  of  p,  beiog  substituted  in  T,  Equation  (193), 
will  give  the  tangent  of  this  angle,  and  this.  Equation  (IS4),  muUi- 
plied  by  dp,  will  give  the  difference  of  distar.eea  of  the  ends  of  the 
corresponding  element  of  the  curve  from  the  axis  of  p.  Beginning 
therefore,  at  the  point  in  which  the  auxiliary  curves  cut  the  axis  of 
2>,  and  adding  these  successive  difri;reiices  together,  a  series  of  ordi- 
nales  x  and  e,  separated  by  intervals  equal  to  dp,  may  be  found,  and 
the  curves  iraced  through  their   extremities. 

At  the  point  from 
whic'li  the  projectile 
IB  thro< 


and  the  auxiliary 
ourves  will  cut  the 
axis  of  p,  in  the  same 
point,  and  nt  a  dis- 
tance from  the  origin  cquul  to  tan  i 
and  A  C,  the  axis  of  j  and  of  z ;  tak 
and  BxE,  lie  constructed  as  above. 

Draw   the   axes  A  x  and    A  g,  through   the   point  < 
Fig.   (S);    di-aw    any 
ordinate  e  e,  x,  to  the 
•nxiliary   curves    Fig. 
(I);  lay  off  Ax,  Fig. 

equal  to  Cx^  Fig. 
(1),  and  draw  through 

the 
parallel    to    the    axis 
As,  and  equal  to  ca, 
fig.    (1)  ;     the    point 
M,  will    Iw  a  point    of 

trajeclori'.      Hie  range  ,4  D. 


J4e 
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By  rcfiTc-nco  lo  the  vnkc  of  C,  Equation  (177),  it  jvijl  Iw  seen 
l.tfiBt  the  value  of  T,  Ei^uation  (183),  will  always  be  negative,  and 
Ljlhot  the  auxiliary  curve  whose  ordiuntcs  give  ihe  values  of  x,  can, 
I'thcreforc,  never  approach  the  axis  of  p.  As  long  as  ^  is  positive, 
silinry  curve  whose  ordinates  are  z,  will  recede  fi-om  ths 
;  but  when  p  becomes  negative,  as  it  will  to  the  left  of 
■tile  B\is  A  C,  Fig.  (1),  the  tangent  of  the  angle  which  the  element 
■•f  the  curve  makes  with  ihe  axis  p,  will,  Equation  (185),  become 
Pjiositive,  and  this  curve  will  approneh  the  axis  p,  and  intersect  it  at 
tame   point  as  D. 

The  value  of  p  will  cot.tiuue  to  iiiereiisc  indefinitely  to  the  left 
■Af  the  origin  A,  Fig.  (1),  and  when  it  becomes  exceedingly  great, 
Etlie  logarithmic  term  as  well  as  C,  and  unity  may  be  neglected  in 
mparison  with  p,  which  will  reduce  Equations  (178)  and  (179)  to 


ft  and    integruling. 


<ip 


r  p  very  great, 


■-  C"  +  -  log  p, 


which  shows  that  the  curve  whose  ordinates  are  the  values 
will  ultimately  become  parallel  to  the  axis  p,  while  the  othuf' 
no  limit  to  its  retrocession  from  this  axis.  Whence  we  conclude, 
thtit  the  descending  branch  of  the  trajectory  approaches  more  and 
_  more  to  a  vcriical  direction,  which  it  ullimaiely  attains;  and  that 
I  0  L,  Fig.  (2),  perpendicular  to  the  axis  x,  and  at  a  dietanoe 
the  point  of  dep.irture  equal  to  C,  will  be  an  asymptote  tn 
the  trajectory. 

TTiis   curve    is    not,  like    the    parabolic    trajectory,  symraclrieal    in 

reference    to    a    vertical    through    the    highest    point  of    the    curve ; 

Bib  angles  of  falling  will  exceed   the   corresponding    angles   of  ri«ag, 

I  range  will  be  less  than   donbie  the  abscissa  ..f  the  highest  point, 

the  angle  wh/ch  g'lvea   tbc  grtiluvt  TB.iic.i^  •,\\U  be  K-s^   ihnn  45°. 
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Integrating, 

«*«  __      '"_ .  a. 

makir^  *  =  0,  we  have  -^  =:  tan  a, 

whRUoe, 

e  =  tan  a  +  z t t"  • 

4  e .  A  .  cos'  a 

iriiicli  substituted  above,  gives, 
4i  =  un. 


I 


ie.h.  cos'  (t      4c.  h.  cos' « ' 

•nd  integrating  agun 

I  =  tan  a .  z A 4  ff '. 

making  x  =  0,  then  will  t  =  0,  and 

c>  ^        : 

"■  8  e*.  A.  cos*  a 
kence, 

'  =  "°"-8«-. >'.„„■.  (''"-g"-')-    • 
From  Equation  (172),  we  have, 

g.dP  =  —  dx.dp, 
•nd  substituting  the  value  of  dp,  from  Equation  (187), 

d(  = 


■^/S^A.costt' 
and  integrating,  making  «  ==  0,  when  /  =  0, 
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which    will    give   the   tim«   of    flight    to   any    point   whoso   horizontal 
diatancfi  from    the  piece   is   equal   to  z. 

§153. — Let  the  projectile  fall  to  this  ground  at  the  point  ZJ,  and 
ilennte  thp  co-ordinates  of  this  point  by  «  =  /,  and  s  =  X,  and  sup- 
pose the  time  of  flight  or  (  =  «-,  Those  values  in  Equations  (188) 
and    (189),  give 


■  (18fl)' 
.  (180)" 
known, 
time  of 
known, 
due  to 


T     -2c/-  1 

-l     ... 

When  the  two  constaDta  h  and  c,  as  well  as  a.  and  \  arc 
these  equations  will  give  the  horizontal  distance  /,  and  the 
Bight.  Conversely,  when  the  quantities  a,  I,  \  and  r  are 
ihcy  give  the  co-efficiont  of  resistonee  c,  and  the  height  A, 
fttlie  velocity  of  projection,  and  therefore,  Equation  (135),  tli 
niocity  itself. 

Eliminating  the  height  /',  we  find 


-4  (X-/.lfti.«)(<    ■-l)'-?.T=.(/"-2W--  1);  .  (189)'" 
i  which  the  value  of  e  may  be  found,  and    one  of  the  preceding 
kquations  will  give  k,  or   the  initial  velocity, 

It  may  bo  worth  while  to  remiirk  that  if  the  exponential  term 
I  Equation  (188)  bo  developed,  and  c  be  made  equal  to  zero,  which 
I  equivalent  to  supposing  the  projectile  in  vacuo,  we  obtain  Equa- 
Im  (t91). 

g  1S4. — Assuming  that  the  resistance  of  the  lur  varies  as  the  square 
r  the  velocity,  some  idea  may  be  formed  of  its  actual  intensity  from 
le  feet  that  a  twenty-four-ponnd  ball  projectetl  with  a  velocity  of  2,000 
let  iu  vacuo,  and  under  an  angle  of  45°,  would  have  a  range  of 
3S,QO0  feet;  whereas  actual  experiment  in  the  air  shows  it  to  be  but 
jSOO  feet — about  oue-Bcvcnlecnlh  of  the  former. 

Many  uircnmstances  qualify  both  the  path  and  velocity  of  piojectilcs. 

ha  law  of  lliu   riviistance  may  be  the   same    lor  all    iignres,  but  it  is 

town,  from  actual  trial,  not  to  be  that  of  the  square  of  the  velocity, 

ciy  small  rales  of  motion.      For  the  same  velocity,  V\\*s  \vi 
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luiisity  of  Lite  rvsislniice  viu-icNt  nitli  the  site  aQ<]  Bgaro 
Uwh  depends  upon  tliu  facility  with  which  ihe  uoniprefiwd  I 
may  esuapc  latterly  anil  make  Its  wuy  Lo  the  ri'itr.  The  h 
ance  at  any  instant  is  coinpoaiMl  of  two  luruifi,  tlio  one  due  ti 
itiert-ia  of  the  displat-cd  particlus,  tliL-  otliur  lu  lliu  dItTurvnc-  t 
mo^phcric  pressure,  na  siirli,  in  front  und  rear.  If  during  the  j 
the  air  coiilil  close  in  behiud  und  exurt  the  same  pressure  m  in 
the  resistance  would  bo  wliolly  due  to  incrtin.  If  tlie  ball  were  at 
and  hII  the  air  removed  in  rear  of  tlie  plane  of  largest  aeotion  yt 
dicnlar  lo  the  trnjectorr,  the  resistance  woidd  he  due  entirely  t( 
barometric  pressure  on  the  extent  of  this  soetion.  Both  tertiu  o 
resistance  must  be  variable  and  a  function  of  the  velocity,  till  thft 
is  so  great  as  to  leave  a  vacuum  behind,  when  the  baromet 
would  become  constant. 

From  ii  careful  and  elaborate  iovcetigation  of  the  i 
mcnts   upon    this  subject,  Col.  FiobcrC  has   conslriictod   thisif 
formula  for  spherical  projectiles,  viz.: 


0=  A.n 


M 


till  th« 

■omgtrayi 

1 


in  wliicb  p  is  the  rcKistanco  in  kilogrammes,  r  tlie  vcloeily,  -  tJie 
of  the  diameter  to  the  ctrcuiDfereQce,  r  the  lailius  of  the  hall,  j 
resialancc  on  a  square  m^lre  n'heo  the  velocity  is  one  )i  itrt,  and  I 
velocity  which  would  make  tlic  resistance  munsiired  by  the  eecond 
eijual  to  that  measured  by  the  first. 

g  155. — If  the  ball  lie  not  perfectly  homogeneous  in  deiiBity 
centre  of  ineitia  will,  in  general,  !«■  removed  from  thai  of  figure: 
rcaullant  of  Uie  expansive  action  of  the  powder  will  pass  thrODj^ 
latter  centre  and  eommunicat*  to  the  ball  a  rotary  motion  aboul 
former.  The  atmospheric  resistance  will  be  greater  on  the  side  o 
greatest  velocity,  and  dcflict  the  projcctilo  to  the  opposite  side 
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and  Eiiiiiitions  (IGO)  may  be  written 


.v.,-1 


(l»-52-) 


dt 


=  y  ,  V.  -  r 


g  158.— If  an  element  m  bo  so  situated  that  its  velocity  shall  "fcw 
equal  and  parallel  to  that  of  the  eentro  of  inertia,  then,  for  t1"^is 
element,  will  each  of   the  first   members   of    Equations  (192)  red»-»  *e 


=  0; 


(l^-S) 


the  ]:ist  being  but  a  consequence  of  the  two  others,  these  equati* 
are  those  of  a  right  line  passing  through  the  centre  of  i 
cvciy  point  of  which  will  liavc  a  simple  motion  of  translate  ^m 
parallel  and  equal  to  that  of  the  centre  of  inertia.  The  wl**^'' 
body  must,  for  tlie  instant,  rotate  about  this  line,  and  it  is,  th.e''^ 
fore,  called   the  Axis  of  Instuntaneuui  Rolatloa. 

§159.— Denote  by  o, , 
(5,,  J",,  the  angles  which 
this  axis  makes  with  the 
coordinate  axes  *,  y,  z, 
icspectively.  Then,  tak- 
ing any  point  on  the  in- 
stnntaneoux  axis,  will 


■  v^* 


V^?M^'*  +  «^ 


v^Tir; 


^^B  V 
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KiA  elimiiiating  t',  y'  and  r',  by  Eiiii.itioiis  (103),                                      ^^^| 

V.'+V -»-•.' 

■ 

^.                          cos  (3,  ^ :'- , 

('"I  H 

■ 

■ 

1 

^H                  V..-  +  V  +  -.-J 

wiAA  will  girc    the    position    of    the   instanloiieous  nxia    as   soun  as      ^^^| 
the  sngular  velocities  about  the  axes  are   knuwu.                                        ^^^| 

g  100.— Squaring   each  of   Equations    (192), 
extracting  square  root,  we  find 

■■"■""""*■ 

/.,_1     >      .J. .'I     1      J,'Z 

/''-^^)ir^^='=i/('--,-/--.>=+('--.-''--.)H(,'..,--'..,)-;    H 

Replacing  v, ,  v    and  v,  by  their  values  obtained  by  i^imply  clearing      ^^^| 
the  fractions  in   Equations    (104),   this  becomea                                           ^^H 

,=  V'v,s4-./  +  v;'xv'jr'^  +  y'=  +  z''-(jr'cos«,  +  y«»;3,  +  «'cosj.J',     ^H 

which   ia  the  velocity  of  any    cjciiiciit    in    reference    tu   ihu   centra,   of       ^^^| 

we  have  the  element  at  a  unit's  dislnnce  from  the  centre  of  inertia;      ^^^| 
ind  making                                                                                                             ^^H 

I'cosa,  +y' cos /3,  +  j' cosy,  =:  0,      ■      -     ■      (lOfi)      ^^ 

the   point   lakes  the  position,  giving  the  max 
case    f   becomes    the    angular    velocity,    and 
Utter  by  v^, 

mum   velocity.     In  this     ^^H 

.,  =  vv  +  ',=  + ..' 

^\'.mS\  ^^M 
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Si^iiatioi)  (i^5)  is  th.1t  of  a  plane  passing  through  the  ccDUe 
iif  Ineitin,  and  perpendicular  to  the  Install taneoua  axis.  The  position 
of  the  co-ordinate  axes  Luing  arbitrary,  Equation  (198)  shows  thai 
the  sum  of  llie  squares  of  th«  angular  velocities  about  iho  three 
uo-urdinatc  axes  is  a  constant  quauiily,  uiid  equal  to  tiic  sijuarc  uf 
ihtt  Biigulnr  v'L-lucity   about    the   instantaneous   axis. 


g  101,— Multiply  Equalio 
uiid  there  will  result 


(I9G),  by  the  lirst  of  Equations  (194), 
os«,  -v^ (1»7) 


whenee   tlie  angular   velocity  about  any  axis  oblique  to  the  i 
neouB   axis,  is   cquul    to    the  angular  vi'luciiy  of  the  body  multiplied 
by  the  cotiine  of  the  inclination  of  the  two  axes. 

1 162.— Equation  (108)  gives  v^ ,  wlieu  *^,v^,»,,  are  known.  To 
find  these,  resume  Equations  (118),  and  wiite  for  tlie  moments  of  the 
extraneous  forces  in  reference  to  the  axes  x,'  y,'  z,'  tliruugli  the  centre 
of  inertia,  N„  .V„  L„  respectively,  then  will 


-■(S-- 

-?^-^')-..] 

.„.(^... 

-%■')-"■' 

-S'0^--J 

ing  the  first  of  Equ 

«io,..  (19=),  wUl,  re.,iei 

Px'              dz' 

''»■   4.  «'■,    ,.        ''•. 

(188) 


and  replacing  - 

and  third  of  Equations   (102), 


I   by     iheir    values    giv 


■(.,■  +  -,')-■. 


fc  fiixl       J 
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in  the  satne  way 

■ 

^._(.,,.,,).,,,,.....,,..,..,,^^,,_J...,« 

^._(.,,,.)..  +  .,.,.., .„,.,,-..,._-,.,,.  ■ 

and  those  vulues  in  the  first  of  Equations,  (138),  give                               ^^H 

(s-v,).2...-y' 

■ 

, 

+  (v.-^-)-^'"-''*' 

■ 

-  (^■'■-^■^^ 

=  L,iim)   ^H 

Similui-   equations   will    result    from    the    rcmniiiing  two  of  Equations    ^^^| 

(198) ;   then  by  climinatiun  und  integrntion,  wo  might  proceed  to  &id    ^^^H 

the    values   of  v,,   v^   and    «, ,    but    the   process   would   be  long   and    ^^H 

tedious.      It  will   be   grcntly  simpliried,   however,    if   the    co-ordinate   ^^^| 

axes  be  so  chosen  as  to  uiuke  at  the  iustuut  corresponding  to  t,             ^^^| 

I.mx' y'  —  0;    i:mi'y'  =  0;    £mi' x'  =  0;     •     -    (200)    ^^H 

which    is    always    [jossible,    as    will    be    shown    pri^si^ntly.      This   will      ^^^| 

reduce  Equation  (199)  to                                                                                 ^^H 

Ij"  .  2  m  (y"  +  ^"')  +  «.  ,  V,  .  2  «  (x'"  -  y'=)  ^  L,  ■                   ^H 

The    other    two    equations   which    refer   to  the    motion    about    Ihi     ^^H 

axes  y'  and  x',  may  be  written  from    ihis   one.     They  arc,                       ^^^| 

^».2m(,c'»  +  ^'^)  +  ,...,.lm(z'^-x"')  =  M,,                  ^H 

^B    ^'•2«(y'  +  --'^>  +  v^.^.2«H"'' -'^■'W*^..       ^H 
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I1iu  ux(*H  x\  y\  t\  which  satisfy  the  conditions  expressed  in 
Equations  (200),  are  culkd  the  principal  axes  of  figure  of  the  body. 
And  if  wo  nmke 


1  m .  (x'«  +  «'')  =  B, 

2  m 


wo  find,  by  subtracting    the    third    from   the  second, 

2  m  ,  {^x^  -  y'3)  =  ^  -  ^, 

the   first   ft\MU   the   third, 

2  m  ,  (^'^  -  x'*)  =  ^  -  C; 


Mid    tho    stHvnd    fivm  the    fir*t. 


ihivh   subs^tituti^l   ttK>Yo,  give. 


(201) 


( 


'il  +*,.%(^-^^)  =  A> 


^~',^\\A^'^-<^)^^.>  ^  . 


^i.;r/^N-*-^^' 


-^)  =  3^J 


(202) 


Bv   nivani*  of  these  equatiouis  the  angular  vi^Io^ities  »,»»-•»,,  nansl 
bv  tl'Uiid  by  the   opt.'nitk>as  uf  elliuiuatioa   and  integration. 

§  103.  -It  is  plain  ihiit  tho  v(uuutitie;$  C\  B  and  A^  are  constant 
jbr  tho  same  body  ;  tlie  tirst  being  the  sum  of  the  products  aristng 
firom  multipKing  each  elemeutary  mas^  iuto  the  square  of  its  dis- 
%IBOo  from  the  pr'uieipal  axis  z\  the  second  the  same  for  the  prin- 
«i|^  aaiia  }f\  and  tho  third  tor  the  principal  axis  x\  The  sum 
^  IImi  (K^ucta  of  the  elementary    masses   into   the  square  of  their 

aB>  <aisv  i»  called  the  /M««iwn^  of  ineriim  of  the  body 


§  164.— Tliroujrii    sny  RMumiid    iwir.l   tliorc;    ii.iij-  iilwuya    be    dra 
one  Act  of  rvctaniriilar  ttxes,  and,  in  geni^ral,  only  unu  hIiicIi  will  Mtis^r 
the  conditions  of  Equations  (200).     To  aliutv   tbiit,  ossiiiiie  tliQ  formuliu 
roe  the  transformntioii  from  one  system   of  rcctiiiiijinliir  axes  to  nuotlier, 
also  rectangular,     Tbeae  are 


co.(i'«)  +  y  c 

»  (I'j)    +    1    c 

«,(.■,) 

co.(/»)  +  y.t 

»(S-!/)  +  ..c 

o,(/4 

CO.  (/^)  +  ,   c 

.(.■j.)   +>.c 

OI  (.'  t) 

in  which    (:e'^),  (y'^)    ""'^    (-'^)>  denote   the    angles  which   the  i 
axes    x',    tf\   z',    Riako   with    the    primitive  axis  of  *;    {«'y),    (y'y) 
And   (<'y),  the  angles  which   the    same  axes  nnnke  with  the  primitive 
■xia  of  y,  and  (^'2)1  (y'')  ^"^  (''2}i  ^^^   angles  the/  make  with  tba 


Assume    tl 
origin  aa  the   centre  of  a 
■phero  of  which  the  radius 
is  unity  ;  and  conceive  the 
points    in    which    the    two 
sets  of  axes  pierce  its  sur- 
face  to   be  joined    by  the 
arcs  of  great  circles;  also 
let    these   poinia    be    con- 
nected with  the    point  JV, 
which   the    intersection 
of    the    planes  xy  and   x' y'   pierces   the  spherical  surfiice  nearest  to 
Umt  in  which  the  positive  a\ls  x  pierces  the   siinie,     Alsc,  let 
(  =  Z'  ^  2  =  X'  NX,  being  the  inclination  of  the  plane  x'  y'  to  that 

of  *y. 
4'  =  NAX  lieing   the    angular  distance   of    the    intersection  of    the 

planes  xy  and   x'y',  from  the   axis   x. 
9  =  JVj'I  A"  being    the    angular    distance    of   the    srtoc    TO\,>ii&MAi>.'a^ 
from   tlif   axis  x'. 
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Then,  in   the   spherical   triangle  X'  NX^ 

cos  {x'  x)  =  cos  4/ .  cos  9  +  sin  >^ .  sin  9 .  cos  h ; 

In  the  triangle  T NX,  the  side  NY'  =i  ^  +  9,  and 

cos  (y'  a:)  =  —  cos  4^ .  sin  9  +  sin  4^ .  cos  9'.  cos  ^ , 

In   the   triangle  Z'  NX,  the  side  NZ'  =  -^  and 

cos  {z*  X)  =  gin  4/ .  sin  d. 
And   in   the  same   way  it  will   be  found  that 


cos  (x'  y) 
cos  (y'y) 
cos  (z*  y) 
cos  {x*  z) 
cos  (y'  ir) 
cos  (z'  z) 


—  sin  4^ .  cos  9  +  cos  4^ .  sin  9 .  oot  \\ 
sin  4^ .  sin  9  +  cos  4^ .  cos  9 .  oos  h  \ 
cos  4^ .  sin  ^  ; 

—  sin  9  .  sin  h  ; 

—  cos  9  .  sin  ^ ; 
cos  4 ; 


and   by  substitution   in   Equations  (203), 


ar'rr 


y'  = 


«'  = 


X  (sin  4^ .  sin  9 .  cos  4  +  cos  4^ .  cos  9) 

4-  y  (cos  4^ .  sin  9 .  cos  4  —  sin  4^ .  C0S9)  —  2  sin  9 .  sin  4^ 

X  (sin  4^ .  cos  9 .  cos  4  —  cos  4^ .  sin  9) 

+  y  (cos  4^ .  cos  9 .  cos  4  +  sin  4^ .  sin  9)  —  2  cos  9 .  sin  d, 

a?  sin  4^  •  sin  ^  +  y  cos  4^ .  sin  d  +  «  cos  ^  ; 


or  making,  for  sake  of  abbreviation. 


D  •=•  X  cos  4^  —  y  sin  4^, 

j^  =  :r  sin  4^ .  cos  ^  +  y  cos  4^ .  cos  ^  —  c  sin  ^, 


Uie  above   reduce  to 


«'  =  J^.  sin  9  +  J9 .  cos  9, 
y'  =  Jl^.  cos  9  —  i)  .  sin  9, 


^ 
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nn    ^H 

finWihiting   those  values  in   the   equations 

■ 

I  m  .i' .  /  3^  0 ;     Sm.z'  .s'  —  0;     Im.i/  .s'  =  0; 

■ 

e  obtain  from  the  first. 

■ 

sin9.cos?i.£™(.fi^  -  -0^)  +  (coss?  -  »»i^<p)^'nE.D  = 

°'        ■ 

r,  replacing  sin  if  .coup,  and  cos^ip  —  sin^ip,  by  llicir  equals  ^ 

.ina,,      ■ 

id  cos2i),  respectively, 

■ 

sln29.2m(£^^  -  D^)  +  2  cosZ^.Zm  D .  £  =  0;  ■  - 

(204)         ^B 

id  from    the    third    and   second,  respectively. 

■ 

cnsip.Sm.  A'.z'  —  sin  (p.SmZl.z'  —  0,  ■     •     ■ 

(205)       ^H 

sill  (f.Zm.£.z'+coaip.SmJ).z'  =  0.-     ■     ■ 

(200)       ^1 

}uaring  the  last  two  and  adding,  we  find 

■ 

{lm.£.t'y  +  {■S.n^.D.^y  =  0. 

■ 

faich  can  only  be  satisfied  by  maVing 

■ 

^m.E.z'  -  0;) 

(207)      ^M 

2m  .D.l'  =  fi.\ 

lese  equations  are   independent  of  the   angle  ip,  and  will  g 

n  tl»        ^H 

Jucs  of  si,  and  * ;  and  these  being  known,  Equation  (204)  will  give      _^^| 

B  angle  ip. 

^^H 

Replacing  E  and  D  by  iheir  values,  we   have 

■ 

J?,*'  =  sinfl.e.)sa(:r^3in'4-+2j;ysin4,eog4,  +  y»cos'4,  - 

^)        ■ 

+  {cos*  a  -  sinM)  {rzsin  ^  +  yz.cos^,), 

■ 

7).«'  =  sinfl|Ty(cosH  -sinH)+  {^  -  y')  sin^  cos^.] 

■ 

+  .os0{^zc<,s4.-yzsin+). 

■ 

j  ««niming 

■ 

^^L          Im^   =  A';1my^  =  B';1mz'^   C; 

^^H         Xmiy  =  E-;   Imzi  ^  f ;  Imyz  =  H", 

■ 

Hl^acittg   sin  B  .cosi,    and    cos'  6  ~  sin*  0,    by    their     respective      ^^^| 

■uea,  1  ain  2  «,  and  co«  2  i.  Equations  (207)  become 

^H 

1      ■tn3i(J'si.iH  + Sir*  sin  4,^34.  +  B'coffl^  ^  C)[ 

^ 
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sin  a  {E'.{cos-'i-  —  sin*  4.)  +  i^'  —  ■B').mn-^coa-i,)\ 

iu  which   A',  £',  C,  E,  f"  and  H',  arc  constants,   depending  1 

upon  the    shape  of  the    body  and    the    position  of  the  assumed   a.3K«i 


Dividing    llie    first    by    cos  2  b,  and    1 
become 


+  2  (Z'  sin  4-  +  W  cos  4,) 


'  second  by  cos  4,  tlx^^ 
=  0;{2O  "i) 


=o.(2or3" 


tan  J  .  \E  (cfts's  4-  -  sin'  4-)  +  {A'  -  £')  sin  4-  coe  4,}  1 
+  /"  COS  4-  —  ^'  sin  4-  ) 

From  the  first  of  these  we  may    find  tan   2  S,  and  from  the    seooiB-  ^■* 
tan  i,  in  terms  of  sin  4'i  and  cos  4*  i  '^"^  these  values  in  the  equation 


n  2e  : 


2  tan  t 


(20- 


will  give  an  equation  from  which  4-  may  be  found. 
In  order  to  eflect  this  elimination  more  easily,  make 

tan  4-  =  w, 
whence 

■     1  «  1  * 


making  these  substitutions  above, 
tan2d  = 

which  in  Equation  (208)  give 


2(y'«  +  /fiv' 

i  +  „. 

A'u^ 

+  2A-u  +  i'- 

■  C-(l +  ,.■)■ 

("■ 

■-;/■«)  VI  + 

«^ 

(^(i-«-)+M'-a')«l 
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must  have  at  least 
i  for  ^,  This  mlue 
^ceding  equations,  must  give  a 
either    of  the  Equations  (20o) 


equation    of   the  third  degi 
we  real   root,  and,  therefore,  give  one  i 
being    substituted    in    either  of  the  prece 
value  for   fl.  and    this  with  4-, 

(206),  a  real  value  for  ^  ;  whence  wo  conclude,  that  it  is  alwaj's 
possible  to  assume  the  axes  so  as  to  satisfy  the  required  conditions, 
imd  that  through  every  point  there  may  be  drawn  at  least  one  set  of 
principal  axpB  ut  right  angles  to  each  other. 

The  three  roots  of  thia  cubic  equation  are  necessarily  real ;  and 
they  represent  the  tangents  of  the  angles  which  the  axi»i  x  makes 
"with  the  lines  in  which  the  three  eij-ordinate  planes  x' y'.  y'e',  x'x',  out 
that  of  xy;  Pjr  there  is  no  reason  why  we  should  consider  one 
of  these  angles  as  given  by  the  equation  rather  than  the  others,  and 
the  equations  of  condition  are  satisfied  when  we  interchange  the 
axes  x'  y'  z'.  Hence,  in  general,  there  exists  only  one  set  of  prin- 
dpal  axes.  If  there  were  more,  the  degree  of  the  equation  would 
be  higher,  and  would,  from  what  we  have  just  said,  give  three  times 

many  real   roots  as  there  are  systems. 

ir  S'  =  II'  ^r  ^0,  Equation  (209)  will  become  identical ;  the 
problem  will  be  indeterminate,  have  an  infinite  uumber  of  solutions, 
Vui  the  body  consequently  an  infinite  number  of  sets  of  principal 
jues.     Such  ia  obviously  the   case  with   the  sphere,  spheroid,  Ate. 


MOMENT   OF  INEKTIA, 


AKD   RAJJIDB   OF   QVRATrOH, 


165.— The   quantities  A,  B  and  C,  in   Equations   (201)   are  the 
moments  of   inertia   of  the    body  in  reference    to  the  principal  axes, 
I  find   these    momenta    in  reference   to    any  other   axes   having  the 
ne  origin  as  the  priin:ipal  axes,  denote  by 

g',y',i',  the  co-ordinates  of  w  referred    lo    the   principal  axes;  by 
X,  y,  ?,  the   co-ordinatJ3s    of    the    same    element   referred   to   any 
other   rectangular  system  having  the  same  origin  ;  tnd  by 
C,  the   moment  of  inertia  referred  to  the   axis  * : 


1  from  the  definitio 


.  a:=  +  S  m  yi ; 
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Ijut   by    (lie    usual  fgrmulna  fijr   transformation, 

«  =  nj-'  +  iy'  +  ei', 
y=a'x'  +  h'y'  +  c's', 
z  =  a"x'  +  b"y'  +  e"x', 

in  which  n,  4,  &c,  denote  the  cosines  of  ihe  angles  which  the  ax( 

the   same   name  as  the  co-ordinates  into  which  they  are  respcotl^'^y 

multiplied   make  with  the   axis   corresponding   to  the  variable  in 

firet  member. 

Substituting  the  values  o(  x  iind  y  in    ibit  of  C,  and  reducii 
the  relations, 

and  we  havt', 

and  by  sulistituling  A,  B  and  C  for  iht-ir  values,  Uiis  reduces  to 

C  =  «"' .-J  +  fi"= -fi  +  c"»  C  ■  .  ■  -  (a*") 
That  is  lo  say,  the  moment  of  inertia  with  reference  to  any  t  ^=^" 
passing  through  the  common  point  of  intersection  of  the  princi^^ 
axes,  ia  equal  lo  the  sum  of  the  products  obtained  by  multiplyi  ■'B 
the  moment  of  inertia  with  reference  to  each  of  the  principal  ax  ^^** 
by  the  square  of  the  cosine  of  the  angle  which  the  axis  in  questS  ^" 
makes  with  these  axes. 

g  180.— Let  A,  be  the  greatest,  and  C,  the  least  of  the  moiiie*^*' 
of  inertia,  with  reference  to  the  principal   axes;  then,  substituting 
a"',  its  value,  1  —  J"*  —  c"=,  in  Equation  (210),  we  have 

e"^(A  -  C 


C  =  A-  b"''{A  -  B)-  e"^{A  -  C).      ■     ■      (2 
Uy  hypothesis,  A  —  B,  and  A  —  C,  are    positive ;    therefore,  (X' 
mlwaya  l-jss  than  A,  whatever  bo  the  value  (f  6".  and  e". 

Again,    substituting    for    «'"  its   value    1  —a'"  —  6"^   in    Equa-t-*' 
(210),  we  get 

C  =  C  +  a"»  {.-1  -  C)  +  h-'ill  -  V)      .     .     .     (3  » 
mad  L"  must  always  be  greater  than   C. 


5) 
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Whence,  we  conclude  that  the  jtriiicipal  axes  give  the  greatest  and 
least  raoraents  of  inerthi  in  reference  to  axes. through  the  same  point. 
If  ^  be  equal  to  i>,  then  will  E(juation  (211)    becoino 

C7'  =  (1  -  c"2)  A  +  c"2  C, (213) 

and  this  only  depending  upon  c",  we  conclude  that  the  moment  of 
Inertia  will  be  the  same  for  all  axes  making  equal  angles  with  the 
3)rincipal  axis,  z'.  The  moments  of  inertia,  with  reference  to  all  axes 
in  the  plane  x'  y\  are,  therefore,  equal  to  one  another.  But  all  the 
axes  in  the  plane  x'  y\  which  are  at  right  angles  to  one  another, 
^re,  g  164,  when  taken  with  z',  principal  axes,  and  we,  therefore, 
conclude  that  the  body  has  an  indefinite  number  of  sets  of  principal 
iixes. 

If,  at  the  same  time,  we   have  A  =.  B  =.  C^  then  will   Equation 
(210)  reduce  to 

C  =  C  =  A  =  B. 

that  is,  the  moments  of  inertia  are  all  equal  to  one  another,  and  all 
iu[es  are  principal,  the  Equation  (210)  being  satisfied  independently 
of  a",  6",  c". 

§  167. — Resuming    Equations,    (33),  and    substituting    the    values 
of  X,  y,  2,  in  the  general  expression, 

2  m  (x2  +  y2) 

which  is  the  moment  of  inertia  with  reference  to  any  axis,  z,  parallel 
to  the  axis  z\  through  the  centre  of  inertia,  we  have 

2m  (a:2  +  y^)  =  2  m  [ (;r,  +  x'f  +  (y,  +  y')'] 

=  2  m  (x'2  +  y'2)  +  (^2  +  y,2).  2m 
+  2a?^.2ma;'  +  2y^  .  2iiiy'; 

^^^  ftom  the  principle  of  the  centre  of  inertia, 

2md;' =  0,    and    2ii»y'  =  0; 

^^tice,  denoting  by  d  the  distance  between  the  axed  i  and  z\  and 
^  -^  the  whole  mass, 

2m. (x«  +  y«)  =  2m(*'»  +  y'«)  +  Jf'd*  •     •     •     V?.\V\ 
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That  is,  the  moment  of  inertia  of  any  body  in  reference  to  a  gif  m 
axis,  is  equal  to  the  moment  of  inertia  wit)i  reference  to  a  parnLZ 
axis  through  the  eentro  of  iiiertiu,  inereasuO  by  tlie  product  of  t; 
w'liole  mass  into  the  square  of  lUe  distance  of  llic  given  axis  ft»^ 
that  centre. 

And  we  conclude  that  tlie  least  of  all  the  inomeiita  of  incrtiik. 
tliat    taken  with  reference  to  a  principal   axis   through   the   centre 


§108. — Denote  by  r  the  distance  of  the  elemcnl-ary  mass  hi  f«-<z>n, 
le  axis  z,  then  will 


H  =  i"  +  ya, 


Now,  denoting  the  whole 


I  by  M,  and  assuming 


:  Mk^, 


(2 


>S) 


The   distance  It  is   called  the  radlu*  of  gyration,  and   it   obvlou^^^^ 
measures  the  distance  from  the   axis  to  that  point    into  which  if  W^^^'^ 
whole  mass  were   concentrated    the  inon.i.int  of  inertia  would  not 
ultc.red.      The   point   into  which    this   concentration    might   lake  pt^^ 
and    satisfy    the    condition    above,    is    called    the   centre   of  gyrati^^ 
When    the   axis   passes  through    the  centre  of    inertia,  tfao  radius 
And   the  point  of  concentration    are    called  prineipai  radittt  and  pr^"^ 
cipal  etntrt  of  gyration. 

The  least  radius  of  gyration  is,  Equation  (215),  that  relating 
Ihc  principal  axis  with  reference  to  which  the  monient  of  tnertiik 
■  lie  least. 

If  k,    denote    a    principal    radius    of    gyration,    we     may    ropK-^ 
£f»  ix"^  +  y'*)  in  Equation  (214)  by  Mk^\  and  wc  shall  have 


"  =  J/F 


M(k,^  +  if)     • 


{•^ 
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'       If  the  linear  dimensions  of  the  body  be  very  smsiil 

a-s  compared 

with  d,  wo    may  write  the  moment  of  inertia  equal    to  MiP. 

The   letter   k    with    the    subscript    a<went,  will   denote   a  pruicip»l 

radius  of  gj-ration. 

The  determination  of  the  raomente  of  inertia  and  mdii  of  gymlioi. 

ef  gcoiiietncal    flgures,  is  purely  an  operation  of  the  calculus,     ^iieh 

bolicB  are  supposed  to  be  eontinuoiis  througlinut,  and  of  imiform  dun- 

Mty.     Uencc,  we  may  write  <l  M  fcir  m,  and  the  sign  of  integnition  for 

C.  and  the  formula  becomes 

T ™  -1  —    f  ,1  if  ri  .          .     .     .     .     .     l'^'^^\ 

2,mr'=:laja.r'-     •     •     •         •     •     \-i'  •  / 

EsampU  \.—A  pkyaieal  line  about  an   axit   through    its   etntre  and 

j^rpendieiilar   to   its   length. 

Denote    tbe  whole   length    by  Sa;    then 

2a:df::M:dM, 

■whence,                                                                       '' 

,M^M.'£. 

.,,=r-i-:-=^-. 

'■■=7B- 

If  the   axis  be    At  a   distance  d   from   the   centre,  and    parallel  to 

tliAt   above,  then,  Ei^uation  (216), 

1 

k  =  Vi-'  +  'P- 

Kiample  2.— A    circular   plali    of    uniform  ienstly  and    ilnzkneu^ 

tAoui   nn  axis    ihrovgh    its   etntre  and  perpendicular    li  Us  plane. 
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Denote  the  radius  hy  a;  the  angle  ^A  Q 
by  * ;  the  distance  of  li  M  from  the  centre 
by  r;    then, 

■<r<,^:r.dS  .dr     -.  M :  dM; 


And  for  nn  oAis   purallel  to   the  above  at  the  di^jtance  d, 

k  =  V\a?-\-  d\ 

£xampU  3. — The  same  body  about  an  axis  through   its   centre  o 
m   il4  plane. 

As  before, 


in  whidi  r  denotes  the  distiince  af  d  Af  from  the  c«ntro;  aod  talcaOf 
t]ic  axis  lo  bo  that  from  which  I  ia  estimated,  the  diatonce  of  J»* 
elementary  mass  from    the   axis  will    be   r  sin  i,  and 

Mk}  =  i    /     M-^^^dt.dh=^^l    f     T^\-<io^-ili)dr.d'l, 

Mk,^  =  ^j^  H.rfr  =if^. 


tiid  about   an   axis   parallel  to  the   above  and   at  the  distance  i. 


-'4^- 
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It  is  obvious  lh.1t  l>otli  llic  ;i.\cs  ilr>t  ch-UKtuJ  In  EMimplw  2 
^ud  3  arc  principal  axes,  us  aru  also  all  ollicrs  in  iho  piano  of 
tile  plate  and  through  the  centre,  and  if  it  were  required  to  find 
t.lie  moment  of  inertia  of  Uia  pinto  about  an  axia  through  tho  centre 
:i,nd  inclined  to  its  surface  under  an  angle  f,  the  answer  would  be 
^U-cn  by  the  Equation  (210), 

itfV  =  4-iW«'8in^-P  +  iifu^cos^ 

sod  for  a  parallel  axis  whoso   distance  is  d, 

Jfi»  =  Jf(i  <.»  (l+B'n'p) +</*)• 

JSiampU  4. — A  solid  of  revolution  about  any  axis  perptntlicular  lo 
the     aiis  of  the  solid. 

Let  D  A'  £  be  the  given  axis, 
cutting  that  of  the  solid  in  A'-  Let 
A'  be  the  origin  of  co-ordinates, 
/'J/-=y;  A'  P  =  x;  AA'  =  mi 
A'  £  —  ti ;  and  V  =  volume  of  the 
solid. 

The  volume  of  the  elementary 
"K-ction  at  P  will  be 

and 

V:M::*.s^.dz:dM 


dM=^-*.y'>.dx, 
•nd  its  moment  of  inertia  about  MM',  is,  Example  3, 

y...y^.dx.^-. 
■""  about  the  parallel  axie,  D  E, 


188  BLEU  EN 

Uiereforo, 


The  equation   of  the   generating  curve   being   given,  y  may  be  el  X  ^mi- 
nuted und  the  integration  performed. 

EiampU   5. — A  tphere  about   a   line   tangent  to  ilt   surfiuf. 
The  equation  of  the  generatrix  is 

IK  which  a  is  the  radius  of  the  sphere.     Substituting   the  value  c^f  ]f* 
in  the  last  equation,  recollecting  that   m  =  0,  and  n  =  3  a,  we    l^^ive 


f> 


-i^)Jx 


jy{iiaz-^)d 


Also  Equation  (216), 


Thus,  when   tlic    boundary  of  a  rotating  body  ar.J    the   law  of  i 
density  may  bo  defined  by  equations,  its  moment   of  inertia  is  readi  '^^ 
found  by  the  ordinary  operations  of  the  calculus ;  bnt  when  Uie  figu''^^^ 
is  im^ular  and  the  density  discontinuous,  recouno  is  liad  to  the  pro    "^ 
Krties  of  the  compound  pendulum,  to  be  explained  preacntly; 


109 


I  which  Ike  2"''"C'piil  r. 


Denote  by  i^  y^  z^  the 
I,,  £,,  uiid  C^  tlio  prinripul 
■  x  y'  x'  tlie  co-orUinatos  ol 
.  tliroMgli  t!iu  ])oi(jt  X  I 


Example  G.—Fiud  Ihe 

Take  the  origin  at  the  centre  oi'  ini'r 
through  thnt  point  hs  the  co-onlinute  axe.t. 
ordiuales  of  one  of  the  poiuts  soiiglit ;  by  . 
moments  with  refereiico  to  this  point,  aiid  !■ 
the  clement  m.  Then,  bi-caime  tlic  inonifiit 
ue  to  be  principal,  will 
Im(^'-.,)(,'-i,,)=0;  l«(r'-i,)(r'-i)  =  0;  I,»(,-,,)  (r'-r,)  = 

Performing  the  ninltipliealion  antl    reducing   by  iho    properties   of  tlic 
centre  of  inertia  and  principal  axes,  we  have 

M.x^y^^d;   Mx,3:,  =  0\    My,x,  =  (i: 
which  cull  only  bo  satisfied  by  making  two  of  the  I'o-ordinntos  *,  y, «, 


leparatej; 


I   but,  by  the  c 


I 


.     Let  y,  =  0,  ;iiid  £_  = 

,^A;    B,  =  n  +  Mx^ 

ndition.i,  the  fir&t  inemb 

A  =  B-V  Mx;  = 


B=C; 


tlic 


1,  g  10«  and  Eij.  (-210), 
;qiial.      Wlience 


V-V^-. 


Fjuiil  from  which  it  is  apparent:  1st,  lliat  if  all  the  principal  roouicnta 
Fin  reference  to  the  centre  of  inertia  be  unequal,  there  is  no  point  i 
rteference  to  which  they  can  be  equal ;  2d,  thnt  if  two  of  them  b« 
r-«qual  in  reference  to  the  centre  of  inertia  and  the  third  be  the  grcat- 
f  ««t,  there  are  two  points,  equally  distant  from  the  centre  of  inertia  and 
Ton  the  axis  of  the  greatest  moment,  with  reference  to  which  they  are 
I  equal ;  3d,  that  if  all  three,  with  reference  to  the  centre  of  inertia,  be 
]  «qual  to  one  another,  there  is  no  other  point  with  respect  to  which 
tJiey  can  he  equal. 


g  169, — We  have  thus  far  only  been  concerned  with   forces  i 

aion  may   be    likened    to,   and    indeeil    represented    by,   the    pre 

Fviung    from    the    m-igbt   of  some   di.'iinite    lo.\y,  ns   &   vwW    •; 


ITU 
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di»Ulkd  Wikt«r  at  &  standard  lemperature.  Sucli  fuivcs  are  i 
inttttiial,  beiMUsa  ihey  extend  their  uu'tioii  through  u.  definito  and 
mensurable  pvrtioii  of  tliiio.  A  single  and  instantuDeuua  «durt  of 
such  u  furce,  colled  lu  intensity-,  is  assumed  tu  be  incasurod  by  tlu  < 
whule  cfR'Ct  which  its  ijioussdiit  repetition  liir  n  unit  uf  time  CU) 
prudueo   up'JQ    Ik    free   \i<iAy.        Thu    cifTeet   here   referred    to  is  coUtd 


tie    i^irulitit/    uf    inetiuD,   I 
vtloJtj  generated,     ITjat  i 


:ho   product    of    the 
Equations  (12)  and  (IS), 


caig 


-.  M.  r  ; 


M  - 


-  ^  -1 


lass  inlu  the 


(!18) 


in  whieh    F„  denotes  the  velocity  generated  in  b  unit   of  tiniai 
The  force  P,  acting  fur  one,  two,  or  mora  units  of  time,  I 
any  fractional  portion  of  a  unit  of  time,  may  communicate  ti 
velocity    V,  and  a  i^uantity  of  motion    mertsurej   by   M  V.      And    if 
tlic  body  u'tiich  has  thus  received  its  motion  gradually,  iinpitigo  upon 
another    which    is    fi-oe    to    move,    experience    tells   us    ihut    it    luav 
suddenly    transfur    the    whole   of    its   motion    to    the   lutlur   by    what 
seems  tu  bu  a  single  blow,  and  although   wo    know  that   tliis  transfer 
can  only  talte  plooo  by  a  series   of  succesiiive  aeiioiis   and    reartioiu 
between   the   molecular   springs   of  the    Itodies,  bo    [u  speuk,  and  llie 
inertia  of  their  difTerent  elements,  yet  thu  whole  cflect  is  produced  in.  i 
\  time  so  short  as'  to  elude  the  senses,  and  we  are,  therefore,  apt   tcv" 
issume,   though   erroneously,    that   the   clTect   is   insltmtaueous.      Snd^ 
an  assumption  ijiiplies  that  a  defniite  velocity  can  bo  generated  in  aiKi 
indefinitely  short  lime,   and  that  llie  mcaaurc  of  iho   force's  intonsilj' 
is,  Ei^uatiou  (218),  infinite. 

In  all  such  cases,  to  avoid  this  difficult}-,  it  is  ugreed  to  1 
actual   motion  generated   by   these   blows   during    the    en  til 
of  tlieir  action,  as   the   measure  of  their   intensity.      Thus, 
the   mass   impinged    upon    by   M,   and   the  actual    velocity   . 
in    it  when   j>erfectly   free   by    V,   wo    have 


he     inl.'.isily    of    (he 
eipmlioii 


tlHiieus  (jf  ihu  body's  a 
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forces  which  act  in  the   manner  just  described,   by  a  blow,   ore 
call^  impuUive  forces. 


SCOnON   OF  A  BODY   UNDER  THE   ACTION   OF   IMPULSIVE   F0ECE8. 

§  170. — The  components  of  the  inertia  in  the  direction  of  the  axes 
«y  «,  are  respectively 

,,  ds  dx       --   dx 
dt  ds  dt 

dt  ds  dt    . 

dt  ds  dt 

'''«ich,   substituted   for    the    corresponding    components   of   inertia   in 
^<lUa.tions  {A)  and  {B),  give 

dx    ^ 
2  P  cos  a  =  Im-  -—\ 

dt 


2Pcosj8=  Sm.-^; 
^  dt 

2  P  cos  y  =  2m-—-; 

di    J 


•     •     •     •     • 


(220) 


2  P(j*'  cosi3  —  y'  cos  a)  =  2  m  ^x' .  ^  -  y'  ~)  , 


(221) 


2  P  (2'  cos  a  —  ar'  cos  7)  =  2  m  ^2'  •  —  —  a:' .  —  )  , 
2  P(y'cos7  —  z'co8/3)  =  2m  ^y'  .~^z'  .J.J  . 

Awhich  it  will   be   recollected   that  x  y  z  are  the  co-ordinates  of  m, 
^*\*rred    to   the  fixed   origin,   and    x'  y'  z\   those   of  the   same   mass 
^rred  to  the  centre  of  inertia. 


MOTION  OF  THE  CENTRE  OF  INERTIA. 

§I7l. — Substituting    in    Equations    (220),   for    dx^    dy,   d  z^    their 
^*^iie8  obtained  from  Equations  (34),  and  reducing  by  the  relations 


Irnds'^O;  Jndy' z=:0)  2mcl«' =:0\ 


%     •     % 


V?.1<>N 


17:2 


E  L  K  M  K  X  T  S     ()  F     A  N  A  L  Y  T  I  C  A  L     M  E  C  II  A  N  I  C  S 


given   by   the  jtrincljtle  of  the  eeiitre  of  inertia,   we  find 


2  P  cos  a  = 


2/^008/3   = 


— -'.2m: 
d  t  ' 

-7^-2m:    ^  • 

dt  '    \ 


2  /*  cos  7  =  --f .  2  m ; 
tt  I 


•    ■     •     •     • 


(223) 


and  eubstituting  M  for  2  m,  we  have 


2  Pcosa  =  M 


dx, 


a  / 

»*  -^^    d  z. 

iFcosy  =  Af—y-^i 

d  t 


which  arc  wholly  independent  of  the  relative  positions  of  the  elements 
of  the  body,  and  from  which  we  conclude  that  the  motion  of  the 
centre  of  inertia  will  be  the  same  as  though  the  r.:ass  were  concen- 
trated in    it,   and  the   forces   applied  immediately  to   that  point. 

§172. — Replacing  the  first  members  of  the  above  equations  by 
their  values  given  in  Equations  (41),  and  denoting  by  V  the  velocity 
which  the  resultant  R    can  impress  upon  the  whole  mass,  then  will 

2 /*  cos  a  =  iW  F  cu^  rt  ;    2P  cosj8=  il/ Fcos  6  ;    2  P  cos  y  =  if  F  cos  r, 

•ubstituting   these   above,  we  find 


V.  cos  a  = 


dx. 

,  *      • 

dt    ' 


V ,  cos  h  = 


V .  cos  J  = 


dt 

dz. 


:   >     • 


(22-l^> 


dt   '  > 


and    eliminating   t  from   those   oqualions,    V  will   also  Jisappear,    and 
yre  find, 

cos  c  C'cose  -   C"  cob  a 


C"< 


*"'  ^  *• '  ciwo coTa 

which  being  of  the  first  degree  and  eilher  «no  but  the  consequenoe 
-Of  the  other  two,  are  the  equations  of  a  straight  line.  This  Hue 
makes  with  the  axes  a;,  y,  r,  tiio  angles  a,  6,  c,  respectively,  and  is, 
therefore,  parallel    to    the   resultant  of  the  impressed  forces. 

Whence  we  conclude,  that  the  centre  of  inertia  of  a  body  acted 
upon  simultaneouBly  by  any  number  of  impulsive  forces,  will  move 
laniformly  in  a  straight  line  parallel  to   their  common   resultant. 


r  THE  OENTKE  OF   DJESTIA. 


g  179. — Substituting, 
rallies    from    Equations 


in  Equations  (221),  for  dx,  dy  and  dz,  their 
(34),    reducing   by 


nd  we  find, 

1 

^Pi,x'anfi  ->'c 

„.,..,„  (..4.' 

-■4^)0 

1 

I  /'(/CO.  a    -    I'C 

»«.,  =  -(.■■  4^ 

-"■■•S: 

(227)     J 

IP(/c.«^-    »■<: 

»-;-»(/ 4^ 

--^A 

\ 

1T4 
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whence,  the  niot'on  of  ihc,  budy  aliout  it')  centre  of  inertia  will  be 
the  sanie  whether  that  point  be  nt  rest  ur  in  motion,  its  co-ordinatea 
having  disappeared  entirely  from  the"  equations. 

ANOULAE   VELOCITT. 

g  174.— Replacing  the  first  members  of  Eqa.  (227)  by  £  ,  M„  aud  N„ 

respectively,  g  162  ;  und  Biibaliiiiting  in  the  second  members  fur  4x',  dy' 
and  <h\  their  values  in  E'^s.  (190),  we  readily  find 


dl  '' 


dTS 


J/,  +  2ni 


dl^ 


dl 


i  „.  {z-^  +  Z-) 


dl^ 


dl 


dt  S,«(^'^  +  z'^) 

If  the  oxea  bo  principiil,  then  will  2  m  *y  =  0,  2  i«  y V  = 
Z  mx't'=Q;  of  if  llie  axes  bo  fixoiJ  in  auccorsion,  then  for  the  axis  x'  i 
i/  ii>  =  0 ;  rf  p  =  0 ;  for  tlic  axis  y,  rf^  =  0;  rfw  =  0;  and  for  the  a 
z,  t/a  =  0;  d'\p  =  0,  and  the  above  become 


(^  r  ~  Sm 

.{--  +  y'») 

d^ 

■W, 

dl         2m 

.  (^"  +  «") 

dn 

JV. 

(228) 


(2!»)  — .   I 


■(»■■  +  ■')     J 

lliiit  is,  the  component  angular  veloeily  about  either  a  priiieipul  or  (ixc^d 
iisis,  is  eqiiiil  to  the  moment  of  the  irnprcsBed  forces  di\ld('d  by  ll^« 
iiiomcnt  of  inertia  with  reference  to  that  axia. 


have,  (Eq.  106), 


d,,         1       f 


icity    being    denoted    by     ~>     «e    »ls^ 
d<p^  +  d^-  +  rfe'.    ....     (230) 
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AXIS    OF   INSTANTANEOUS    ROTATION. 

§  175. — Tlie  axis  of  instantaneous  rotation  is  found  as  in  §  158,  by 
making,  in  Equations  (192),  c/x'  =  0,  dy  =  0,  rfz'  =  0 ;  and,  therefore, 

z'.Vy  — y'.v,  =  0;    x  .v,^  s/ .v^  =  0]    y'.  v.  —  a:',  v,  =  0   .  (231) 

v*Lich,  as  the  last  is  but  a  consequence  of  the  others,  are  the  equations 
of  a  right  line  through  the  centre  of  inertia. 

The  equations  of  the  line  of  the  resultant  impact  are,  £qs.  (45), 


^nd  the  inclination  d  of  this  line  to  the  instantaneous  axis,  is  given  by 


cos  6  = 


v,.Z-\-v,.  Y-\-v,  .  X 


Vvj  +  v;  +  vj .  Vz'  -\-r'-\-  X* ' 

',  substituting  for  v.,  v,,  and  v,  their  values,  Eqs.  (229)  and  (191), 


L  .Z      M.Y     N..X 


+ 


COS0  = 


B 


4- 


m-i^-m-  '-^ 


.     (232) 


*+r«  +  x* 


*Xhe  point  in  which  the  line  of  the  impact  pierces  the  plane  y  2  is  given  by 


z  = 


_   ^;. 


y  —      ^  > 


dividing  one  by  the  other,  we  have,  for  the  equation  of  the  line  through 
this  point  and  the  centre  of  inertia, 

;  Li        t 

Denote  the  angle  which  this  line  makes  with  the  instantaneous  axis  by 
0'\   then  from  the  equations  of  these  lines  will 


cos  d'  = 


?.-i  +  1 


or,  Eqs.  (229)  and  (191), 


+  1 


cosd'  = 


^' 


♦/(f;av(^;.5)V.y^4. 


(233) 
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Alia   OF  SPONTANEOUS   ROTATION. 

g  178, — If  both  riicmbore  of  Eijs.  (34)  be  divi<lcd  by  dt,  we  baw 


rfy  _  i/y,        di,\ 


and  if  for  any  elciiieot 


Substituting  for  the  lirst  mcmbcrB  tlicir  vidi 
and  for  tlie  second  members  tlieir  vali 


give 


=  -JT     ■     •     (235) 

i!n  ill  Equations  (234), 
I  Equations  (192),  we 


?'.  v,-y'.  v.  +  V.  co»a  =  0" 

x'  .v,-z'.v,-i-V.coab  =  0 (236) 

y' .  v.  —  «' .  1-,  +  F .  cos  c  =  0 . 
Now,  if  either  of  these  equations  be  but  a  consequence  of  the  other 
two,  then  will  they  bo  the  equations  of  a  right  lino  parallel.  Equations 
(231),  to  the  instantaneous  axis;  and  all  points  upon  this  lino  will  bo 
at  rest  during  the  body's  motion.  This  line  is  called  the  arit  of  span- 
tnntoua  rotation. 

To  find  the  eonditioiis  which  shall  express  the  depcndcuce  of  cither 
of  the  Equations  (23S)  upon  the  other  two,  multiply  each  by  tbc  angu- 
lar velocity  it  docs  not  already  contain,  odd  the  products,  and  divide  the 
sum  by  the  resultant  angular  velocity  Vt;  there  will  result, 

cos  n  .  --  +  COS  6 .  ^'  +  cos  e  .  ^'  =  0       .     .     .      (23C>' 

The  first  member  is  the  cosine  of  the  angle  which  the  resulUnt 
impact  makes  with  the  instantaneous  axis;  this  being  zero,  it  follows 
that  whenever  a  body  is  struck  bo  as  to  make  the  instantaneous  axis  per- 
pendicular to  the  direction  of  the  impact,  the  spontaneous  axis  will  esisL 
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D.-notc  bv  /,  ihe  Jis'aiifc  from  th.,'  ^iioir.-irn'o  is  a\i^  ;<>  ;]i-  line  of 
I  lie  impact;  by  r.  and  r^,  tlio  absolir.e  terms  in  the  secoinl  ami  lliiiJ 
of  Eqs.  (2:36),  solved  with  respect  to  z  and  y,  then  will 

Eouatiou  (232)  will  make  known  the  circumstances  of  the  impact 
and  shape  of  the  body  which  will  determine  the  existence  of  the  spon- 
taneous axis. 

Make  the  impact  in  the  plane  of  the  principal  axes  x'y',  andpar^ 
nllel  to  the  axis  x\  Then,  Equation  (232),  will  6  =  90°,  and  the  spon- 
taneous axis  will  exist.  Also,  Equation  (233),  0'  =  90*^.  And,  Equations 
(237)  and  (229),  and  because  X=  if .  F,  and  V=e^.v,, 

L,  M  .k'v,  k* 

/  =  .,+  ^  =  ,,+  -^— •  =  .,+  ^; 

vbcDCc, 

(/-<?,).e,=:Ar/ (288). 

That  is,  when  the  line  of  the  impact  is  in  the  plane  of  two  of  the 
principal  axes  and  parallel  to  one  of  them,  there  will  be  a  spontaneous 
axis,  and  the  product  of  its  distance  from  the  centre  of  inertia  by  that 
of  the  line  of  the  impact  from  the  same  point,  is  equal  to  the  square 
of  the  principal  radius  of  gyration  in  reference  to  the  instantaneous  axis. 

§  177. — The  body  being  free,  and  the  axis  of  spontaneous  rotation  at 
rest,  while  the  other  parts  of  the  body  are  acquiring  motion,  the  forces, 
both  extraneous  and  of  inertia,  are  so  balanced  about  that  line  as  to  im- 
press DO  action  upon  it  The  line  of  the  impact  and  the  points  of  the 
t>ody  on  this  line  are  called,  respectively,  the  ozi%  and  centres  of  percusaitm, 
in  reference  to  the  spontaneous  axis.  A  centre  of  percussion  in  refer- 
ence to  an  axis  is,  therefore,  any  point  at  which  a  body  may  be  struck 
frithout  communicating  a  shock  to  a  physical  line  coincident  in  position 
witli  that  axis. 

STABLE   AND    UNSTABLE    ROTATION. 

§  1 78. — Now  sappose  the  rotation  to  have  been  impressed,  the  ia» 


17?  ELE 

staiitaneous  axi 

abandoned  t<i  : 

Tlic  firel   n 

(.■i|n!il  to  DDity, 

iiiiicfiiiilcly  Biuull  quantity  uf  tlie  second  order;  //,,  J/",,  and  JIT^  | 
wro,  «nil  KiiiiBtioiis  (202)  inny  be  wi-itton, 
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nearly  coincident  wiili  tho  princi|ial  axis  s,  and  tll«^ 
Mir.     U'iiat  will  bo  tho  ciri;iimEtani!Ga  of  tlio  tnodoni 
tmbcr  of  tlic  ttiirJ  of  %intions  (lOt)  will  bo  ■ 
]>,  and  1',,  ihcrcforc,  indoiiiiitcly  siiiull,  tlioi 


=  0;  S.-J  +  »,.....(.l-C)  = 


liitcgraling  the  Hut,  i 


s  tlie  constant  of  integration;  and  this  in  tLc  otlier  Cfinatwot    I 


I  differentiating   and   sabatituting 
f  valuea  or  tlie  first  difTurcntial  cc 


0;    A.^^  +  n(O-B)v,  =  0; 

n  oach  of  tbo  dor'vod  eqiiati< 
iflicients   obtained   from  the  [ 


(j-C).(a-c) 


{A-C).(a 


:£)  . 


F  If  J  — (7  and  B  —  C  bo  both   positive  or  both  negative,  their  prodno^  ' 
r  arill  h6  poBitivo,  and  the  integrals  are 


A.. 


=  a,.sin  [i 


J(A-0.(B- 
■  ^  A.B 


C) 


If  one  of  the  factors  A  —  G  and  B  —  C  bo  poaitivc  and  U  e  otiil 
ntive,  their  prodact  will  ba  negative,  and  the  integrals  will  be 


1- V^^f^-- 


fa  these  i 


;egralB,  a„  a.. 
nitial    conditio 


D  constunt-i  whose  valuea 
ilion.     Thoy  are   Mnall  i 
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Apoctt,  because  c,  ami  i',  ni-c  sinnll.  In  tliu  first  iiilegrnlion,  f,  nnJ  t 
will  coiiliniic<  small  and  rissiimo  pcriixlicnllj-  tlicir  ItiiiinI  vnlucsi;  iu  1I19 
sccotiij)  llicy  will  JDcroasc  with  tbe  time  inilctiiiitclv.  U  tho  inslnntane- 
Otu  axis  coincide  with  tiiu  nxis  2,  llieii  will  v,  and  n,  be  scro ;  f,  and  ' 
V^  will  bo  «rO,  ami,  hence,  a  principul  atis  m  always  a  pcrmaneBt  aru 
H/'  rijlao'on  i  and  tliu  rotation  will  be  iliible  about  llie  asea  of  grealtst 
nnd  least  momenU  of  inertia,  and  uuttalle  about  all  otliera. 


§1V9— We  have  seen  ihut  the  liquations  (117)  and  (HO)  give 
lII  the  circumatnnccs  of  motion  of  the  cc-nira  of  inertia  of  a  single 
f  in  reference  to  any  assnmed  point  Inken  a^  on  origin  of  co 
C»w-dinate«.  For  a  second,  third,  and  indeed  any  number  of  bodies, 
peferred  to  the  same  origin,  we  would  have  similar  equations,  the 
i>nly  difference  being  in  the  values  of  the  co-ordinatcB.  of  the  inten 
•(ties  and  direetions  of  the  fdrces,  and  of  tho  magnitudes  of  tho  massea 
rfaii  difference  being  indicated  in  the  usual  way  by  accents,  we  should 
obtain  by  addition, 


2  if  ■ 


dt-' 


z   IX: 


{230} 


'Vx-X;,) 

'Which  it    must   be   recollected    that   j-,   y,  s,  &c.,    denote    ihe    00 
^■*>B»tM  of  the  centres   of  inertia  of    tho    several    masses   jtf",  &o. 
lo  a   fi.xcd  origin. 


JkaMk 


J 
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MOTION    OF    Tfli;    CENTKS   OF   ISEliTlA   OF  'I 

§180. — Taking  a  movable  origin  at  Iha  centre  of  iuerdd  i! 
entire  system,  denoting  the  co  ordinates  of  this  point  refcm 
the  fixed  origin  by  x,,  y, ,  e, ,  and  the  co-ordinates  of  the  c 
of  inertia  of  tho  several  masses  referred  to  the  movable  origi 
x',  y',  z',  &C,  we  have,  thu  axes  of  the  same  name  in  ihu  two 
tcins  being  parallel, 

*  -  r,  +  x', 

y  =  !/,  +  '/, 


And, 

(P  X  —  li"  x^  +  iP  x\ 
ifiy  —  li''  iji  +  <'^y't 
<fiz  =  <P  z,  -^  il-  z', 

winch  substituted    in  Equaiions  (239),  and   reducing  by  t 

S.t/.i/'/' =  0;     £Md^i,'  =  0;     XMiPz'  =  0;\ 

obtained  fj'om    ihe  property  of  tho   centre  of  inertia,  wc 


which  being  wholly  indcipcndent  of  tho  relative  positions  of  S 
bodies,  show  that  the  motion  of  the  centre  of  inertia  of  1 
will  Ik;  the  same  us  though  its  entire  mass 
that  point,  and    the  forces  applied  directly  to  i 

g  J[iJ.— Mullipljing  Ihe  first  of  Equaiions,  (i 
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Xf,  and  taking  thu  difTorence ;  also,  their  first  by  g^  the  third 
by  T„  and  taking  ihc  difTcreiiM,  and  again  the  second  by  i„  the 
ttlird    by  y^,   and    taking   the   dtfTtTcnco.    we  find 


(iPz.  iPv,\ 


2  A'; 


(=") 


rbich  will  make  known  the    circumstances  of  motion  of  the  common 
ntre    of  inertia  about   the  fixed    origin. 

MOTION    OF  THE   BY8TEM    ABOtIT   ITS   COMMON   CENTHK   OK   INEKITA. 

I  182. — Substituting  the  values  of    x,    y,    r,    d'  x,    &c.,     given  by 
Equations  (241),  in  Equations  (240)  and  reducing  by  Equations  (244) 
id    (242),    there   will    result 

^"(•■•^-'■■?^-)-(''''-^/) 

EquatloDs  from  which  all  traces  of  the  position  of  the  centre  ol 
hertia   hove    disappeared,   and    from    which    wc    conclude   Ihat    the 

lUon  of  the  elements  of  the  system  about  that  point  will  bo  the 
fcmp,  whether  it  be  at  rest  or  in  motion.  These  equations  are 
Menticsl  in  form  with  Equations  (118);  whence  wu  :oncIude  that 
molecular  forces  disappear  from  (he  latlcT,  and  cannot,  there 
bre,  hove  any  influence  upon  the  motion  due  to  the  action  of  the 
MttFancouB  forces. 

COKSERTATION   OF  THE  MOTION   OF   THE  CENTRE    OF   DiEKTIA. 

5  188, — If  the  system  be  subjected  only  to  the  forces  arising  from 
e   mutual    attractions   or   repulsions  of  its    sevcr!v\    part-'*,  \\vi\w  V^X 

2  -V  =  0;  X  r  =  0 ;  Z  Z  =  fi. 


1S2 


ELEMENTS    OF     AXALTTIC3AL    MECHANICS. 


FtT,  ihe  nclion  of  the  niasa  M,  upon  a  single  cknient  of  JT, 
will  vary  with  the  number  of  acting  elements  contained  io  M\ 
and  the  eifurt  necessary  to  prevcut  JT  from  moving  under  tlu) 
action  will  be  equnl  to  the  whole  action  of  M  upou  a  single  element 
of  M'  repeated  as  many  times  as  there  are  elenn'iifcs  in  AT  acted 
upon;  whence,  the  action  of  M  upon  M'  will  vary  as  the  product 
HI  M".  In  the  some  way  it  will  appear  that  the  force  reijuirEd  to 
prevent  M  from  moving  under  the  action  of  Jtf',  will  be  propor- 
tional to  the  same  product,  and  as  these  reciprocal  actions  are 
exerted  at  the  same  distance,  they  must  be  equal;  and,  acting  in 
contrary  directions,  the  cosines  of  the  angles  their  directions  make 
with  the  coordinate  axes,  will  be  equal,  with  contrary  signs.  Whence, 
for  every  set  of  components  P  cos  a,  P  cos  /3,  P  cos  y,  in  the 
values  of  I  X,  I  }',  Z  Z,  there  will  be  the  numerically  equal  com- 
ponenta,  —  i"  oos  a',  —  fooa^',  —  P  cos  y',  and,  Equations  (243), 
reduce,  after  dividing  by  Zif,   to 


<P'J, 


d-^z, 


(246) 


and   from  which  wc    obtain,  after   two  integrations. 


:  C".(  +  D"; 


(247) 


in  which  C,  C"',  C",  D',  D"  and  D'"  are  the  consunts  of  inte- 
gration; and  from  which,  by  eliminating  (,  wo  find  two  equaliona  of 
llie  first  degree  between  the  variables  x^,  y, ,  *, ,  whence  ihc  path 
of  the   centre   of  inertia,  if  it    have  any  at   all,  is   a   right   line. 

Also    multiplying    Eiiuationa  (240)  by  2dj-,,  2rfy,,  2<ia„  respeo- 
tively,  adding  and    integrating,  we   have 


i^'l 


:    V^    z 


(248) 


in  whicli  C  is  the  constant  of  integration  and  V  the  velocity  of  the 
centre  of  inertia  of  the  system.  From  all  of  which  we  conclude 
timt    when   a  system    of    bod'ita   la  stt\jjci;\.s;i    wi\^  \.o   forcua   ariaing 
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from  the  action  of  its  elements  upor.  each  other,  its  ecntre  of  inertia 
will  either  be  at  rest  or  muve  uiiiri>rmly  in  a  right  line.  This  is 
called    the   coiiBervnlion  of  tlie  motion  of  the   centre  of  inertia. 


OF    AREAS. 

1 184. — The   second  member   of  the  first  of  Equations  (^4j)  may 


r^'  ~  Xy'  +  r  x'-  -  JTy"  +  to. ; 
and   considering   the   bodies   by  pairs,  we  have 

^  -  -  A" ;    r  ^  "  r' ; 

and  eliminating  X"  and   Y'  above  by  tliese  values,  we   \ 
Y{x'  -i")  -.Vfy  -  v")  +  i:c. 
Bus 

p  p 

in  whii'h  p  denotes  the   distance    tietween    the   centres    < 
the  two  bodies.     And  substituting  these  above,  we  get 


-(,._,")_/..: 


"  (»•  -  y")  =  0 ; 


L  and   the   same   being   true   of  every    other  pnir,  the  second    i 
kof  Equations  (24S),  will    be  zero,  and   we   have 
iPy' 


dt 

z 

dz 

-I 

di' 

dt 

, 

d. 

-  , 

Jy' 

,1 


i 
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But  g  11*0,  x'  dy'—  y'lix',  is  twioo 
over  liy  the  projeelioii  of  llio  radi 
co-ordinate  plane  x'  y',  aiiU  llio  ia 
the    olher    Kqiintiuns,  in    reference 


the  difTt^renlial  of  the  area  a 
IS  vector  of  tho  body  M,  on  tl» 
me  of  the  winiiftr  expressions  in 
to    the    other   co-ordinate    planes; 


■whcncf^,  dt'tioliug  by  A^,  /!„,  A^,  double  the  a  reus  described  in  any 
interval  of  time,  (,  by  the  projections  of  the  radins  vector  of  the  body 
if,  m  the  co-ordinate  planes,  x'  y\  x'  z',  and  y'  z' ,  and  adopting 
similar  notaliona  for  iho  other  bofllos,  we  have 


2if-- 


.  dA^ 


:    Cj 


SJW- 


Jl 


in  which  c;  C",  < 

multiplying  each  ma 

by  the  priijecllon  of  its  radius  vector  on  the  plan* 

by  integrating  between  the  liniita  (,  and  (',  giving 

lif.^,  =  C'.t; 

SM.A^  =  C"  t; 

SM.A,=  C"'l; 


■le  llie  sums  of  ihe  products  obtained  by 
wice  the  area  swept  over  in  a  unit  of  time 


whence  wo  find   that 
jectod    t"   the   attriicli 
each   other,    the    sum 


,ept   , 


This 


g  186.— It 


vhen  a  system  is  in  motion  and  is  only  sub' 
ms  or  repulsions  of  its  several  elements  upon 
of  the  products  arising  from  multiplying  the 
?inent  by  the  projection,  on  any  plane,  of  the  area 
Ihe  radius  vector  of  this  clement,  meiisured  from 
;rtia  of  the  entire  system,  varies  as  the  time  of  the 
eullt'd    ihe  piinciple   of  the   conneriiation  of  arm. 


would  be  true  if  the  bndl 
towards  a  fi.ied  point,  Fo 
iif  co-ordinates,  the  eijuatio 
thai    acting   upon  St,  will    be 


lo  remark  that  the  same 
;s  had  been  subjected  to  for 
',  this  point  being  assumed  ai 

of  the   direction    c*"  iny  out 


^es  directed 
the  origin 
force,  say 


,  say 
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■iiil  tho  second  members  of  Equations  (240)  will  roduco  lo  zero; 
•nJ  the  form  of  these  equations  being  tho  same  as  Equaliona  (245J, 
thtv  will   give,   by  integration,  the   same   consequences. 


3  examine  Equations  (249),  we  shall  find  that  M- 


dy' 


quantity  of  motion   of  the    mass    M,    in    the  direction  of  the 
ixla    y',  and  is  the    measure  of  the  component  of  the    moving  force 

Uiat  direction;   tho  same   may  bo  said   of  ilf •  — —  •    in  the  diroc- 
•"Ma     of  tile   axis   x'  \  whence   the   e.xpression, 
x-'dy'  —tj'd  X 


(it 

moment 

of    the 

movi 

g    force 

of    M,    with 

re 

peet 

10    tho 

Di 

sign 

ling,  iis 

l>efi,rL 

the  sum 

of  the  mom 

nl5 

with 

respect 

axes 

'.  1/ 

und  X 

byi 

,  ^, .  ^', 

respectively 

Eq 

uutioi 

s  (249) 

the 

=0»Tie 

Z,  =  C;     M,  =  C";     JV,  =  C". 
X>«iioiing    Iiy    0„  9^  and    0„  the   angles    which   the 
I^Htik  with  the   axes  z',  y'  and  x',  vre  have,  gllO, 


V"/.,"  +  M,^  +  N,^ 


^V"  +  C*  +  6"" 


3  +  (,""» 


^^^  Tlcae   dclcrmino   the   position  of   the  resultant   or  principal  axia. 

**•«  plane    at  right  angles   to  this  axis  is  called  Ihe  principal  plant. 

position  of    this  plane   is   invariable,  and    it   Is    therefore   called 

invarlallt  plant,  cither  when   the   only  forces  of  the    system  are 

^**>««  aritiing   from    the   mutual   actions  and  reactions  of    tho   bodies 

"Pon  each  other,  or  when  the  (lirccs  are  all  directed  towards  a  fLxed 
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:VlNa    FORCE. 


§  187. — ir,  during  the   iiiutioii, 
impinge  ugainst  each  other  so  as  I 


yo  or  more  bodies  of  tbe  sjstem 
produce  a  sudden  cluiiij|e  in  their 
VI  Idcities,  ihe  sum  of  the  living  forces  will  undergo  a  change.  To  Mli- 
mate  this  ehnngu,  let  A,  B,  C  be  the  velocities  of  ihc  mass  m,  in  Ihe 
direction  of  the  u.ies  before  the  impact,  and  a,  b,  c  what  these  veloci- 
ties beiHtme  at  the  instant  of  nearest  approach  of  the  centres  of 
inertia  of  the  iiiipiiiyiiig  masses,  thou  will 


A  ~  a,    £  - 


a  ~  t 


be  the  components  of  the  velocities  lost  or  gained  iiy  tn  at  the  instant 
corresponding   to   this  state  of  the   impact,  and 

■m.{A  -a),    m{B-l\    «t(t7-r), 

the  components  of  the  forces  lost  ur  gained.  The  same  e}!pressiuii.\ 
with  accents,  will  represent  the  components  of  tlie  forces  lost  or 
gained  by  the  other  impinging  bodies  of  the  system.  These,  by 
the  principle   of  D'Alembcrt,  §  7i,  nrc  in  equililirio,  whence 


He   indefinitely    small  displi 
consistently  with  the 
lost   or  guitied;    but   as   < 
velocitius   of  the  hoJv  wli 


,  ay.  Si,  &,<:.,  must  be  made 

by  virtue  of  which  the  velocities  an 

c   denote  tlic    components  of  the  actual 

mass  is  m,  at  the  instant  of   its  nearest 


-3tJ 

J 


approach  to  that  »ilh  which  it  collides 


Ibis 


«  rnlHIkd  if  we  « 


These  values  being    substituted 
after  dividing   by  St, 

Sm{A-a)a  +  Sm(B~ 


the    above    equt 


MKCHANICS    OF    SOLID 
Dot   we    have   tbo   identical    cquntiun, 


(J-a)'+(fl-*)*  +  (C-c)- 


(       A^  +  JP+C'+i^  +  l' 
'\  +  <»-2lAa  +  Ilb  +  CO. 

A^  +  Zt'  +  C         a'  +  />■'  +  c' 

(■^^«)'+(fl-6)'  +  (c-0' 


»fcich  in  Equation  (262)  gives, 
making 

J'  +  fi'  f  c=  =  r=, 

a=   +   t'   +   es   =  «', 
2mK»-I»i«'^2m[(.-l-<,)^  +  (B-i)*  +  {C-c)=]-  ■  (253)    I 

•I»ouca    wo  coiicludu,    thai   the    difftreiiee  nf    the  »«jn*   of   the    lieinff 
''c^t  be/tire  Ike  collision,  and  at  the   instant  of  ffrealt^l  ompreision, 
^^val  III   the   mm   of  the   living  farces   which   the   xyalein   would  havt, 
f^tt   matnea    moved    with   the  velocities    lost  and   gained   at    ihit    itagt 
tAe  rolliiion. 

^ince  all  llic  terms  of  the  preceding  cqualion  arc  essentially 
^^^live,  it  f.illows  ih«t  at  tlie  instant  of  nearest  npproucb  of  the 
*'*l>ingiiig  bodies,  there  is   a   loss   of  living   furco. 

If.  the  impinging  maases  now  react  upon    each  other  in  a  way  to 

Us^  ihein    to   bcs   thrown  asunder,  and   A',  £",   C,  iic,  denote   the 

**'*>poni'iil8  of  the   ucluiil  velocities,  in    the  direction  of  the   axes,  at 

instant  of  Heparutior,,  then  will    the  eomponenta   of  the  -velocities 

■'•^t    and  gaiiiud    while    the  separation   is  taking  place,  be 

a  —  A',     b  —  B\     c  —  C,    &c.,  ic. ; 

■"d     Equnliyn    (251)   will    bemme 

1  m  (a  -  J')  Q  -L  I  m  (i  ~  B')  i  -t-  S  m  (<;  —  C")  c  ^  0. 


Uie 


2  m  {,.»  +  iM    :=)  - 


1  {A'a  A.   U'h  A-    C'e)  = 
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and   elirninnting  A' a  -\-  IS' b  +  V  e,  by  mcuns  of  the   identical  equ 


(._^.). +  (»_«■). +  (,_£■■). 


and  making 


-2m(^'"+«'"+(^)  = 


(a  -  ^r 
+  (»-*■)■ 
+  ('  -  <?■)' 


All  the  terms  of  this  equation  being  csscntialiy  positive,  it  Iklt:^!- 
lowR,  from  the  sign  of  the  second  member,  that  during  the  reacti  ■  in 
of  the  bodies  by  whicli  they  are  separated,  there  ia  n  gain  of  livL  -^  "ag 
force. 

If  iho  loss  and  gain  of  velocities  after,  be  the  same  as  beffcz^  ^f 
ihu  insCnnt  of  greatest  compression,    then   will    there  be  no   loss  ^>f 

gain   of  living    force   by  the   collision. 


%  188.— When  the  only  forces  jire   tlioae   arising  from   the   mnK.«^*»' 

8tlrai;tioiis  of  the  several  bodies  of  the  nystem  for  one  another,  the  »»«^f^ 
Olid  members  of  Equ.ilioiis  {230)  reduce,  ns  we  have  seen,  g  183,  to  ec-w^ 
and  those  equations  bocoinu 


(25-5) 


*t  lis  now  find  the  luoUon  of  any  one  body  of  the  system  in  rc**"^ 
cnce  to  any  other,  taken  at  pleasure.  This  latter  body  will  be  caI'^ 
tJie  emlrat,  the   former    tlie  primary,  and   the  otbon,  tol^ctively,    *"•' 


IS     Of-    SOLIDS. 


ve  M  and  M,  respectively ;    tlie  pcriurbaliiig  boUics  tbosu  wbosc 
j  tn  J/„,  i/",„,  &c.      Tlif  first  of  tlio  iibove  cqiiaUona  may  lie 


.V, 


-■^'.■^  +  ^ 


-^  =  0     .     .     .     (250) 

:  unolbcr,  ihu  lust  teiiii 

(jiilral  and    jiriiimry  »n 

result  from  tlie  aution 

rocnl  action  of  uiiy  two  bodioii 

M  within  till!   piiiriitliutie  eign, 

mpoiiL'Tjt  of  this  aclioii   parallel 


pi'.rtnrliating  UoiIil-s  ulonc  acted  upmi  o 
bo  zero;  and  wlicn  the  nclion  of  tlie 
td,  the  mimerical  vhIuc  oI'  tliis  term  wi 
K)  l&tU'v  bodici).  Denote  tbe  reciprocal 
ODt!  anollier  by  writing  tbuir  i 
M  tbe  siibHcHpt  x  to  ik-note  ibi 
I  Axis  r.     Tlien  will 

1  [M  ,W„).  H-  i  (jl/,  M,_  ),  -  S  il/„  '^^  =  0  : 

[  tills  to  tlie  next  oquulion   abuvo,  ive  gi^l 

J/.^  +  -V.'|^  +  i;(.l/.F„),+  I(.V,  fl/-„),  =  0  .    .  (257) 

;  tlie   movuble  ori-in   (it  tlie  cmtrc  of  ibc  Wiy  -I/,  wo  have 


n.l   <. 


siibetitntcd  abovi: 


lSf^3f)ZJ-M,. 


-  Z  (MM,).  +  2  (M_  MJ.  ^  (I ; 


ig  by  J/  +  .V.  and  multiplying  by  M,  there  will  result 

^  value  of  the    first   term    resnlls    from  the  component  aetjori  of 
imary  and  pcrturbating  bodies  upon  M;   whence 

JK- 1^  -  t(«-Jif,).  -  s  (J' JfJJ  =  0 ; 

liLldi  Mlblmctinir  llie  f-qiintioii   above,  there  will   result 
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DiTiJing  by  llie  coefficient  of  tlic  first  tenn.  miU  iretning  tlii'  01I11.T  two 
of  Equations  (255)  in  the  eamo  way,  wc  fiimlly  get 


-^,,'.(ifK}.+  T-r^("^..)--u-^(^.^-.)-  =  °^ 


^  M 


(AfMX-\-^.-^(MM_X- 


jtf.jtf, 

iPij-      M+Af, 
i-t'        M.M/ 

•II'        M.AI^ 

Wliicli,  by  inH-'gration,  will  give  all  tlic 

motion  in  rcfurcw-'u  to  tliQ  cuiitml  boOy. 


.■S.(M,MJ 


of  tliO  primary's 


§  IBO.^A  central  force  is  one  which  is  directed  towanls  a  centre 
movable  or  fixed,  and  of  whteli  tlio  intensity  is  a  fiinelion  of  tlic  di^ 
tancc  from  the  eentre.     llie  forces  of  nature  are  of  lliis  description. 

If  the  pcrtiirbaliug  bodies  did  not  exibt,  tlicn  would    the  uction  o 
the  primary  be  directed  to  the  central  body  as  a  centre,  the  E<|uatioi= 


(2fi8}  w 


reduce  to  thei 
itral  to  the  pri 
M+M, 


first  two  tcrmn,  and,  denoting  the  distance 
lary  by  r',  they  would  be  written. 


'  M.M, 
_  M+  M_ 
~  M.M, 


'  M.M, 


{MAO.: 

(MMX 

.{.w.An.- 


M+Af, 
''  M.  M, 
M+3f, 

M.M, 


{MM).- 
.{MM,).' 
.(MM^'- 


.  (25-    "}    I 


Multiply  the  first  by  y',  the  second  by  x\  itnd  take  the  difference  of  t~~- — Iw 
products ;  also  nmiiiply  the  first  by  z',  the  third  by  x',  and  tate  the  M^^^f- 
once  of  the  prodiiete ;  and  again  the  second  by  z\  tlie  third  by  y',  snd  ln^  ^' 
ttic  difference  of  the  proJiicls:    there  will  resnli,  oniilting  the  accenl^^ 


rf"? 


.y  =  0. 


TT.-'=-TT,.*  =  0, 


J 


^EI| 

^H       itEciiAMCs  OF  soi.n:i.^.                        IDI             ■ 

^HtcRrnto.),                                                                                               H 

1  .^.^--.^^.1         1 

■    ^:-r;— . 

(MC)              1 

■    ^:-^f—'J 

1 

iPPV*,  and  6*"  arc  t!ic  coiistaiits  of  integration.                                      H 

slying  CBcli   by  iLe  first  power  of  tin;  vuiinblu  «liicli  it  Joes               H 

un,  and  adding,  wc  have                                                                             ^M 

Ci+C"y+C"/  =  0;                                         ^^^M 

tlic  i-qiiatioti  of  an   i^^'ariab1G  plane  pnsaing  through  lliu  ccBi^^^^^H 

of  which  llic  position  di'ponds  upon  the  constanto  C,  C',  C'.^^B 

we  conclude  that   the   prin»ary  dcHoeted  by  the  eentral  body 

\l  describe  n  plane  curve  of  whieh   the  plane  will  contain  tUo 

)f  Loth. 

. — Take  the  co-ordinatt  plane  x  i/  lo  coincide  wilb  this  plane. 

BmjMions  (260)  will  vtshvc  to 

P     P:-"/,-'-" (-> 

n  to  polar  co-ordinates;  for  tliis  purpose  wo  hare 

i  =  r.co..;   !,  =  r..in«; 

Sk             J.  =  <ireo.«-r.iD.i., 

H            iy  =  Jr.iB.  +  reo.ai.. 

^H'in  Equation  (2GI),  we  ftnd                                               ^_ 

■   ^f-^:-— -r:-' '-<fl 

K..e,..,e                                                                               M 

■                   /r-.,i.=  C',  +  C',                                                 ^H 

ng  lictween    tie   limits  r .  «_  and  r„,  a,,,  corresponding  to  tlio               V 

^  '..<                                                                                                                1 

H             /_;•;■,■. rf.=  t"(l„-l,) (263)                1 

192 


ELEMENT 


lotion  of  the  radiiu 
IS  described  bv  the 
pro  portion  111  to  ILik 


But  fr'da.  is  double  the  area  described  by  th 
vector;  whence  we  see,  Equ»tion  (263),  that  the 
radius  vector  of  a  body  revolving  about  a  cciitre,  f 
intervals  of  time  required  to  describe  tiiein. 

Making,  in  Equation  (2C3),  t^^  —  C^  cqnnl  to  unity,  the  first  luetnbc  ~ 
ticcomes  double  the  area  dcsciibed  in  ti  unit  of  time.  Denoting  tlii. 
by  2  e,  tliat  equation  gives 


Placing  this  in  Equation  (2C3), 


f:y 


That  is  to  say,  any 

tn  that  interval,  divide 

g  191.— The  convei 
we  find 


interval  of  time  is  equal  to  the  area  dcacril^  ■ 
1  by  tlio  area  described  in  the  unit  of  time. 

,u  is  also  tiuc ;  for,  differentiating  Equation  (2(fr  ' 


J7  —  Z7  >■  =  ''■ 

Multiplying  by  jW,  and  replacing  M.  ■—  and  M .  -j-j  by  their  val  «_^e» 
iQ  Equations  (120),  there  will  result 

yx-Xy=0 (2<»"S) 

which  is  the  Equation  of  the  line  of  direction  of  the  force;  and  bavi  *''S 
no  independent  tenn,  this  line  passes  through  the  centre.  Whence  ■**" 
conclude,  that  a  body  whose  radins  vector  describes  about  any  po**' 
areas  proportional  to  the  limes,  is  acted  upon  by  a  force  of  which  t**" 
line  of  direction  passes  through  tliat  point  as  a  centre.  The  force  ^^  " 
le  attractive  or  repulsive  according  as  the  orbit  tnma  its  concave  *"^ 
convex  side  towards  the  centre. 

§  192.— Ileplacing  C  by  ito  value  2  c,  in  Equation  (862),  and  di"*"* 
ding  by  r',  we  have 

^  =  5i    .  .  («««) 


Ds.  193 

The  first  member  being  the  actual  velocity  of  a  point  on  tLe  ntdiiu 
vector  lit  the  distance  unity  from  the  centre,  is  called  Uic  angular  ve- 
tceily  of   the    body.       T/it   angulur  velocily   Iherr/ore   varus  intfrsely  a* 
t  th  nquare  of  lite  radius  vector. 


I  193. — Multiply  Equation  (26(1)  by  rfs,  and  it  may  bs    put 
the  form, 


indQi 


but  -y — -,  ia  equal  to  the  sine  of  the  angle  which  the  clement  of  the 
orbit  makes  with  the  radios  vector,  and  denoting  by  p  the  length  of 
the  perpendicular  frora  the  ccntro  on  the  tangent  to  the  orbit  at  tha 
place  of  tbu  body,  nc  Imvo 


''=J (28') 

vlience,  the  actual  velocily  of  the  body  varies  invereety  as  the  distanca 
'   of  the  tangent  to  the  orbit  at  the  l>ody'e  place,  from  the  centre. 

g  IBi. — ^Denoting  the  intensity  of  the  acceleration  on  Jf,  by  F;  sub- 
**'tming  M^.F.dr  (oi  Xdx +  Ydy  +  Zdt,  writing  jV,  for  Jf  in  tlia 
poefliciont  of  F'  in  Equation  (121),  and  differentiating,  we  find 

VdV=~Fdri 
■*^    taking  the  logarithms  of  both  members  of  Equation  (267), 
I  log  F=  log2c  — log;i; 

fferectialing, 


dV 


dividing  the  eqcalion  abov 


by  this. 


dr 


.  .  .  (?«s\ 
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Wlit'iicQ  WO  conclude  llmt,  iho                                      ^^^^^^^^| 

vulocilj-  of  u  Udy   at  any   jjoliit             ^ 

^^^^H 

of  ita  orbit   is   th(!   same  as  tli.it 

^^^^^B 

which  it  would  have  acijiiirod  bad            ^_ 

-~^^i!C           ^1 

it  fallen    freely  fi'om    rest  Bt  lli« 

''C^W^:^--^  ,^^1 

|ioiiit  oviT  thu  distance  M£,  vijual             / 

"^  /      \\    ^H 

10  uiie-fourtli  of  the  chord  of  cur-          ''M 

'  "^^^1 

vuure  J/ff,  throiigii  the  fixed  ccn-             V                          /          ^^H 

tre— lUe  force  retaining  unchanged                 \,_^^^__^,/               ^^^| 

ita  intensity  at  M.                                                                               ^^^^ 

-— 2-V:=-f         1 

aad   perfomlng  the  operation  indicated,  regarding  the  are  of  tho^^ 

as  tliu  independent  variable,  wo  have,  after  dividing  both  nnmerator  ^m 

tlonoininat«r  by  d  s',                                                                                ^^^ 

til  d'x     d^                                                                ^H 

M 

H 

d^  d-i       J..  J.                      ^H 

dt'  d«'           df     dl~     '                       ^^H 

wbna,                                                                              ^^^H 

-^--[-•^'+^^-Jr;]-  ^H 

In                                                                                      ^^^^B 

^''■{.^■^di^y'/jii  ^H 

^-^•[''■•^>."-^;]-  ^H 

^^^H  Ajirnnng                                                                                ^^^^^^^| 

^^^BQl^^ 

^^P                  UKl-UA.NKJS             SUL1D3..                                 l^^jS          H 

■ 

'-i(i^)'-(i^)'-(sy}-      .   1 

4^r'+z'  = 

-^^•■um-^^-^-^^->-jm 

-(^^^^^)-(^)'-^     s 

denoting  ll:c  rruliiis  of  curvature  1iy  p,  wc  liavc                           ^^^^^^| 

■    (^)V(S)VQy^^:    "  S 

l^m^lriiig  tho  bi'coikI  tLTin  of  tlic  second  member  of  iKe'  precfr 

■  equation  by  -,  it  mny  be  put  under  tlio  form, 

„MV'  M.d'Eldx      ,rj:,d„      iCy     di      d',\ 

JWF'    M.d'» 

p          dt*       '^        ' 

rhich  i  denotes  tbc  angle  iimdu  by  tlie  element  of  tbc  cnrvo  and 

Ds  of  curvature ;  also 

rfz'      rfy'      rf^' 

nee,  aubstitiiling  for-V'  +  T'  +  Z'  its  value  W,  wo  bavo 

p-            p      di'                    U  t'f 

compariDg  tbis  wiili  Bjuntion  (56)  we  find  ibul  R  h  equal  to  tbe 

Itant  of  the  two  component  forces 

ch  make  with  each  other  the  angle  i.     But  d  ia  cqnal  to  00°,  and 

«&» 

..■rr,...(-)- „ 

^^^ft                            sm  ArpmdK       1 

I9G 
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The  second  of  tlicse  componcnto  is,  Equation  (13),  the  iiitunsitfl 
tbe  reaction  of  initrtia  in  tbe  direction  of  tbc  tangent,  and  the  firitg 
ihcrufore  its  reaction  in  the  direction  of  the  riidius  of  curvature 

This  first  component  is  callo^  the  eenlri/affal  force,  and  may  be  de- 
fined to  be  the  rtsittance  which  Ike  inertia  of  a  body  in  motion  oppo^t 
tit  ifliateuer  dejlects  it  fiom  ii»  reelilintar  path.  Il  is  measured.  Equa- 
tion (2B0),  by  the  living  force  of  the  body  divided  by  the  radiua  oi 
curvature.  The  direction  of  its  action  is  from  the  centre  of  curvatnro, 
knd  it  th'ia  differs  from  tbe  force  which  acts  towards  a  centre,  i 
which  is  called  ctnlripelal  force.     The  two  are  called  ctntral  forctt. 

If  the  component  in  the  diruction  of  the  orbit  be  zero,  llicn  willl 


and  diinotiDg  the 


centrifugal  force  by  /', , 
„        M  V 


and  integrating  tbe  next  to  the  last  cijuatio 


I  which  C  is  the  constant  of  integration.     Whence,  the  velocity  will 
)  constant,  and   wc  conclude  that  a  body  in  motion  and   acted   npon 


s  always  normal  to  the  path  described,  will 


by  a  force  wliosc  direction 
prwcri'c  its  vulocitj'  unehai 

These  laws,  except  that  expressed  by  Equation  (268),  are  wholly  in- 
dependent of  the  intensity  of  tbe  cxtmneous  force  and  of  the  law  of 
variation.     Not  so,  however,  of 


§  198.— To  find  the  differential    equation  of  the  orbit,  multiply  the 
Brat  of  Equations  (259)  by  idXy  the   second    by  idy,  add   and  intO:_ 
ijrHte ;  wc  find,  omitting  the  accents, 

rfa'  +  rfy'      M+M,     /■.„„.    ijrdx  +  ^ydy 


.fito J 


AN  ICE    OF    BOLIDS. 


r*  =  *'  +  y*,  and  rdr 


•ml,  Equation 


litiitcU  above,  give 


iiid   Uiercfore     — -  = 


mbstitute  above,  diS'crcnti 
«ni|  loaking 


and  reduce,  there  will  result 

{MM,)    (yjf,)i. 


^ 


I     M 


td'u         \ 


(271) 


(272) 


VVoia  which  the  equiitioo  of  tbe  orbit  may  be  found  \>y  integration, 
Vlien  the  law  of  Ibe  force  is  known;  or  the  law  of  the  force  dcduccti, 
"^hen  the  eqnation  of  the  orbit  is  ^ven. 

In  the  firat  case,  the  integral  will  contain  three  arbitrary  constant* 
two  introduced  in  the  process  of  integratioi),  anil  the  thiril,  c,  exist- 
ing in  the  ilifTcrential    eqnation.      These  are  determined  by  tbe  initial 
other  circuinfitances  of  tbe  motion,  viz. :   the  body's  velocity,  its  dis 
tancc  from  the  centre,  and  direction  of  the  motion  at  a  given  innlanU 
llie  general  integral  only  determines  the  nature  of  the  orbit  described : 
the  civcuni stances  of  the  in  jiion  at  any  given  time  determine  ibc  tptcxn  i 
the  orbit. 


lUS 


KT.UME.MS    UF    AN  A  LYTIC  AT. 


CHAN  1 1: 


In  tliu  scctiiiJ  case,  GiiU  the  seuoud  difforctitial  coefficient  < 
rcgai-d  to  a,  fiom  ibc  poI«r  cciiialioti  of  ibo  curve;  substitute  I 
till!  above  equation,  cliimiiating  a,  if  it  occur,  by  means  of  tlio  r 
botwceii  u  ami  h,  aiiU  'Jic  result  will  be  F,  in  kniiB  of  u  nloncl 


g  197. — Tbo  most  i-cmarkaWo  Bj-slem  of  bodies  of  which  wc  I 
any  koowjcdgo,  and  to  which  the  preceding  principles  have  a  direct 
application,  is  that  called  the  solar  system.  It  consists  of  thu  •Sun, 
the  PlaneU,  of  which  the  earth  we  inhabit  is  oni.',  the  SattlliUa  of  th« 
planets,  and  the  Comtts.  These  bodies  are  of  great  dimen^ODs,  aw 
aphcroidal  in  figure,  are  separated  by  distances  compared  to  wblcb 
their  diameters  are  almost  insignificaat,  and  the  muss  of  the  sun  \t 
SO  much  greater  tlian  that  of  the  sum  of  all  thu  others,  as  to  briiu 
tlic   common   centre   of  inertia   of  the   whole   within   tJie   boiuidi 


Its  c 


volar 


to  bniw 
vni  ^^^H 


ThcBe  bodies  revoI\e  about  their  respective  centres  of  ioerti 
wver  shifting  their  relative  positions,  and  our  kiiowlt^dge  of  tliviQ  J 
result  of  computations  based  upon  data  derived  from  actual  ftbser^ 

Kepier  found ; 

r.  That  the  arms  saept  ovci-  hy  tkt  radius  veetor  qf  each  J^mitl 
aboul  the  sun,  in  the  latiie  orbil,  art  propurlional  to  Ike  tiiais  of  dt- 
tcrihini/  Ihrm. 

II.  Thai  the  jilantU   n.o,-e  in  elllpurs,  each  having  one  of  i. 
IM  iii«'s  Fcnlre. 

III.  That   the   sqiiarea  of  the  periodic   Hmta  of  the  planets  d 
«»,  nre   proportional    to    the   cubes   of   t/icir    mean    diMitiiets  frtn 
body. 

These  are  called  the  laws  of  Kepler,  and  lead  directly  to  ■ 
edge  of  the  nature  of  the  forces  which  uphold  tlie  solar  eyates 


g  198.— The 


I'entripaal  forces  ■ 
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keep  tlie  planets  in  their  orbits,  arc  all  directed   to  tlie   bud's  cenliu; 
sod  that  tbe  sun  i%  therefoK,  the  centre  of  Ike  ej/slem. 

g  199. — Whst  law  of  tlie  force  will  cause  a  primary  to  dcscrilH! 
xboiit  a  central  body  an  ellipse  having  one  of  its  foci  at  tiic  centre  oi 
the  latter  I     The  equation  of  the  ellipse  referred  to  its  focus  as  a  pole  is 


'(■-•■). 

I  +  e  COB  a  ' 


<.(!-.■)• 


J„-       .(1-0' 
■"^i^iclj,  gubetitnted  in  Equation  (272),  give 

U(i-o*  .(i-'')r 

■^^^owDg  and  replacing  «  by  its  value  -,  we  have 


.(1-0  H 


(27») 


^*Vl  from  wliich  we  conclude,  tliat  the  only  law  for  the  relative  accol- 
^^>'*atioD,  is  that  of  the  inverse  square  of  the  distance. 

g  200. — Conversely,  let  the  forcu  vary  inversely  as  the  square  of  the 
^■'liitance;  inquired  the  orbit. 

Denote  by  i',  the  reciprocal  attraction  of  one  unit  of  mass  upon  an 
*^'VUer  at  the  unit's  distance;    then  will 


>.nd,  Equation  (271), 

F=k,    (Jf+Jf,). »'=*,. m 
^«i  whidi 


(31SY 
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and.  Equation  (272), 


multiplying  by  2du  and  integrsting, 
dti*       2k  .m 


wheuce 

the   negative  sign  being  takeu,  because 


da  da  r'da 


(2H> 


(27S 


Place  under  the  radical  (  -j^ )  ~  ( T~T  )  t  a"*^  "C  may  write. 


v/-(t^)V. 


x/('^p 


ill  which  p  is  the  constanl  of  integration. 

Replacing  u  by  its  valne,  taking  cosine  of  both  mcmbets  and  soIrinB 
with  respect  to  r,  ihero  will  result 

4c' 


vhich  is  the  equation  of  &  conic  section,  nsving  its  potc  ai  the  ccnbid   - 
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body.  To  find  the  precise  cune,  we  must  find  C.  To  do  this,  dLnoto 
W  r,  the  initial  value  of  tlie  radius  vector,  and  by  e,  ihe  angle  whicli 
the  orbit  makes  witb  r^  at  tbe  point  of  interaei:tion  Ihorewith,  Thon, 
Equaiion  (275), 


da 


«ikJ  thu  in  Ecpation  (274)  gives 
0 
i>ot.    Equation  (207), 


r'  sin'  e         4  e"  r 


F,'_  r.'f 

%c*~4c'.i 


"*    ^iioh  F,  is  tlie  velocity  correBpondiDg  to  r^;  bcnco, 

^= — f?;^ — = 

*l»i<il,  Bnbstilated  in  Uie  equation  of  tlic  cnrve,  gives 


any 


(!«) 


^O     compariog  this  with  the  general  polar  equation  of  a  coni;  wctioL 
'^^'^Tni  to  the  fiwns  as  a  pole,  viz.: 

1  - 

■*«  fed 

(271) 


I  +  <  008  (a  +  9)' 


— s^-C 


2i,. 


-)      ....     (278) 

***^   this  last  Tiloe  will  be  greater  or  leas  than  anity,  accorOing  aa  F/ 

greater  or  kaa  than  — . 

^nlti^Jyii^  and  ditiding  the  last  bctor  by  M,  r„  and  nfiadtig  m 
^^     its  valuer  the  oriiit  will  be  an  ellipw,  parabcda,  or  faypcfbnf 
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_  2  i, .  (M  +  M,) 


That  i«,  according  as  tho  iivjng  force  of  tbe  primary  at  any  point  uf 
its  orbit  is  less  than,  equal  to,  or  grfatcr  tLan  twice  tlio  work  its  rclt- 
tive  Wfigbt,  at  that  point,  woulJ  purfomi  over  a  distance  equal  to  it" 
radius  vector.  So  tbut  a  primary  may  describe  any  of  the  conic  eec- 
I'Kms  as  well  as  the  ellipse,  the  only  coudition  fur  this  purpose 
an  adequate  value  for  its  velocity. 

Substituting  tbe  value  of  e*  in  Equation  (2?;),  we  fiuJ 
i, .  m  .  r. 


2k,.M-V* 


lie  6M-        ' 
!bj^ 


and  denoting  tbe  hc  mi-pa  ram  etcr  by  p,  the  equation  of  tbe  curve  gives, 
by  making  n  +  9  =  90°, 


and  denoting  ibc 


ni-ooTijiigato 


V  . 


'•.■'V=^  . 


^Vhcnce  it  app^urs  tliat  the  nature  of  the  orbit  and  its  tranBver 
fcro    indupeiident    of   ibe    direction    of   the    primary's   motion, 
conjagate  axis  is  depenilent  upon  this  elemaat. 

g  201.— Tho  consequcece  of  Kepler's  third  law  is  not  leas  import** 
Denote  the  periodio  time  of  tbe  primary  by  T^ ;   then.  Equation  (!«)« 


and    suligtituting    the    value 
»nd  (275)', 


>  (279)'.  gy 
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Ibr  AQOliicr  body  whoso  nines  is  if,,,  about  tliL<  same  central  UoJr, 


by 


'  m  +  m'  k. 


(280) 


e  diffiircnct!  of  the  iiiiuscs  if,  uod  .tf„  be  bo  ainall  in  comparison 
J^  as  to  iimkc  its  omission  iiisenaililu  to  ordinary  observation, 
1  i»  Uju  case  in  llin  ^liir  systtin,  tlie  above  majf  be  written, 


T.; 


Kcplcrs  third  law. 


k,  =  i,^ 

W,  the  central  body  if  would  act  equally  on  the  unit  of  mass  rf 
of  lli«  primaries  M,  and  M„,  wuie  ihcy  at  the  same  distance;  bo 
bot  only  is  the  law  of  the  central  forcu  the  same,  bul  the  abso- 
ftirce  at  the  aamo  dislniicc  is  the  same,  and  it  is  one  anil  the 
force  llial  keeps  tlie  planets  in  their  orbiu  about  the  sun. 

302. — The  obwrvations  of  Dr.  Maskclyne  on  the  fixed  stars,  show 
•  Deighlionng  mountain,  Sviichalliun,  drew  the  plumb-line  of  hn 
nent  sensibly  from  tlie  vertical ;  and  ihose  of  Cavendish  and 
upoti  leaden  and  otlier  ball?,  demonstrate  this  power  of  attrac- 
V>  reside  in  every  partiote  of  inultcr  wherever  found  ;  and  that  it 
rted  trndiir  all  ciruumstanccs,  without  the  possibility  of  being  inter 
L  It  b,. therefore,  eoncluded  that  matter  is  endowed  with  a  gen- 
gravitating  prlni'.iple  by  which  every  particle  attracts  every  other 
«nd  according  to  the  law  before  given. 


^nulling,    fur    tin-    present,   that    nnivLrsai    gravitation   is 
pttire,  und  -ienotin''  tlii:  disl.-iTrCi'S  of  the  si^veral  bodiL-s  f. 
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the  syBt*m  from  the  ceiilral  by  r  with  subscript  accenU  corrcjponJing 
to  those  of  the  bodies  to  wliicb  they  belong,  and  employiug  llie  MTOf 
notation  in  regard  to  the  co-ordinates,  we  Hhtill  have 


i^K) 

=  i.^;*./:  =  ,..tf.j,,.i:,; 

1 

S.(MMJ 

=  ,M.^^;S  =  t.^,.^^ 

i[,M,                                              **'- 

,- 

HM.J..,^      ...^^„_ 

«'!■+(»  '-»)'+f  —  )■    v'll-^iT+S" 

SJ"+ 

,•-7 

which 

substituted  in 

Bret  ol'  E<)Uatioris  (258),  give 

k[{M+M,)-^ 

^1 

,]=.: 

bat 

t--x' 

1     1     .                  1 

[(•■■- 

'■)*+C»'-y*)'+l'--'n'     d'    ■V(."-*-)-+(,--y 

)■+(< 

-,•;■ 

and  n 

nuking 

X  =  1 

jf,  ■  -«f„ 

(Ml) 

>'(■'■■-■<■)•  +  (/'-»')'  +  ('"-'■)■ 

tlie  litflt  lenii  of  the 

equation  above  Ijueonies 

,      1      dX 

^ 

•"■Tl-T^- 

4 

5y-i[(»+if,).--.-I__^+_._J  =  0. 


_X,(*'*"+y'y"+jV')      .y,fjV"4-i,'y"'+e'; 


i 


-  +  ic.-„;(M 


Ihon  will 

in    M  . 


whirli,  submitnti'd  nbove,  give,  after  trc 
"*)  ill  t|ii<  Rume  wav. 


ig  tfie  oilier  two  of  Equatiow 
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'^'-'[<^-+'<'.)-&-'-^]  =  °^ 

curve  whiuli  would  be  described  by  the  primary  about  ihc  central, 
er  the  recippocsl  action  of  tbesa  two  boiJies  alone,  aiiil  wliich  wo 
;n  19  a  conic  section,  is  called  the  nmlUlUThed  orbit  of  tbo  pri- 
Tliat  wliiuU  it  aclnnlly  duazribcs  unJor  the  joint  action  a(  all 
Lodics  of  tbc  system,  is  called  tbe  diaturhrd  oibil.  Tbe  andistiirbud 
ii  given  by  the  firat  ttvo  terms  of  Equations  (28K);  tlio  disturlieJ 
bS  tliree.  Tlie  departures  of  the  disturbed  from  tbe  undisturbed 
are  ealleO  perlurbalioM,  and  tbo  last  terms  of  Equations  (383), 
ill  deterniino  tliera,  arc  called  perlitTbaliii'j  /anelioni.  Tlie  eonstrue- 
I  of  tbe  pcrtnrbating  functions  are  given  in  Equations  (281)  and 
),  and  tbo  mclliods  of  computing  their  valncs  are  greatly  ractlitated 
jtbc  priueiple  of  the 


COEXISTKKCK    ^ 


)  HuPKnroaiiiON  ( 


g  204. — DeDOtc  by  fl„,  (3„„  A-Ct  numerical  quantities  which  depend 
llie  perturbating  actiona  of  the  bodies  whose  masses  are  Af^,,  JT,,,, 

'm,  and  of  which  tbe  values  arc  so  small  as  to  justify  the  omission  of 
lerms  into  which  Uieir  products  enter  as  faclors,  in  comparison  with 
h  u  contain  them  singly.  Tlie  coordinates  of  M^,  at  the  time  /, 
Ml  undisturbed,  being  x"  >j'  z\  become,  when  the  body  M^  is  disturbed 
Jf,,  at  the  game  time, 

i  for  the  tame  reason,  when  also  disturbed  by  ^„,, 
''+»y+e,„(«'  +  fly);  if  +  o.y  +  9.,.(s'+9.y):  <'  +  9>  +  ti,„(i'  +  fi„o, 
'■  performing   the    mulli].lic;ilion    and    omitting    the    Icnua    containing 


i'  +  .'(0,. +  « 


a  +'j  { 


.,)■■ 


li>..  +  «.J: 
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in  ttie  same  waj,  when  also  disturbed  Iiy  M,,„, 

«nil  for  tlie  sinrnltancous  dieliirbantc  of  all  tlic  bodies  of  tiic  evsleiii, 

I'  +  r'Xfl^,;     y'  +  y'2fl„;     /  +  «'2tf„; 

S  d,,  nru   tliu  incrciucnta  of  z'y'i' n- 
1  of  nil  tlic  disturbing  bodies.    Ko«  let 

«  =  »('■/.■), 

I  which  9  (Icnotos  any  function  of  z' y' i'.     Differentiating,  wc  liavo 


in  whicli  *'.Stf„,  y'.Ifl,,, 
Bpcctivvly,  due  to  the  joitit  hc 


i»  = 


dx' 


Mid  pcrfonning  tl 

c  innltiphcations  i 

ilicitcil,  wc  li;i 

{J    '-..-if 

du  = 

f^--^..4 

+  K' ■'"""+ 

Ac.       + 

+      ic.        + 

Ac.       + 

Whence  it  appears  that  the  pertiirbation  in  u  or  9  {a' y' i'),  ib  equtl  t^ 
the  anm  of  the  Bcparatc  perturbations  due  to  each  of  tho  pcrtnrhriii^ 
bodies,  supposing  tiie  otliers  not  to  ei^iat.  The  practical  effect  of  tbi) 
principle  is  to  reduce  the  problem  of  the  perturbations  from  out  *■ 
evcral  to  one  of  a  single  p^rturbating  body,  and  to  give  rise  to  "btl 
I  known  as  the  problem  of  the  ihrtt  bodies,  viz.:  the  central,  prinwT- 
1  afid  perturbating. 


.Abff*  I 


%  20s.— From    all    of  which  it  is  manifest  that  either  KcpletS 
[  cannot  be  rigorously  tnic,  or  un-vcrsal  gravitation  i*  not  ■  Principle  "* 
'*'«toro;     Now,  in  point  of  fa,cl   obwitv ations  of  fiir  greater  nicety  th»" 


Kepler  prove  tlmt  L 
tiiey  differ  but  slightly  froiu  tli 
*om  tUc  fact  of  tbe  greiit  niasi 
of  llic  niRsscs  of  ail  tlic  plancU 


^^ell/  true,  though 

;  truth ;    a  cfrcunietancc  arising  entirely 

of  tjic  sun  as  comparcl  'n'ith  tho  sum 

Were  there  but  a  single  body  in  ox- 


ktcDca  bcsiiica  iho  »nn,  it  nould  describe  accurately  an  eiiiptical,  para- 
bolic .T  hyperbolic  orbit  about  ihe  centre  of  tbo  sun,  depending  upon 
^ta  living  foreo  and  the  sun's  attraction.  A  third  body  would  derange 
Ihis  motion  and  cause  a  departure  from  this  simple  pnlh,  and  the  de- 
gree "f  the  distnrbancc  would  depend  upon  the  mass,  distance,  and  di- 
TCution  of  the  disturbing  body  as  coinpiired  with  those  of  the  sun.  Tho 
nunc  remark  would  apply  to  a  fourth,  fifth,  and  to  any  number  of  addi- 
ttonal  bodies.  The  disturbed  orbits  in  the  solar  system  have  been  com- 
puted by  Eijuations  (283),  and  the  complete  harmony  which  is  found 
to  subsist  between  the  numerical  results  deduced  from  theory  and  ob- 
•erration,  is  tho  strongest  possible  evidence  in  suppoit  of  the  Law  of 
'UDi"ct8al  Gravitation. 

If  the  pnncipal  plane  of  the  solar  system,  as  determined  at  different 
tnd  remote  periods,  he  found  to  have  undergone  no  change,  this  will 
■how  that  tho  system  is  uninfluenced  by  tho  action  of  the  fixed  stars 
and  other  distant  bodies,  and  its  centre  of  inertia  will,  §  103,  either  be 
■t  rest  or  be  moving  uniformly  through  space  in  a  right  line ;  but  it 
tiie  principal  plane  he  found  to  have  changed  its  place,  it  will  be  a  sign 
that  the  system  ia  in  motion,  and  that  its  centre  of  inertia  is  describing 
enrvilincftr  path  about  some  distant  centre. 

§  206. — Thus  much  for  the  larger  bodies  of  nature.     But  these  are 

iUteniMlvcB  built  up  of  innumerable    molecules  which  are  ever  on  the 

lovo    about   their   respective    pinccs   of  relative    rest      The    molecular 

ffccs  within  the  range  of  their  natural  action  vary  directly  as  tho  dis- 

'tincc  from  their  respective   centres.      Let  it  bo  inquired  to  dotermina 

the  nature  of  the  orbits  under  tliis  law.     Then  will 


_«*,_ 


I  Equation  (272),  givt 


■fa 


SOS          KLE 

^^B 
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J 

multiplying  by 

2du,  sn.l  integrating,  wo 

SnJ 

^ 

^-- 

ie'u' 

P8D 

IVoiu   which  wc 

gel 

v/-.'-'t 

?-"■ 

tlio  ncgiitivQ  s 

;n  being  taken,  because 

PM)- 

Placing  J  C  - 

J  C  nndcr  the  nwlicul,  we 

indy  write 

f«      1               '           . 

-2wrf« 

■Vj-rs/ 

~(i7*— joy' 

4         4c' 

^^H 

and  integration 

^^H 

2  (.  +  »)  =  .OB  -'  — i 

:JfL.      H 

^^^1 

v/t" 

■ 

-T7            ^ 

^^H 

^^^^1  in            ip 

the  constant  of  int^gratiug. 

^^^ 

^^m        Takbg  COS. 

nc  of  both  mcniUers,  replaci 

g  «  by  its  value  and 

solving 

W^' 

r,  we  find 

1 

4 

\/jc  +  }\/c"-^ 

'.co.»(.  +  ,) 

^^^^p  Denote  by 

lie  raiiiiia  vector  which  is 

lormal   to  the  orbit 

corre 

apoiiding  to  tl 

is  value  n-o  have 

^ 

ind,  by  Equation  (284), 

M 

■ 

c=l.^ 

J 

1 

or    SOLIDS, 


,  tnd  bci'ui 

cos  2  (<.  +  9)  =  cos'  (^  +  , 
the  above  reduces  lo 


"v^ 


(285) 


>■(•  +  ») 


which  is  the  equation  of  an  ellipse  referred  to  its  centre  as  a  pole,  tlie 


§  2C7. — The  time  required  to  defieiibe  the  entire  ellipse  being  deno- 
ted by  T,  we  have,  Eqimtion  (264), 


-.-^S 


-♦^„: 


and  replacing  m  by  its  value.  Equation  (273)', 


(286) 


Thus  tbc  time  ia  wholly  independent  of  the  dimensions  of  tht  orbit, 
and  will  be  the  same  in  all  orbits,  gnat  and  smill  This  rtsult  finds 
its  application  in  the  suiijcct  of  aponMii-B,  thennotici,  optiLS,  &c 

g  208. — Let  lis  conehidc  the  planetary  motions  with  the  centrifugal 
force  on  its  surface,  arising  from  the  rotation  of  one  of  these  bodies, 
■fty  the  earth,  about  its  axis. 

If  V,  denote  the  angular  velocity  of  a  body  about  a  centre,  tlien  will 
^  V=pV„  and  Equation  (270)  becomes 

F,  =  M  r,V- 

The  earth  rev<il¥cs  about  its  axis  A  A'  once  in  twenty-four  hours,' 
•nd    the     eircu inferences    of    the    parallels    of    latitude    have    velociti 


S?10 
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which  diminisli  from  the  cq  lator  to 
the  polcB.  The  law  of  this  diminu- 
tion, on  the  supposition  thtit  the 
plunet  is  a  sphere,  is  given  by 

F,  =  M  F,"  R  ; 
in  «hi,^h  M  is  the  body's  mi 
ihc  eartli's  angular  velocity,  and  R' 
the  radion  of  one  of  its  parallels  of 
latitude. 

Denoting    the    equatorial    radius  C  E  =  C  P,  by  R,  and    the   sngli 
CP  C"  =  P  C£,  whieh  is  the  latitude  of  the  piaco,  by  ip,  we  have 


which  fiubslitiitcJ  fo 


R'  =  R  cos  9  ; 
R'  above,  gives 

F,  =  M  V,'  R  COB  9 


ve  J 


The  only  viiriiiblc  quantity  in  this  expression,  when  the  same  mass 
is  taken  from  one  latitude  to  another,  is  9 ;  icAeiire  nt  conclade  llmt 
tilt  cenlrifuijal  /dice  mi-ir»  a*  the  cotine  of  the   laliliule. 

Ihe  centrifugal  force  is  exerted  in  the  direction  of  the  radiiis  R'  o( 
the  parallel  of  latitude,  and  therefore  in  a  direction  obllqne  to  the  ho 
I  T  T.     Tlie  normal  and  tangential  components  arc,  respectively, 

F. .  cos  9  =  .1/  V,'  R  cos'  9,  ^H 

F, .  sin  9  r=  M  r,"  /;  .  ain  ip  cos  (J  ^  J  J/  K,'  /i  sin  2  9  ;        ^^| 

we    conclude,    thai    the    diminuiion    of  the   weighlt   of  bodm 

\  ttrinng  from  the  ctntrifuyal  force  at  the  tarth't  aujfaee,  variet  at   the 

iquare   of  the   cosine   of  the   l-itilude ;    and   Hint   nil    boJki   art,   in   con- 

lequenre  of  the  centrifugal  force,   urged    loieards    Ike    equator   by  a  force 

vUiek  varies  as  the  tine  of  twice  Ike  latitude. 

At   the  eqnstor  the  diminution  of  the  forfru   of  gravity  is  a  mai- 
nuni,  and  equal  to  the  entire  centrifngal  force ;  at  the  poles  it  i»  »ero, 
\'Tii^  earth  is  not  perfectly  spherical,  and    all    observations    ngroe  in  de- 
iting  that  it  is  protuberant  at  the  equator  and  flattened  at  the 
iffercnce  between  the  equatorial  anil  polar  diatueters  bcinj{ 
Iwenty^ix  English  miles.     If  we  suppose  the  .'arth  to  have  bi-cr 
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timii  in  a  statu  uf  flujiiilv,  or  cvcii  iipproai'liing  to  it,  its  prcBent 
[uro  is  readily  accciinti^d  for  by  lliu  foregoing  considerations. 
To  find  the  valuo  of  llie  cuiitrifnga!  force  nt  tliu  cijnnlor,  mRlcc,  in 
inali'u  (280)',  M=  1   aiiJ   co«3)=  1,  wliicli   i»  tijuivalfiit  to  siippo- 
fig  »   (mil  of  n)H»t  on   tlic  eqttalor,   Mid   we  buvu 

/]  =  r,'  R, 

wliich,  if  the  knoivn  laJins  of  tlic  ctjiiator  mul  migiilur  velocity  be 
sliuil  find 


0.1112 -K>  =  -«"'"'^"^'-^ 


^^^Bid  till:  angular  veloeily  wiib  iviikOi  tlie  i-ai'tii  f^liould  ri)tat(',  In 

IhAc  the    centrifugal    force    of  a    tJmly    i't    tin:    equator    equal    to   ila 

iglil,  itifllcG 

/ 
!/=32,  1017  =  V.'R; 

t   wliich  32,  1937  is  tliu  forr^e  of  gravity  at  tbe  equator. 
Dividing  the  second  by  the  fii-st,  wc  Hud 
S2, 18.17 

licncc, 

V,'^  17  V,; 

Ut  is  to  Bay,  if  the  eartli  were  to  revolve  seventeen  times  as  fast  ai 
Iiie(t  bodies  would  posaess  no  weight  at  tbe  equator. 


I  fSOfi- — When  a  body  in  motion  comes  into  collision  with  another, 
Mher  at  rest  or  in  motion,  an  impart  is  said  to  arise. 
'  The  action  and  reaction  which  take  plaee  between  two  bodic!<,  when 
Med  together,  arc  exerted  along  the  same  right  line,  perpendicular  to 
«  BOrlaces  of  both,  at  their  common  point  of  contact.  This  arises  from 
■e  symmetrical  disposition  of  tlic  molecular  springs  about  this  line. 
I  When  the  motions  of  Ihu  centres  of  inertia  of  the  two  bodies  are 
i  to  tin's  normal  Inifore  collision,  the  impact  is  said  lo  be  lUreel. 
Lfkis  normal   piitis.-s    llirongli    llie    centres    of  inertia    of  l>oth 


212  ELEMENTS    OP    AHALYTICAL    MECHANICS. 

bodies,    and    the   motions   of  these   ccnCrca  are    along    that   line,   Ui 
impact     is    Biiid    to     be    direct    and 
cent  rat. 

When  the  motion  of  the  centre 
of  inertia  of  one  of  the  bodies  ia 
along  the  common  normttl,  and  the 
normal  does  not  pass  through  the 
centre  of  inertia  of  the  other,  the 
impact  is  said  to  be  dirtct  and 
eecentrie. 

When  the  path  described  by  the 
centre  of  inertia  of  one  of  the  bodies, 
makes  an  angle  with  this  normal, 
the  impact   ia  said  to  be  ubli^ue. 

When  two  bodies  come  into  col- 
lision, each  will  experience  a  pres- 
sure from  the  reaction  of  the  other;  and  as  all  bodies  are  more  or 
less  compressible,  this  pressure  will  produce  a  chango  in  the  figure 
of  both ;  [he  change  of  figure  will  increase  till  the  instant  the  Imdies 
cease  to  approach  each  otltcr,  when  it  will  have  attuned  its  niaxlinuni. 
The  moleculur  spring  of  each  will  now  act  to  restore  the  formet 
figures,  the   bodies  will  repel  each   other,  and  Rnally  separate. 

Three  periods  must,  therefore,  be  distinguished,  viz. :  1st.,  that 
occupied  by  the  process  of  compression;  2d.,  that  during  which  the 
greatest  compression  exists ;  Sd.,  that  occupied  hr  the  process,  u 
far  as  it  extends,  of  retitoring  the  figures.  The  _/*ir«  of  rtttiiiitiiM 
must  also  be  distinguished  from  t/it  force  of  d'istorlion ;  the  llitler 
denoting  the  reciprocal  action  exerted  between  the  bodies  in  tha 
lirst,  and  the  former  in  the  third   period. 

The  greater  or  less  capacity  of  the  molecular  springs  of  a  b-iJy 
to  restore  to  it  the  figure  of  which  it  lias  been  deprived  by  ih* 
application   of  some   extrjineoua  force  when    the   latter  ceases  lu  Mi, 

called   its  tlatlkUi/. 

The  ratio  of  the  force  of    restitiitiou   to    lliM    of  distortion,  is  the 
ire  of  a  bodya  Haaticily.     This   ratio   is   sometiraes   called  Uw 
of  tliuliritij.      When    Ovest    two    forces    arc   equal. 


il,   tha  ,M^J 
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is  unltv,  aiul  the  ]m.).1v  is  said  to  hv  t'cn'tctht  clit^lic  :  wlu'ii  the 
latiii  is  zero,  the  body  is  said  to  be  nonclaatic.  There  are  no  bodies 
tiiat  satisfy  these  extreme  conditions,  all  being  more  or  less  elastic, 
'>iit    lume  perfectly  so. 

I-et   the  two  bodies  AB  and  A^  B\  the   former  moving  along  the 
'ine   J{2\  and  the  latter  along  <^  K 

'^'  ^\  come  into  collision  at  the  /  ^ 

point    0,      Through    0,    draw  -a   /       h.^ 

tile  common  normal  N L,     De-         jl'  /'g .'  ij  /     t>  '   ) 

"ote     the  angle   H O N  hy    9,  ""T"^/"  'f".  |i;  "/ 

and    ^/'jF.V  by  9'— these  being  S      /^v"  |  ^^-/G' 


'"^    angles  which  the  directions  /  v      /        \ 

^*    t He  two  motions  make  with  /  "^  /\A>  ^1 

'***^      normal.      Also  denote  the  ^  /  ^^ 

*^**->c;ity  and  mass  of  the  body  ^ 

-^    by    V  and  i/"  respectively,  and  the   velocity  and  mass  of  A'  B' 
^y       V  and  Jir. 

Ilie  components  of  the   quantity  of  motion  of  the  two  bodies  in 
^      direction  of  the  normal  and  of  the  perpendicular  to  the  normal, 
^'U     be 

if  F  cos  9,     M*  V  cos  9'     and     M  V  sin  9,     M*  V  sin  9'. 

Ihe  former  of  these  components   will    alone   bo    involved   in  the 
act;   for  if  the   bodies  were    only    animated   by  the   latter,   they 
^^^Id  not  collide,  but  would   simply   move    the    one   by    the  other. 
^^^   simplicity,    let   the   body    A  B  h^    spherical;    the   normal    will 
through   its  centre  of  inertia. 
Denote  by  «,  the  velocity  of  the  body  ^  ^  in   the  direction   of 
^^    normal   at  the   instant  of  greatest  compression,   and  by   u'  the 
^l^^>city  of  the  body  A'  B'  at  the  same  instant  in  the  same  direction. 
^  will 

F  cos  9  —  «,    and     F'  cos  9'  —  «'     •     •    •     (287) 
the  velfjcities  lost  and  gained  in  the  direction  of  the  normal,  and 
Jf(Foo8  9  -  «*),    and    if  (^0089' -«')•••  C2B8^ 


t 
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I J  gained  at    iha  iiistunt  of  greatest  conipressiOD ; 


be  the  forces  lost 
and   hence, 


J/"{Fcosp  -  u)  +  3r(K'c 


-«')  =  0;- 


Cis 


and  doDDting  the  i 
distance  G' D  fron 
by  e,  wid    the    prin 


.>city  of  the  body  A' ff  by  V/,  the 
e  of  inertia  of  A'  B'  lo  the  tiurmal 
,    of  gyration    of   A'  B\   with    reference 


to   the    inslantaneous  axis  by  *, ,  iher 


■M-[Fcos9-«). 


will 


and  since   the   velocity  «  must    be   equal   lo    that  o 
die  end  of  the  lever  arm  t,  we  have 


the    point  D  at 


Substituting  the  values  of 
to   Equation  (260),  we  find 


XV  a. 

f  +  icr  CO. 

?' 

+  HP 

v; 

M+  M' 

MVcDs 

,  +  jr  r  CO, 

V 

-M> 

V,' 

M  +  M 


■-y,' (291) 

'  from  this  equation  succesiivelj 


■  ■  im 


After  the  instant  of  greatest  compressiun,  the  molecular  springs 
of  the  bodies  will  be  exerted  to  restore  the  original  figures,  and 
if  e  denote  the  co-cfiicient  of  elasticity,  then  will  the  velocities  lusl 
by  A£   and  gained   by  A' £'    during   the  process   of  restitution   be, 

respectively,   ■ 


c{V  cos  f  - 
and  the  entire  loss  of  J 
F00S9  —  u  +  e(Vcosif- 


u)     and     e  (V  cos  p'  —  «') ; 
B,  and  gain  of  A'  B',  will  be,  respectivelr, 
■0,    and     Vcos^'~u'-i-c{Vcoap'-u'). 


Also    the    gain    of   angular  velocity    of  the    body  A'  B',  during  th" 
process  of  restitution,  will  be 
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and  the  whole  angular  velocity    produced  by   the   impact  and  denoted 
^y   K^  will    be   given   by    the   equation, 

rr        /^    .     v(FeosQ)  ^v)  e  M 

F-,  =  (1  +  c)  i_-^_J_  ._.      ...      (294) 

Denoting   the  velocities  o£  A  B  and    A'  B\  after   the   collision    by  . 
9    and    v\   and   the   angles   which    the   directions    of   these   velocities 
naake  with  the  normal  by  4  and  d',  respectively,  then  will 

V  cos  4  =  Fcos9  —  Kcos^  +  M— c  (  Fcos^—  ti)=:(l  4-  f)  M  —  c  Kcos9, 

i''cosfl'=  Pco8(p'~  r'cos(p'4-w'-c(K'cos(p'-ti')  =  (l-f  c)w'-cF'cos(p', 


replacing  the  values  of  u  and   «',  as  given   by  Equations  (292) 
*n^    (293), 

,     „.    ,if  Fcos9+if' F'cos(p'+ir<?  F/         ,,  ,       , 

^C09d=(l+c)  M^-M'^     ^-cFcos9,   (295) 

/       .,     „  .    .iW'^^cos^  +  ilf' F'cos(p'-ifeF/  ^^,  ,  ,^^^, 

v'cosd'=(l+c) 1 — ^^  .     .^,— !^  —  c  F'  cos(p'  (29G) 

-"moreover,  because  the  effects  of  the  impact  arising  from  the  compo- 
■^^rits  of  the  quantities  of  motion  in  the  direction  of  the  normal  will 
^^  wholly  in  that  direction,  the  components  of  the  quantities  of 
*^^t:ion  before  and  aft^jr  the  impact  at  right  angles  to  the  normal  will 
^^    the  same,  and  hence 

V  sin  d  =   Fsin  9, (297) 

v'  sin  4'  =  F'  sin  9' (298) 

^S^^aring   Equations    (295)    and    (297)    and   adding;     also    Equations 
'^^6)  and  (298)  and   adding,  we   find  after  taking   square   root,  and 
^^ucing  by  the  relations 

cosM  +  sin'  ^  =  1 ;    cos'd'  +  sin'  d'  =  1 ; 


L,     .    ,J/Fcos<p+if' rcos<p'+ilf>F/       '       ,«  ,  r2  .  2     /oao\ 
y  [(1+^) M  -h  iT ^-cFcos9p+  \  2sm2<p.(299) 


V  M.  -f-  M. 
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DiviJing  Eqimlioh  (-'OT)   by  Ei|.inlion  (*2flj),  utnl    Rjuulion  (2j 
Etiiialioit  {2'JO),  we  hav<-. 


(I  +  ^r- 


M  yL-»»<B  +  M'  Vc 


M  +  M' 


Kiiiiali.jiis  (290)  and  (-202),  «ill  givo  the  vuIiips  uf  u  and 
known    terms,   and   tlii'se   in    K<junli<iiis    (291),  (2S3)  mid    (298j 
give  the   values  of    K,,  v,  and    v',  »nJ   all    the    circumsUiticcs   of 
collision  will  be  known. 


gaiO. — If  the  bodies  be  both  spiicricol,  then  will  «  =  0,  and  E<ji 
ftion  (294)  gives    1',  =  0;  and  Equiitions  (209)  and  (300),  (301)  nd 

(302),  iH'corne 


.=v/«'-)^^^^ 


M'  V  . 


--cVcos^y  ^V^iin'tf  ...  (J 


1 


/  M  V  t;i^ D  +  At'  y  fosa' 

Fsinp 


(1+0 


My  casta  +  M'V'o 


(I+=) 


M  +  Al' 


cVct 


(305)    ' 

(3oo)iB 


The  Equations  (303)  and  (304>  will  moke  known  the  vulrwltlc* 
and  (305)  and  (306)  the  direetiuns  in  which  the  bodies  will  mon 
nfler  the   impact. 

Now,  suppose  tbe  body  A' B'  at  rest,  and  Its  in&ss  so  gn-at  I 
the  mass  of    J  B    is    iiifiignificant    in    cuniparisuu,    lb«a  wUlu 

tMO,  M'  may   be   wriltcii  for  Af  +  .V  and 
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W            fninll  that  nil    ihe   terms  into    whiuh  it   enters  as   a 
'              ncelcclcd,  and  Equnlion  (303)   becomes 

1 

'"nd     Equation  (305), 

.1 

'-"]m 

Xhe   tongcnt   of   6   being   ncgit[iv@,  shows  that    tliu    angle    ^ S^^^^M 
^^'hich    the    direction    of  AB'a    motion                                                    ^^^| 
niAlc^s  with  the  normul  N  N'  after  the             ^,  A'           ^y               ^^| 
*"^I»BCt.  is  greater  than  90  degrees;  in                \  \         "/                '^^| 
***-*»e!r    words,    that    the    body    A  B    is                   \\     /^                 ^^H 
'^••Sv-en    back    or   reflected   from    A' B'.                       '''V^          '     ^^t 

^"^l^  explains  why  it  is  that  a  cannon.          "*            ^}\J'^  ' 
**Hs  stoQ«,  or  other  body  thrown   ol>-                       /     \ 
^•i»»«ly  agiiinsl  the  surface  of  the  earth,                     ^/          \. 
^''■X     rebound    sev^eral    times   before    it                                        S 
****»^es  to   rest. 

If  ihe  bodies  be  non-elftstic,  or,  whieh   is  the   same  thing,  if  c  be 
"es-^O,  the    tangent  of  $   becomes    infinite;    that    is   to   say,    the   body 
^*    -*3  will   move  along  the  tangent    plane,  or  if  the  body  A' B'  were 
^*^*3«iecd  at   the  place  of  impact   to   a  smooth   plane,    the   body  AB 
*»<*«ld  move   along   thii   plane. 

If  the   body  were   perfectly  elastic,  or   if  e  were   oqtial    to   unity, 
^""QJch  expresses  this   condition,  then   would   Equation  (307)  become 

^^i-^h    means    that    the    angle    iVKF  =  SffM'    becomes    equal    to 
^^  JIN'.      The   angle    SHIP    is   called   the   angle   of    incidence,   the 
*»8l<!  KHN'.  commonly,  the  angle  of  reflection.      Whence    we    see, 
*"*«l  when  a  perfectly  elastic  body  is  thrown  against  a  smooth,  hard, 
^^d  fixed    plane,  the   angle  of    Incidence  will    be    equal   to   the   angle 
^  rufleclion 

If  the  angles  tp  and  ip'  bo    zero,  then  will    cosip  j=  1,    cos  ^'  —  t. 
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sin  (I  =  0,    sin()'=0;    ihe    impact    will    be   direut   and   central,  i 
'Equations  (303)  and  (304)  bocome 

und  pnsKLLig  to  the  limits,  non-cinsticity  on   llie  one    band  n 
elasticity  on  the  other,  we  huve  in  the  lii-sl  etise,  e  =  0,  lud  1 

_  Mv  ■{-  »r  r 
,  _  MV  +  irv'  ,15a 

M+  M-  llH 

and  in    the   second,  c  =  I,  consequently,  ^^^| 

■ JT+M' *^ ^^"'' 

^F+^'V  


CONSTRAINED  MtmON. 

§211. — ThuB  fur  we  have  only  discussed  the  subject  of/rrtfl 
We  niiw  come  to  eitnatraintd  motion. 

Mution   is  said  to  be  cunstrniiied    when    ])y    the    iiitcrpoMtldl 
some  rigid   surfiwe   or  curiae,  or   by    connection   with 
more   fixed   poinis,   n  body   ia   compolled    to   pursue  a  path   diiliirw 
froin    that  indicated  by   the   furoos   which  impart   motion. 


g  212. — The   centre  of  inertia   of  a  body   mny   be   made  to 
tinue   on  a  given  surface,   by  causing  it  to  elide   or  roll 
other  rigid  Nurface. 


§31.3,— Wo   have    : 


.  tliAt   ibe 


made  to  X0 
roll    upiH^B 

I  ratt^BflPB^^B 
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uidependent  of  one  another,  and  the  generality  of  any  discussion 
'elating  to  the  former  will  not,  therefore,  be  affected  by  making, 
'«    Equation  (40), 

$^  =  0;     ^4/  =  0;     <Jnf  =  0; 
^hich  will  reduce  that  equation  to 

(2Pcosa-  ^.j:m)8x, 


+  (2Pcosi8  — 


cPz 


^m)dy^ 


^  =  0. 


+  (2Pcosy  —  —,lm)Sz, 


ing 


aii<i 


m  z=  M;     iPaosa  =  X;     2Pcos/3  =  F;     iPcosy 
omitting  the  subscript  accents,  we  may  write 


=  Z; 


(a--*.^)  ,,  +  (r-M.tT) .,  +  (z-«.tr)  ,„ 


0.(313) 


XJow,  assuming   the   movable   origin  at   the  centre  of  inertia,  and 
^^I^J)0sing  this  latter   point   constrained   to    move    on    the    surface    of 
■^^  ch  the  equation  is 

L  =  F{xyz)  =  0, (314) 

^^    virtual  velocity  must  lie   in    this   surface,  and    the   generality   of 
^illation    (313),  is    restricted    to  the  conditions   imposed   by  this  cir 
^  *>istance. 

Supposing  the  variables  x  y  z^  Jn  the  above  equations,  to  receive 
*^^  increments  or  decrements  ^  a?,  ^  y,  6  z,  respectively,  we  have,  from 
*^^  principles  of  the  calculus. 


— —  .djr  4-  -  —  »oy  +  — —  .  d2r  =  0. 
ax  ay  dz 


•     •     • 


(315) 


''Multiplying  Sy  an  indeterminate  intensity  X,  and  adding   the   j^roduct 
Equation  (313),  there  will  result 


(jT-  if 


'd^ 


+  X 


+(^ 


dt^ 


dL 

in 

dL 
dy 

dL\ 


)  dx 


y  ==0. 


+  (z-jr.^  +  x.^)*. 
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The  quantity  X,  being  entirely  arbitrary,  let  its  value  be  such  as  tit 
reduce  the  coefficient  of  one  of  the  variables  Sx.  Sy,  Si,  say  that  of 
Sx,  to  zero;  and  thRro  will  result 


(316) 


Now  in  Equation  (315),  Sy  nnd  Sz  may  be  assumed  arbitrarily,  and 
Sx  will  result;  hence  Sy  and  Sz  in  Equation  (317)  may  be  regarded 
as  independent  of  each  other,  and  by  tlie  principle  of  indeterminate 
coefficients, 


-jtf 


+  X 


dL 


dy        ' 

dL 
+  X.^  =0, 


Z  -  M- 

und  eliminating  >.  by  means  of  Equation  (310),  we  find, 

V  dfl/       dx         \  dfi/      dy  ' 

\^         '^     d?J      dy         \^        '^    J?J     ^-^' 


which,  with   the  equation  of  the  surface,  will  determine  the  place  of 
the   centre  of  inertia  at  the  end  of  a  given  time. 


(31S) 


(319^ 


MOTION   ON   A   CDEVE  OF  DOUBLE   CUBVATCBK 

§214. — If  the  centre  of  inertia  be  constrained  to  move  upon 
two  surfiices  at  the  same  time,  or,  which  is  the  same  thing,  upoim 
ft  curve  of  double   evrvature  resulting  from  theit  intersection,  take 


i  =  f(«y7)  =  0,  I 


(asoj 
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from  wliich,  by  the  process  of  differentiating  and  replacing  dx^dy^  dzy 
1>J  the  projections  of  the   virtual   velocity, 


dL  .     ^dL    .     ^dL     .         ^ 


d  X 


dy 


dz 


dH  .         dH    .     ^dH    . 
dx  dy  dz 


(321) 


(322) 


Multiplying  the  first  of  these  by  X,  and  the  second  by  X',  adding  the 
products  to  Equation  (313),  and  collecting  the  coefficients  of  (Jar,  (Jy, 
and  5  z^  we  have 


j,.tf  +  x.l^  +  v 


df' 

..  d^  y 


dx 

dL  dH 

dy  dy 


d  X  / 


..  d^z    ^   ^     dL     ^      .    dH 

M'  -T-TT  +  X  .  — 1-  X' 


t/^2 


dz 


d  z 


)5y 
^Sz 


=0     .  (323) 


^^w  the  coefficients  of  two  of  the  tiiree  variables   Sx^  Sy    and   6  z, 

^y  those  of  ^a:  and   $y,    may   be  made   equal   to   zero  by  assigning 

proper  values  for  that   purpose  to    the  indeterminate  intensities  X  and 

^^  in  which  case,  since  S  z  is  not  equal  to  zero,  its   coefficient     must 

also  be  equal  to  zero;    whence 


X  —  M '  — 7- .,-  +  X  •  — \-  X'  •  — — 

d  t^  dx  dx 

a  /*  dy  dy 

^^    d'z     ^    ^     dL        ,,     dH 
a r  dz  d  z 

^^  eliminating  X  and  X',  there  will  result 


=  0, 


=  0,    ^  .  .  .  .  (324) 


=  0. 


(^-^•S)C^ 


dL     dH 


dz      d  y 


d^y\     (d  L    dH 

~dT 


^  V  d(^/      \dx 


dL  dH 

dy  d  z 

dL  dH 

d  z      dx 


.    f»        .^  ^«\     {d  L 


d  L    dH        dL    dH 


dt, 


dx 


■■■■      ■^"  •      ^BaB*  a^BM 

dx       dy 


) 

)J 


=  0.  (326) 
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which,  vith  'he   equations  of  the    surfaces,  is  sufficient   to  det«i 
the  co-ordinates   of  the  centre   of  inertia  when  the  time   is  give 

§  215. — If  the  given  aurfhces  be  the  projecting  cylinders 
curve  of  double  curvature,  then   will   Equations   (320)   become 

L  =  F{xz)  =  Q;\ 

H  =  F'{yz)  =  0.\ 

And  because  L  is  now  independent  of  y,  and  H  is  independent 


dy 

dH 

'     dx    ~ 

0; 

nhich  reduce  Equations  (3^)  to 

X  - 

M 

%-^ 

4r^  =  « 

r- 

it 

%-- 

^- 

z- 

M 

?^- 

^^-' 

■%l-^. 

RLd  Equatio 


(325)  to 

V  dfif       di      dy 

\         d(^)    d. 


dL    d_H 

dy  ) 


This,    with   the  equations  (f    the   curve,   will  give  the   place   o 
ccnti'e   of  inertia  at  the   end  of  a  given   time. 

§210. — if  the  curve  be  plane,  the  co-ordinate  plane  xt,  mi 
assumed  to  coincide  with  that  of  the  curve;  in  which  case 
second  of  Equations  (327),  becomes  independent  of  y,  that  - 
ble  reducing  to  zero,  and 


d'y  =  0,     and 


dy 
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!  Equations    (327),  bcome 


ttid     because  the  factor 


^uation  (328)   becomes,  on  dividing  out  the  common  fiictor  -^ — , 

§  217,— By   transposing  the  terms  involving  X,  in  Equations  (316) 
wd    (318)  and  squaring  we  have 

The  Beeond  member  of  this  equation  is,  Equtition  (50),  the  square  of 
the  intensity  of  the  resultnni  of  the  extrnneous  forces  and  the  forces 
of  inertia.     Denoting   this  resultant   by  JV,  we  may  write 


dividiig 

each  of  the  equat 

Ion. 

-^/7=- 

(X- 

-  w 

-'-^- 

(r- 

.  Jf. 

UP/ 

-^  =  - 

(z- 

-if. 
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obtained    by    the  transposition  just  referred  to,   by   Equation   (831^ 
we  find, 


/(^)V(^f^(^)" 


s/m^w^w 


/(^y+(jf)'+(g)' 


(3»-S> 


llic  second  members  ore  the  cosines  of  the  angles  \rhich  'the 
resultant  of  all  the  forces  including  those  of  inertia,  makes  wilh  -Khe 
sj;es;  the  first  memlxTs  arc  the  cosines  of  the  angles  which  *J*c 
normal  to  the  surface  at  the  Imdv's  place  makes  with  the  same  fl;«c  ^*' 
lliese  lieinsr  equal,  with  contrary  signs,  it  follows  not  only  tliat  ^l" 
forces  whose  intensities  are 


are  eqn:il,  hut  that  thcj  arc  both  normal    to  the    surface,  and    nct^ 
opposite  flirections.     The  second  is  the  direct  action  upon  the  siirfa.  *^*' 
the  first  is  the  reaction  of  the  snrfaec. 


Eqi.alion  {:)31),  will,  ih.n-fore,  gii 
resistance  sudicient  to  neutiiilize  ail  act 
inconsisti'ut  with  the  arbiimry  coi<ditiui 
path.      If  the    body    be   cunsiraiiicd    to   i 


the    value    of  ii    j^ust^  ■ 
n    in    the   syst«ni    « Ijicl* 
imposed    uptm    \\iv    liiicJ>' 
3ve   on   a   rigid   MirlUi-o 


lin 


rMsiaiice   will  i 


r><> 


§218.-11'  Equations   {^'i)    be    multiplied    by 
«nd  tli«  nn^lei)  which  the  m«>v«.»\  rw^wVaM^a  tS  "fio*  «rf«»  w«' 
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■jxes   T,  ij,  J,    respectively,    be  denutcd   by    i„    i^  and    i„   those 
Btions  will  take   the    form 


P 


S  210. — ^To  impose  the  condition,  therefore,  that  a  body  in  motion 
1  romain  on  a  rigid  surface,  is  equivalent  to  introdudng  into 
system  an  additional    force,   which   shall   be   equal    and   directly 

K»cd  to  the  pressure  upon  the  surface.  The  motion  may  then 
regarded   as  perfectly  free,  and   treated    accordingly.      The   same 

^t  be  shown  from  Eipationa  (324)  to  be  equally  true  of  a 
d    curve,    but   the    principle    is    too    obvious    to   require  further 

cidatioo. 

Xquations   (333),    may,    therefore,    bo    r^rded   us    equally   appli- 

lile  to  a  rigid  curve  of  any  curvaUire,  aa  to  a  surface;  the  nor- 
reaction   of    the    curve    being    denoted    by   JV,   and    the    anglen 

leh  J(r  makes  with    the   axes  x,  y,  2,   by  i„  t,,  and  I,. 


220.— To    find    the    valu( 
B),  by  the   relation 


of  JV,    eliminate   d  t  from    Equn 


*hich    V  and  »  are  the  velocity  and   the  space ;   tlen  by  transipo- 
Mt  these   equations   may    be    written 


,JV"-coB*.    =M-  r»-- 


ELEMENTS    OF     ANALYTICAL    MECHANICS. 


Bquuring,   adding   and  reducing  by   the  relations 


IP  =  X*  +  y  +  z*, 

los'i.  +  cos^a,    +  cos'    «,  =  1, 


Resolving  R  inti   two   components,  one  parallel   and  the  other     ^ 

pendicular  to    the  pnlh,   the   former   will    be    in    equhibrio   wirh 

inertia    it  develops    in    ihe    direction   of   the    curve ;    and    dcno « 

by    p    the  inulination    o{  R    to    the    radius    of  curvature,    we 


Rsm<f  ^  M----^  =  M-  !■=. 


d^ 


8.1u.iHng 

and    BU 

btracting 

froi 

the 

quatior 

above,  there 

will  re^°M 

"'■h 

■  ((.'=« 

).  +  (d=y)=  +  (j.,) 

_(Ji,)=)  +«■„«■  3*1    1 

but 

-iM. 

:.{ 

U'd 

K    d 
Rd 

^4' 

^r- 
.^'- 

Z    ,P,       . 
^     Jz 

-S)        1 

Buliipl, 

ng   the 

second 

mem 

ber   by 

p~  p 

substitliliMg 

nbove.   on' 

reducing 

by   the 

relations, 

1 ■'•' 

dtdii~ 

4: 

d>' 

dt 
~    d»'' 

J. 
V. 

» 

COS 

X 

4 

-.^- 

•8. 

A|.|*.,diiNo  g. 

^ 

in    wliidi    p    denotes    llxe   radius   of  eiirioture,    we   hftve, 


jaitd  taking  s(]uarc  root, 


Jfi 


(S31) 


Kha  first  term  of  the  secimij  member  is, 
Ef  105,  the  centrifugBl  force  arising  frum 
Nile  defleutiog  actlun  of  the  curve,  nnJ  the 
llwt  tern)  la  the  normal  uumponent  of  the 
fmultant  B.  As  the  equntion  stands,  ita 
Itipis  apply  to  the  case  in  which  the  body 
I  It  on  the  coDcave  side  of  the  curve,  and 
^tiie   resultant  Acts   from  the   curve.     The  angle  9,  must  be   measured 

Irom  the   radius    of  curvature,  or   that    radius  produced,  according  as 
ilhe  body    is    on   the  concave   or   convex   side  of  ihu  curve.      When 

ifte    body    is    moving   on    the   convex    side  of    the    curve,   the   &rst 
|term     of    the    second    member    must    change    ita   sign    and    become 


S22I. 


-Writing  Equations  (333)  under  the  form 

if-T-,   =  ■*■+   iVcOS*„ 

if-~=  Z  +  2fco^».; 

Knltiplying  the  first  by  2dx,  the  second  by  Hdy,  the  third  I 
dding  and  reducing  by  the  relation 


2dM, 


L 


•c^:- 
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»nd  the  axis  of  z  being  vertical    and 
jositivo   downwards, 

ir=0;     r=0;     Z=:Mg) 

which    values    in     Equations    (319), 
give 


9y  -y 


+  z 


dfi 


(337) 


=  0; 


9^^  differentiating  the  equation  of  the 
■pliere  twice,  we  have 

xd^x  +  yd^y  +  z.d^z  =  —  {dx^  +  dy^  +  rf««); 

^*^iding  by  rf^,  and  replacing  the  second  member  by  its  value  F*,. 
***®    velocity,  we  find, 

d^^    .  d^y    .        d^z  rt^ 


rf^ 


c/<2 


(/^2 


But,  Equation  (335), 

V^  =  2gz  +  C (338) 

^^    denoting  by  F'  and  Ar,  the  initial  values  of  V  and  z,  respectively, 
^^     have 

F«=  F'>  +  2^(«-Ar), 
^*Q]i  substituted  above,  gives 

^3iminate  or,  y,  (^:r,  (f^y,  from  this  equation  by  means  of  Equa- 

(836)  and  (387).    ^ 
from  the  ktter  we  find, 


d^x 


d*x  __   X  /d'z         \ 

JF  "T  \dW  ""  ^/ 


L- 
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which    substituted    in    Equation    (339),    and    reducing    by    means  of - 
Equation  (336),  we  get 

.~=^(a»-3*«  +  2i0-'^«; 
[  multiplying  by  2dt,  and  integrating,  we  iind  i 

Kb)  which  C  is  the  constant  of  integration,  and  to  determine  wbioh, 
fire  denote  the  component  of  the  velocity  V\  in  the  direction  of  tht 
■1  ^y  ^I'l   """^    make  z  =  k.     Thia  being  dune,  we  get 

rfhence, 

adding  and  subtracting  a*  F''  in  the  second  member,  thia   reduces  lo 
=  (a»-.^)tF''-2j,(i-z}]-  C,, 


di' 


in  which 


C,     =     (a^  -  I')  F'=  -  a^  F,'». 
Finding    the  value  of  dt,  and  integrating,  we  have 


v1^ 


.>)[F" 


j(i-.)]-C, 


.  (3M) 


beet 
^.    Eqt 


Could  thia  equation  be  integrated  in  finite  terms,  then  womd  ( 
become  known  for  a  given  vahie  of  ( ;  and  this  value  of  «  in 
Equation    (336),  and   the   first  of  Equations   (337),  after    integration, 

m!d   make  known  the   values  of  x  and   y,  and  hence  the    position 

iha   body  ;     its    velocity    would    bo    known    from 
this   integration  ia  not  po^sWiVc. 


ikjuBtion   (8S5J.     I 
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^^^^%2.— We  may,  however,  approximnte  to  the  result  when  tha 
initial  tiiipulse  is  small  and  in  a  horizontal  direction,  and  the  point 
of  departure  ia  near  the  bottom  of  the  howl.  Let  l  be  the  angle 
which  the  radius  drawn  to  the  variable  position  of  the  IxMly  makes 
with  the  axis  of  a;  (p,  the  angle  which  ihe  plane  of  the  angle  * 
makes  with  the  plane  through  the  axis  «  and  initial  place  of  the 
body,  supposed  in  the  plane  xz;  V  =  ff  yyo",  the  velocity  of  pro- 
jection  in  a  horizontal  direction,  y3  being  a  very  small  quantity ; 
tod  d  the  initial  value  of  i.    Then,  because 


*  =  a.eosd  =  a{l  —  2  gin* ^i);     t  = 
dt=  —a.ani  .dS;      r.'=  0; 
C,  =  fl' .  4  sin*  i  «  .  cm'  j  a  .  fl- .  «  ;/  =  t 

Equation  (340)  becomes 


■  (1- 


■')■); 


-Vi-A 


V'^'Cii 


I'*)  — 4  Bin**(Bin'l*- 


and  making  i   and  a  very  small,  their   arcs    may   be    taken    for  their 
tines,  and  the  above  becomes,  after  differentiating, 


-Vt 


VK  _  »■)  ((>  _  ^') 


(841) 


which  may  be  put 

whence,  by    int* 


vV 


-  H')'  -lit'-  (.-  +  (=■=)]■ 


=v/f-[^ 


(■'  +  «■)• 


- «')  +  J  (.'  - 


^■ 


']+  C;     ■     ■     (34S 

nte   lo   (,    Me  get 


■ 

^^^H 
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From    which   it    appears    that    the    greatest    and   least  values  rf»     ' 

will  occur  periodically,  and  at  equal   intervals  of  time.     The   formel 

of  these  values    la   found    by   making 

^ 

™.o.^f.,=  ,; 

whence  9  v/^  ■  (  =  0,     or 

...  „..^ 

and  EO  on;    and  for 

a  single  interval  between 

wo  consecutive  mnxi. 

ma,  without  respect 

to   sign, 

■ 

'"v^--- 

(M4) 

^^^^Ktbe  maximum  being 

.. 

^ 

^^^H      The  least   value 

occir.  »ben 

■ 

■       -^^- 

=  -  1,     0T2<Ji-l=<(, 

r  =  3<,    ke. 

^^^^^nrhenco  for  a  single 

interval   between  any  maxin 

lum  and  the  succeed- 

»^"— 

■ 

'  =  i^^/^■'    ■  • 

(345) 

the    minimum    being 

/3. 

The  movement  by  which  these  recurring  valu 

s  are  brought  about^  , 

notion;    that   between    any 

two  equal   values   iaM 

ualled   an   oscillation 

;     and    when     the  oscillations  are   performed   inmt 

equal    times,    they   a 

re    said    to    be   Inoe/ironoui. 

^ 

Again, 

d^        dp    dt, 

di  ~  di  '  dd' 

% 

.o„i™i.gf„r4?, 

its  value   obtained  from   the 

relation  ,  =  <Uy^ 

we  find 

^H 

di 

*»  +  y'      V        dl          ^      d 

7)'^^^H 

Intcgrnliiig  l!ie  first 

of  Equation!  (337),  «o  gel 

^H 

''.V 

■^'dt 

y.25  =  -2,=  ra.  =  .,Sai^;               ^^ 
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dt 


substituting  this  above,  aud  also  the  value  of  -r-p ,  given  by  Equa- 
tion (341),  we  find 


d^ 
IT 


a^p 


a  y^(aa  -  ^2)  (6^  -  )8*) 


:>       •     •     • 


(346) 


dividing  this  by  Equation  (341), 


d(p 
di 


but 


7  ««ff 

6^ 


a.jS 


^(a2  +  ^2)  +i(a3-/32).cos2v^-J.< 


whence 


d^ 

Tt 


=v? 


a./? 


a^.cosH/— •^  +  )S».8in2 


•  •  • 


(347) 


^om  which  we  find 


a 


V?- 


(f^ 


(^9  = 


a*  V    a 


integrating,   and  taking  tangents  of  both   members, 


^  IT 

tan^  =  —  •  tan  \/-^'  t 

a  V   a 


•     •     •     • 


(348) 


^m  which  the  azimuth  of  the  plane   of  oscillation  may  be  found 
tt  the  end  of  any  time. 

Making  tan  9  =  oo,  we  have 


i''  =  T*''   «' 


8 

2'5    °' 


6        - 


plane  ly,  is   an   ellipse  whose  centre  Is  uu  ths  vertical  radiu 
sphere,  and   thul   ihe  line   connecting   the    body  with    the  < 
'ftJie   sphere,  descrihcs  a  conical    snrfdc«. 

If  a  =  (3,  then  will,  Equations  (3-13)  and  (348), 


kence,    the    body 
Xnotion. 

The   preasnre  upon    the   surfiice,  at  any  point  of  the   body'a  path, 

given  by  the  value  of  N  in  Equation  (334), 

1 223. — EiarnpU  2. — Let   the   body,  still   reduced    to  its  centre  of 
Snertia  and  acted  upon  by  its 
■Dwn  weight,  be  also  repelled 
'fiom    the    bottom     point    A 
^)f  the  bowl,  by  a  force  which 
"varies  inversely  as  the  sq 
«)f  the  distance  ;  req( 
JKiBition  of  the  body  in  which 
it  would   remain  at   rest. 

As  the  body  in  to  be  at 
'  nat,  there  will  be  no  inertia 
uerted,  and  we  have 
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g  the  axis   e    vortical,  positive    upwurd*,    mid  ihe   i 


and  assuming  the  axis 
at  the  lowest  point  A, 

dL   _ 

dy 


-  =  ix; 


=  ~yj 


2az  =  0, 
'  r. 


dx 


and  denoting  the   distance  of  the  Iwdy  from    the  lowest  point  1; 
the   intensity  of  the  repelling  force  at  the   unit's  dislunce  hy  I",  n 
the   force   at   any    Uisliince  by  P,  then  will 


for    Ihc   force  P,    cos  a  = 
weight  Mff,  cos  a'  =  0  ; 


37'  =  —  !;    nnd 

-Mif  +   ~ 


HwM  several  values  being  substituted  in  Equations  (310),  gif^ 

Fyx        J^!fr_ 
H  r>     ~    ' 

The   tirst   equation    establishes   no  relation  between  x  and  y,  1 
the    equilibrium,  which    depends    upon    the    distance   of   the  par 
from    the   source   of    repulsion,  would    obviously    exist   at  any   ] 
of    a   horizontal    circle  whose    circumference   is   at  the  proper  h^ 
from    the   but 

From    the   second   eqiiation    we  deduce, 

^l  =  Mg, 


Mg  ' 
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from  Mhich  r  becomes  known;  and  to  dclcrmino  tliu  posiUon  of  tl» -i 
drcle  upon  which  the  body  must  be  placed,  wc  liave,  by  making  I 
c  =  0  in  Equations  (352)  and  (351), 


yS  +  j2  _2az  =  0. 

Equation  (353)  makes  known  the  rcliition.  b>  iwecn  the  weight 
of  the  body  and  the  repulsive  force  at  the  unit's  distance;  the  in- 
tensity  of  the  force  at  any  other  distance  may  therefore  lie  deter* 
inined. 

If  there  be  substituted  a  repulsive  force  of  different  intensity,  J 
bat  whose  law  of  varJution  is  the  same,  we  should  have,  in  like  I 
noanner. 


is,  ibe    furoc<    are  as   the  ciibvs    of  the    distiinecs   at   which   the 
Ixtdy   is    brought   to   rest. 

If,    instead    of  being  supported   on   the   surface    of   a   sphere,    the 
Iwdy    hod    been    connected    by   a  perfectly    light  and   inflexible    lina 
>itith   the  centre   of  the   sphere  and    the   surface  removed,  the  result   I 
'would   have  been    the    same.      In   this   form    uf    the  proposition, 
Bavo  the  common  EUrtroscope. 

The  diflercntial  co-eflicients  of  the  second  order,  or  the  ternia  which 
meaaure  the  force  of  inertia,  being  equal  to  lero.  Equations  (^32), 
■how  thAt  the  resultant  of  ihe  exlraneuus  forces,  in  this  case  the 
-<veight  and  repulsion,  is  normal  to  the  surface,  which  should  Ira  the 
«se;  for  then  there  is  no  reason  why  the  body  should  move  in 
one  direction  rather  than  another.  The  pressure  upon  the  surface  i 
rWwi   by    the   value  of  N,  in  Equation  (334). 


%Z%\.  — Ei'implc  3.     Let    it   be    rcqu 


red  t 


find  the  clrc 


?S8         SLKHENTS    OF    AlfALTTIGAL   KECHAVIOS. 

«f  motion  of  a  bod;  acted  upoo  bjr  iti  oim  ireigbt  while  na  Ab 
arc  of  a  cycloid,  of  which 
the  plane   is  rertio],  aod 
directrix  horisontat. 

Takiog  the  axis  of  s, 
vertical;,  the  plane  zx,  in 
the  plane  of  the  curve; 
and  the  origia  at  the  low- 
eat  point,  then   will 


L  =  X  -i/2fli  -«>  —  ( 
in  which  t  la  taken  positive  upwards. 


■nd  Equation  ( 


X  =0;     Z  = 

I  becoroea 


<f* 


■+!  +  ■ 
and  by  tranaposilion   and  division, 


(SH) 


(3M) 


(SM) 


rf(*  ' 


/•ia  —  t      ftp     /2a~t 

V——      V-;;- 

From    the   equation    of  ihe   curve   we   find, 


■v^-. 


multiplying  by  Equatiun   (357),  there  wi'.l  result 


(367) 


(865) 


-Sjdt- 


HEOHA.NIOS    or    SOLIDS. 


hj   intpgration, 


=  C'-2^.-;^; 


=  r'=C-2gt; 


cad   supposing   the   velocity  zero,   when  c=:A; 

0=C-2jfA; 
''lich   subtracted   from   the   above  gives 


^^^  =  ».(A-.). 


K:i)    eliminftting   rfx*   by    means   of  Equation   (358), 


dfi  ' 


.(A«-z») 


■  959) 


■v/A«-«» 

^tie    negative   sign    being    taken  because  x   is   a  decreasing    function 

By  integration, 

/a     f       d*  fir        .  -i2«  ,    _ 

Uakiog  X  =  A,  ire  have 

0  =  —  y-  •  versin"'3  +  0; 


When  the  body  hai  reached  the  bottom,  thcD  will  «  i^  0,  and 


"fr 


which  IB  whully  independent  of  A,  or  the  point  of  departure,  and 
we  hence  infer  that  the  time  of  desecnt  to  the  lowest  point  will  w 
the  siiiiic  ill  the  same  cycloid,  no  matter  from  what  point  tho  body 
"tarts. 

Wlienever   r  =  A,   the   body   will,    Equation    (359),  stop,    and   »e 
shall    have    the  times   arranged  in  order  before    and   afVer  the   epoch, 


4-V|-.  -^'v4'  »■  --s/^'  "\/|' 


■tfte  difTerence  between  any  two 


-v/f- 


&;(h,^H 


■^e  body  will,  therefore,  oscillate  buck  and  forth,  in  equal  timW. 
B^lte  cycloid  is  a  Taul/tekrone. 

The  pressure  upon    the   curve   is   given    by  Eriuatton  (334). 

The  time  being  given  and  substituted  in  Equation  (300),  iho  Tain* 
lof  «  becomes  known,  and  this,  in  Equations  (359)  and  (354),  will 
Lgive    the   body's  velocity  and  place. 

5. — Example  4. — Let  a  body  reduced  to  its  centre  of  inertiii 
and  whose  wpight  is  denoted  by  W,  be  supported  by  the  aolion 
of  a  consunit  force  upon  the  branch  £JI  of  an  hyperbola,  of  wbicli 
Tansversc  axis  is  vertical,  the  force  being  directed  to  the  oentN 
ourvo.     Required  l\\c  postUotv  o^  s;i^\V\V>t\Mra. 


be  eenlW     J 
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-I^«iiote  the  oonatant  fcrce  by   W,  which  may  be  a  weight  at  the 
*nd    of  a  o(ird  pusuig  over  a  small  wheel 
*t     <7,    and  attached  to  the  body  Jf.    De- 
note     the  distance  CAf  by  r,  and  the  axes 

of    tho  curve  by  A   and  B,     Take  the  a«is 

'  v-ertical,  and  the  curve  in  the  plane  xi. 


P"  '. 


W 


tuexi    -wiU 


JT  =  i^  008  a'  +  P"  O 


'=   -    »".-^ 


Z  =  i"coa/  +i*'cosy"=  IT-  H"--!, 
'^^     as  the  question   relates  to  the  state  of  rest, 


=  0: 


-^0. 


I^e  Equation  of  ths  curve  ia 

L  =  -4»*»  -^^  +  A^B^  =  0; 


dx  ' 
dL 


=  2^»«, 


*^"«  valnoB  snbrtituted  in  Equation  (330),  give 

WB*  —  -  WA*x+  WA*"=<i'. 


(a»H-^)  »"■«-  WA^r  =  (i 

le 


C»«\ 
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But 

wheiipe,  denoting  the  cccentriciiy  by  ( 


,  -4'  +  B» 


1  E<juation    (3G1),  {jives  after  reduction, 


B  .  W 


whicli,  with  the  cquuljnn  of  the  curve,  will  give  the  position  of 
1  equilibrium. 

If  W'e  he  greater  than  W,  the  equilibrium  will  be  imposslblfr 
}  If  We  =  W,  ihe   body  will  bo  supported  upon  the  asymptote. 

The  pressure  ujion  the  curve  h  given  by  Equation  (334). 

§  220. — Example  5. — Required    the    circumBlances  of   motion  of  > 
I  body  moving  from  rest  under  the   notion  of  its  own  weight  upon  an 
iL'lined   n'gh*.  line. 
Take  the  axis  of  z  vertical, 
'   the  plane   2  z    to   contain    the 
'.,    and    the    origin    at    the 
point  of  departure,  and    let  s 
be     reckoned    po'-itive    down- 
wards.    Then  will 


X=0;     Z  =  Mg; 

which    in  Equiition    (330)  give,  aft<T  omitting  the    ximm 

From  the  equaviun  of  the  line  we  have 
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1  in  Ei{uation  (36~),  adyr  slight  rcducliiio, 


Uultipiyiog  by  2dz,  and   iiitvgriLliiig, 


IB   constant   of  uttegratjon    being  i 
Wh'^nce 


V       irt*  V      ffu^x 


Jbe  constant   of  integration  being  again  zero. 

The  body  being  suppowd   at  S,  then  will   z  =  AD;    and   if  i 
draw  from  B  the  perpendicular  S  C  to  AH,  wo  have 


1  - 


wbii'h  substituted  above, 


'  — \ 


■(3M) 


la  which  d  denotes  the  diBtonce  A  C 

But  the  second  member  is  the  time  of  tiilling  freely  through  t!ie 
vertical  distance  d  \  if,  therefore,  a  circle  be  described  upon  A  C  As 
s  diameter,  we  see  that  the  time  down  any  one  of  its  chords,  ter- 
minating at  ihe  upper  or  lower  point  of  this  diameter,  will  be  the 
aame  as  that  through  the  vertical  diameter  itself.  This  is  colled  the 
mechanical   property  of  the  circle. 

Example  C. — A  spherical  body  placed  on  a  plane  inclined  to  the 
iJhoriEon,  would,  in  the  absence  of  friction,  slide  under  the  action  of 
ItB  own  weight;  but,  owing  to  friction,  it  viU\  roW,  ^.ci^vTiA  ■^ 
iilYtiimstanri'j  of  the   motion. 


LEMENTS    OF    ANALYTICAL    UECHANICS. 

If  iho   sphere    move  from  rest  with  po   inilial  impulse,  [be  cenne 
will  describe  a  straight  liiiQ 
parallel   to   the    clcnient  of  ^ 

steepest  descent.  Take  tha 
plane  z  2,  to  contain  this 
element,  the  axis  z  vertical 
and  positive  upwards. 

The  equation  of  the  path 
will   be, 


L  =.  z  -\-  xxana 


I 


The  extraneous  forces  arc  the  weight  of  the  sphere  and  the  fri* 
I  tion.  Denote  the  first  by  W,  and  the  second  by  F.  The  natura 
I  of  friction  and  its  mode  of  action  will  be  explained  in  the  proper 
I  place,  §  354 ;  it  will  be  sufficient  here  to  aay  that  for  the  same 
reight  of  the  sphere  and  inclination  of  the  piano,  it  will  be  k  coo- 
I  Btant  force  acting  up  the  plane  and  opposed  to  the  motion.  Wft 
f  liiall   therefore    have 

Z  =  -  Mg  -\-  f  sin  a;     X  =  -  Feoa  a, 
hich   values,  and   those   above   substituted    in    Equation  (330).  giv* 
-Fv.osa  -M-—  +  i^Mg  -Feinfl+  ifj^)  tana  =  0. 

But  from    the   equation  of  the  path,  we   have 
d»*  ^  -  d>x-  tan  a; 
id    eliminating   iPx   by  means  of  this   rclnlion,  there    will  result 
d^7  .        (F  .       \ 


'^^^^^^H 
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2U     ^H 

^r^BStipljiiig   by    2rfe,    integrating    and   making   thci 

velocity    zero      ^^^H 

wfaen* 

=  k 

d¥ 

■we    have 

I 

This 

gives 

■ 

dt 

1                        di 

1 

^-'"•(1— )  ^-'■' 

and   by 

integration,  the   time  being  zero  when  z  —  h, 

■ 

k-z  =  imna(g.^ina-^  ) . /=.       . 

.<.■ 

Agai 

,  al 

axes  in   the   sphere   through  its  centre 

are 

^^^1 

axes;     the   sphere   wil]    only   rotate    about    the  movable   axis  y,    in       ^^^| 

which  cs 

^ev 

and  V,  will  each  bo  zero,  and  Equaliona  (202) 

give      ^^H 

-4^^-.^ 

J 

»l»n»m 

-  =  --  4^  =  ?rt-.  ^.  =  -' 

■ 

r   being 

the 

radius   of  the   sphere. 

■ 

Whence, 

\ 

WHlliply 

Ing 

hy  2  [/■I'l  integrating,  and   malting   the   angular 

velocity       ^^H 

and  the 

arc 

J-  vanish   together, 

J+»       2Fr 

4 

i 

1 

J 
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and  by    inlcgralJon,  making  (  and  4*  vanish  together, 


M.i 


I 


Alsi'),    because    the 
plan.  i.  r.+,  wo  la 


I  of  path   described  in   the   direction   of  the 
1  addicioti,  ^^ 


■nd    eliminating  4-  from    this    and    the    above    equation,    there    viU 

V^S^ « 

(6),  and  solving   with   respect 

w 


Dividing    Equation   (a)   by    Equ; 
to    F, 


md  this  in    Equation    (4),    gives 

V  ff -siu^a  H 

,  If  the   sphere  be  homogeneous,  then    will 

if  the   matter   be   all   concentrated    into    the  surfuce,  then   will 

i-=j,-  and  ,  =  J^SEl!.J%, 

'  V  i/.sin'a    V  3' 

which    times   are    to    one   anolher   as    -y/ST  to    -^u^. 

riON   AJiOUT  A  FIXED  POIHT, 


w 


1  tA    I 


§227.— If  a   body    be    retained    by   a  fixfd   point,    the    fixed  tA 

I  what  has    been  thua  fur  regarded   as  a  movable   origin    may  both  t* 

^  bihen  at  this  point;    in  which  case,   hx^,  iy,,  5a„  in    Equation  {40). 

M  he  zero,  the  first  t\\ree  Vcttiis  o^  \\i'iV  ^^ewcxi  topwiinv  nf  ^qot 
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librium  will  re<Juoe  tc  zero  independently  of  the  forces,  and  the  equi- 
librium wiil  be  satisfied  by   simply  making 


IP(.C, 

M^-JtO.a) 

lP(rc 

M.-.CO,,) 

1/>(,C 

..r-.co.ffl 

Ufl 

Z 

rfj 

j;  - 

xiPz 

dt-' 

y 

d'^ 

Z-l 

•Pv 

Ae   accents  being   omitted    because    the    elements   m,  m',  ikc,    being 
referred   to   llie   same  origin,  x',  y',  z'  wiil  become  x,  y,  i. 

Tlie  motion  of  tiie  body  about  ihe  fixed  point  might  be  discussed 
both  for  the  cases  of  incessant  and  of  impulsive  forces,  but  the  diseus- 
■ion  being  in  all  respects  sijnilar  to  that  relating  to  the  motion  about 
the  centre  of  inertia,  §  127  and  g  173,  we  pass  to 

CONSTKAIIfED   MOTION   ABODT  A   FIXED   AXIS. 

§22Sj. — If  the  body  be  constrained  to  turn  about  a  fixed  axis, 
Loth  origins  may  be  tal(cn  upon,  and  the  co-ordinate  axis  y  to 
coincide  with  this  axis;  in  which  case  Sx^,  Sij^,  Ss^,  Jip  and  S-a, 
in  Equation  (-10),  will  be  zeri>,  and  to  satisfy  the  conditions  of 
equilibrium,  it  will  only  be  necessary  for  the  fi-recs  lo  fiiifil  the 
condition, 


£P(z< 


,sy)  ■ 


dt" 


:  0     -   ■    (300) 


Ihe    accents  being   omitted  for  reasons  just  stated. 

§  220. — The  only  possible   motion   being   that   of  rotation,    lot  iis 
transform  the   above   equation   so   as  to  contain  angular  co-ordinates. 

For  this   purpose  we  have,  Equations  (30), 

a:'  =  r"Bin4;     »'  =  r"c034. (307) 

is  which  r"  denotes  the   distance   of  the  element  m  from  the  axis  y. 

Omitting  the  accents,  diSerentiating  and  dividing  by  d  I,  we  hare 


^  dt'  dt~ 


d-v 


.    t,^^ 
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Now, 

dfl     ~     dfi     ~  dt'     V'  dl  ' dtf  ' 

VI  hence  by  substitution,  Equations  (367)  and  (3ft8), 

'P'  '''^    _    '     rf('s    ''■^'\  -r»    ^. 

"Jfl~'-'d?-dl\        dl/  -'^'  dfl' 

and   since    -j^   must  be  the  same  for  every  clement,  we  have,  Equi 


,..$i  =  .p(. 


*  cos  y). 


rfH  „  SP.(z. 


dl* 

That  is  to  say,  the  angular  acceleration  of  a  body  retained  by  a 
fixed  axis,  and  acted  upon  by  incessant  furces,  is  equal  to  the 
moment  of  the  impressed  forces  divided  by  the  moment  of  inerUa 
with   reference   to  this  axis. 

Denoting  the  angular  velocity  by  V, ,  and  the  moment  of  inertia 
by  /,  we  find,  by  multiplying  Equation  (3C9)  by  Zd-i^  and  integrating, 

/F,*  =  if lP(z  ansa  -  rcosy)rf4.  +  C, 

and    supposing   the   initial  angular    velocity  to  be   T,',  we  hsTO 

/(F,'-    V,-^)  =  2flP(zQOsa-:rcosy)d^. 

But  the  second  member  is,  g  107,  twice  the  quantity  of  work 
about  the  fixed  axis;  whence  the  quantity  of  work  performed  be 
tween  the  two  instants  at  which  the  b<  iy  has  any  two  angular 
velocities,  is  equal  to  half  the  difference  of  the  squares  of  thesa 
velocities  into  the  moment  of  inertia,  oi  to  half  the  I'f'ng  fiircOa 
^ined   or  lost  in  the  interval. 


Now,    r=Mk,''  =  M_.(\)''  =  M/,    so   tlmt,    iIjc  . 

i  wliicii  would,  if  conccniraieU   on    lliu   nr«  4-1  ''■'B 
I.  A  Hving  furcc  equal  to  lliat  of  tho  bo<]y  which  actually  i 


COM  POUND    PENDt'LTJM, 


§  230. — Any   body   suspended  fi'om   a  horizontal 
which   it   may    swing  with  freedom   under   the 
action  of  ita  own  weight,  is  callcil  a  compound 

The  elements  of  the  pendulum  being  acted 
upon    only  by  their  own  weights,  we  have 

P  =  mg;     P'  =  m' g,  dc.  ; 

the  axifl  of  2  being  taken  vertical  and  positive 
downwards, 

and  Equation  (3C9)  becomes 


d(^ 


Xmr* 


Denote  by  e,  the  distance  A  G,  of  ll 
axis;    by  -),,    the   angle  HAG,  which 
A  G  makes  with  the  plane  yz;    by  x„ 
the    distance  ol'  the   centre  of  gravity 
from  this  plane;    then  wilt 

and  from  the   principles  of  the  centre 
of  gravity, 

which  substitute  i  above,  gives 

^  -  -        ^•'•B'"-V 


250          ELEMENTS    OF    AKALTTICAL    MECHANICS. 

Multiply  i.ig 

by  2J+,  . 

d  integrating, 

--^. 

00.+  +  C. 

Denoting  11 

y  initial  val 

e  of  sj,  by  a, 

.e  have 

0 

-'•iS- 

0S.+  C; 

whence, 

-"■f^.^C 

s+-™,.)i    . 

■  (372) 

but 

cc4,= 

'-i^- 

+■             S.C 

j 

l.a.3.4       ''°- 

».,= 

■-1=^  + 

te 

1.23.4       *"■ 

and  taking 

he  value  of 

4,,  so    small 

that  ita   fiinrth   power 

may  be=5^ 

neglected  in 

compai-iso!. 

\vith  radius, 
4,-C03a^ 

»-e  have 

which  subst 

tuttd  above 

gives,  aftur 

slight  reduction 

and 

epladn^^ 

Imr^  by  i 

s  value  give 

I  in  Etjitation 

(JIB), 

dt  = 

A'  + 

J  + 
V'^' 

the  ncgatJT 

sign  being 

taken    Wcaus 

4,  is  a    decn^as 

ng  fui 

etion  of 

the  time. 

Inlegrnli 

g,  we  have 

(  = 

A,"  +  >" 

V  ..,  ■ 

os-'^.  . 

.    (37S) 

Tho   constant   of    integration  b   zero, 

because  when  -^ 

=  »■ 

we    have 

1                   0. 

i 

£ 

.^^ 
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Making  -y  =z  —  a^  we  have 

which  gives  the  time  of  one  entire  oseillat'on,  and  from  which  we 
conclude  that  the  oscillations  of  the  same  pendulum  will  be  isochro- 
nal, no  matter  what  the  lengths  of  the  arcs  of  vibration,  provided 
they  be  small. 

If  the  number  of  oscillations  performed  in  a  given  interval,  say 
ten  or  twenty  minutes,  be  counted,  the  duration  of  a  single  oscillation 
will  be  found  by  dividing  the  whole  interval  by  this  number. 

Thus,  let  6  denote  the  time  of  observation,  and  JV  the  number  of 
oscillations,  then  will 


^nd  if  the  same  pendulum  be  made  to  oscillate  at  some  other  location 
during  the  same  interval  d,  the  force  of  gravity  being  different,  the 
x~iumber  IP  of  oscillations  will  be  different  \  but  we  shall  have,  as 
fcefore,  g'  being  the  new  force  of  gravity. 


SSquaring  and  dividing  the  first  by  the  second,  we  find 

JV^2  g' 


N^ 


(374)' 


that  is  to  say,  the  intensities  of  the  force  of  gravity,  at  different 
'places,  are  to  each  other  as  the  squares  of  the  number  of  oscilla- 
tions performed  in  the  same  time,  by  the  same  pendulum.  Hence, 
if  the  intensity  of  gravity  at  one  station  be  known,  it  will  be  easy 
to  find  it  at  others. 

§  281.— From  Equation  (372),  we  have 

-^  •Smr' =:  2ir.^.0(ccs^]/ —  cosa);     .     •    (876) 


I.Yf  =  iU.s.H, 


(376) 


in  which  U,  denotes  the  vertical  height  passed  over  by  the  centra 
of  gravitv,  and  from  which  it  Appears  that  the  pendulum  will  come 
to  rest  whenever  ^  becomes  equal  to  o,  on  either  side  of  the  ver- 
tical  plane  through   the  axis, 

§  232.— If  the  whole  mass  of  the  pendulum  be  conceived  to  be 
concentrated  into  a  single  point,  the  centre  of  gravity  must  g" 
there  also,  and  if  this  point  be  connected  with  the  axis  by  a  medium 
without  weight  and  inertia,  it  becomes  a  ttmpU  pendulum.  Deno- 
ting the  distance  of  the  point  of  concentration  from  the  axis  by  /, 
we  have 

*,  =  0 ;    e  =  l, 
which  reduces  Equation  (374)  to 


•vf- 


If  the  point    be  so  chosen  that 


V?=v/^^ 


•  (sni 


(878) 


the  Biinple  and  compound  pendulum  will  perform  their  oscillations  in 
the  same  time.  The  former  is  then  called  the  equivalent  limple  pen- 
diiluin;  and  the  point  of  the  compound  pendulum  into  vrhich  the 
mass  may  be  concentrated  to  satisfy  this  condition  of  equal  duration, 
is  called  the  centre  of  oacillation.  A  line  through  the  centra  of 
oscillation  and  parallel  to  the  a.\is  of  suspension,  is  called  gn  axii  e/ 
oKillaiioit. 
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§  233. — Tlie    axes  of   oscillation    and  of   suspension  arc    reciprocal. 
Denote  the  length  of  the  equivalent  simple  pendulum  when  the  com 
pound  pendulum  is  inverted  and  suspended  from  its  axis  of  oscillation, 
by  /' ,  and  the  distance  of  this  latter  axis  from  the  centre   of  gravity 
by  e,'  then  will 

/=tf  +  e'     or     e'  =  Z  —  «; 

and,  Equation  (378), 

^^^^_+_^       V-f  (/-^)V 

and  replacing  /,  by  its  value  m  Equation  (378),  we  find 

e 

That  is,  if  the  old  axis  of  oscillation  be  taken  as  a  new  axis  of  sua 
pension,  the  old  axis  of  suspension  becomes  the  new  axis  of  oscilla- 
tion.     This  furnishes  an   easy  method  for  finding   the   length   of  an 
^t^uivalent  simple  pendulum. 

Differentiating   Equation  (378),  regarding  /  and  e  as  variable,   we 
*»^ive 

de  "         e^       ' 

^^nd  if  /  be  a  minimum, 

dl       ^        e^-jta 
—  =  0  =  '    - 


de  e^        ' 

"X^hcnoe, 

ezzk^. 

But  when  /  is  a  minimum,   then   will   I  be  a  minimnm,   Eqna- 

*^lon   (877)'.     That   Is    to    say,   the    time    of    oscillation   will   be    a 

^ninimnm  when  the  axis  of  suspension   passes   through  the  principal 

^^entre  of  gyrnHan^  and  the  time  will  'e  longer  in  proportion  as  tbo 

«xis  risoeides  from  that  centre. 
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Let  A  and  A'  bu  two  acute  parnllel  prismatio  axes  firmM 
i>ecl«d  with  llio  pendulum,  the  &2ut«  edges 
being  lurnud  lu wards  cai;h  Other.  The 
oscillution  may  be  ninde  to  tuke  pWe 
about  filher  nxis  hy  simply  inverting  the 
pemluliitu.  Also,  let  J/'  be  a  sliding  iniisa 
capable  of  being  retained  in  any  pusitioii 
by  llie  cinmp-screw  Ji.  For  any  assumed 
position  of  M,  let  the  prindpal  radius  of 
gyration  be  O  C\  with  t?  ns  a  centre, 
O  C  an  radius,  describe  the  cjrcuin Terence 
CSS'.  From  what  haa  been  explained, 
the  time  of  oscillation  about  either  axis 
will  bu  shortened  as  it  appmaehes,  and 
longtiiened  as  it  recedes  from  this  ci reunify rcnce,  being  a  minimum, 
or  least  possible,  when  on  it  By  moving  the  mass  M,  the  centre 
of  grnvily,  and  therefore  the  gyratory  circle  of  ■which  it  is  the 
centre,  may  bo  thrown  towards  liithcr  axis,  The  pendulum  bob  being 
wade  heavy,  the  centre  of  gravity  may  be  brought  so  near  one  of 
the  axes,  eay  A',  as  to  place  the  latter  within  the  gyratory  cir> 
cumFirence,  keeping  the  centre  of  this  circu inference  between  ths 
axes,  OS  indicated  in  the  Figure.  In  this  position,  it  is  obvious  that 
any  motion  in  the  mass  M  would  at  the  same  time  either  shorten 
or  lengthen  the  duration  of  the  oscillation  about  both  axes,  but 
unequally,  in  consequence  of  their  unequal  distances  from  the  gyratory 
circumference, 

Tlie  pendulum  thus  arranged,  is  made  to  vibrate  about  each  axis 
in  BUeocssion  during  equal  int«rvals,  aay  an  hour  or  a  day,  and  thtt- 
number  of  oscillations  carefully  noted;  if  these  numbers  be  th» 
same,  the  distance  between  the  axes  is  the  length  I,  of  the  equinH- 
lent  simple  pendulum  ;  if  not,  then  the  weight  Af  must  he  movctJL 
towaids  thiit  axis  whose  numlwr  is  the  least,  and  the  trial  repeat«<l 
till  the  numbers  are  made  equal.  Tlio  distance  between  the  axe* 
may  be    measured  by  a  scale  of  equal  parts. 

§934,— Fntm  ihis  value  of  /.  we  may  easily  find  that  of  the  nimp^ 
tKond't  /lO'Jul'im       ihat  is  to  s/iy,  the  sirple  pendulum  which  will 


M 


25&9 

perform  ita  vibration  iti  one  second.  Let  JV,  be  ihi!  number  of  J 
vibrations  perrormed  in  one  hour  by  (he  compound  ptindulum  whoaal 
equivalent  simple  pendulum  is  I;  the  nuniber  performed  in  thai 
ume  lime  by  the  second's  pendulum,  whose  leogth  we  will  denotes 
bj  I',  is  of  course  3600,  being  the  number  of  seconds  in  I  1 
and  hence, 


id   because  the   force    of  gravity    at  the   same    station    is   constiw^  I 
^nre  find,  after  squaring  and  dividing  the  second  equation  by  the  first,  1 


(3tHHC)» 


(379>| 


3uch  is,  in  outline,  the  beautiful  process  by  which  Katbr  determined  I 


he  length  of  the  simple  second's  pendutuii 

o    be    39,13908  inches,  or  3,3GI&9  feet. 

As  the   force   of  gravity    at  the    same 

its   intensity,    this   length  of    the   ) 

vnust    remain    forever   invariuble;    and,    on 

fttav«  adopted  it  as  the  basis  of  their  syRtet 

iFor  this  purpose,  it  was  simply  necessary 


at  the  Tower  of  London  1 


plat 


is   not  supposed   to  1 
ipio   second's    pendulum 
liis   account,  the   English 

of  vieigkU  and  niea»ure».    | 
)  say  that    the  s.-jfrrs"" 


]>art  of  the  timple  «eeonrfV  pendulum,  at  ihe  Tower  of  London  shall 
lie  one  Jiugliih  foot,  and  all  linear  dimensions  nt  once  result  from  ' 
ihe  relation  they  bear  to  the  foot;  that  the  gallon  shall  contain 
SSVt'*  of  a  cubic  foot,  and  all  measures  of  volumt  are  fixed  by  the 
rrlations  which  other  volumes  bear  to  the  gallon  ;  and  finally,  that 
k  aihie  foot  of  distilled  water  at  the  temperature  of  sixty  dcgre 
Fahr.  shall  weigh  one  thousand  ounces,  and  all  weights  are  fixed  by 
llie  relation  they    bear   to   the  ounre. 

{235. — It  is  now  easy  to  find  the  apparent  force  of  gravity  at 
London ;  that  is  to  say.  the  force  of  gravity  as  affected  by  tho  cen- 
trifugal l")rce  and  the  oblaleness  of  ihe  eurih.     The  lime  of  oscilliitiCB 
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lieing   one   second,  :md    the    length  of  ihe   simple   pendulum    3,2G1!>9 
feet,  Eiiuation   (377)  gives 

~      y        ff        ' 
whence, 

i-  =  «»  (3,20159)  =  (3,1416)=  .  (3,20159)  =  32,1908  feet. 
yrom  Equation  (377),  we   also  find,  by  making   (  one   second, 


=  «■*'■ 


s2^ 


Noif  stnrtiiig  with  the  value  fur  ff  at  London,  and  causing  the 
siiino  pendulum  to  vibrate  at  places  whose  latitudes  are  known,  w« 
obtain,  from  the  relation  givea  in  Equation  (374)',  the  corresponding 
values  of'  •?,  or  the  force  of  gravity  at  these  places;  auJ  these 
values  and  the  corresponding  latitudes  being  substituted  successively 
in  Equation  (380),  give  a  series  of  Equations  involving  but  two  un- 
known quantities,  which  may  easily  be  found  by  the  method  of 
least  squares. 

In  this   way  it  hiis  been  ascertained  that 


z  32,1808 


whence,  generally. 


and  Bubstituting   this   vali 
we  find 


32,1809  -  0,0821  cos  2  4- ;      ....     (381) 
Equation    (377),  and    making   t  =  I, 


I  =  3,26058  —  0,008318  cos  2  ^ 


(382) 


Such   is   the   length  of  the  simple   second's    pendulum  at   any   plxM 
9/*  which   the  latitude  ia  ■\>. 


MKCIlAfJICS    OF    SOLIDS. 


r  we    make   i  =  40°  42'  40",  ll.c    blitudf   of  ihe    Cilj  Hiill  cf  ' 
'  V.jrk,  we   shftU  I'mJ 


/  =  3.a5!)3S  =  39,11256. 

§230.— The  priuciples  wliich  Imvu  just  been  explained,  ciiabli! 
bt  (ind  the  moment  of  inurtiu  o(  any  liody  Uiriiiug  about  a  li 
axU,  with  grcnt  occurnov,  no  muttur  what  its  figure,  duiisiiy,  or 
disln'bulion  of  its  matter.  If  thu  axis  do  not  pass  through  its  contra  I 
of  gravit)',  the  body  will,  wlitiii  dedccti^d  from  its  position  of  equ^  ] 
Ubrium,  DscillaCe,  and  but^mi:,  m  fuut,  a  compound  pendulum  ;  and  I 
denoting  the  length  of  its  ec|uivjiU'iit  siuiple  pendulum  by  I,  we  havu,  J 
after    muhipij-iiig  Equution  (378)  Uy   .V, 

M.l.i  =  Mi^k,^  +  e')  =  1mr'*;     ....     (383) 


IK 


I  which   W  deni.t«s    the  weight  of  the   body. 
Knowing    lliu   latiiudu    of    the    pluue,  the    length    /'   of  the   siiapk' 


k««(ind's  pendulum  is  V 
miiW  N  of  oscllliit 
SilUBtion  (379)   give'* 


1  friiin  Er|Utitii)n  (382) ;    and  counting  the 
perfimueil    by    iho    body    in    one    hour 


I'  ■  (3000)= 


To  fmd  ihP  value  of  e,  «bi,-h  is 
be  distanci.'  of  the  ceiiti-e  of  gravilj 
^^_Joiii  the  axis,  atlach  a  t-priiig  or 
■btber  btilance  to  any  point  of  the 
linly,  say  its  lower  end,  nn-.l  bring 
«he  centre  of  gravity  to  a  huiiz-inial 
})Une  through  the  axis,  which  posr- 
tiou  will  be  indicated  by  the  innx- 
•  itmiin  reading  of  the  balunci.-.  De- 
noting by  a,  the  distance  fi'um  the  axis  C  to  the  po'nt 
17 
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and   by    b.  the   maximum  indication   of  the  balance,   we  have,   ftcm 

the  principle  of  moments, 

ba  =  We. 

Tlic  distance  a,  may  be  measured  by  a  scale  of  equal  parts.  Sub- 
stituting  the  values  of  IF,  e  and  /  in  the  expression  for  the  moment 
of  inertia,  Equation  (384),  we   get 

'_^^)!  =  /. PS,, 

If  the  axis  pass  through  the  centre  of  gravity,  as,  for  examph 
in  the  fiy-whecl^  it  will  not  oscillate;  in  which  case,  take  Equatioi 
(383),  from  which  we  have 

Mount  the  body  upon  a  parallel  axis  J,  not  passing  through  the  c&'x^m. 
trc  of  gravity,  and  cause  it  to  vibrate 
for  an  hour  as  before ;  from  the  num 
ber  of  tliese  vibrations  and  the  length 
uf  the  simple  second's  pendulum,  the 
value  of  /  may  be  found;  M  is  known, 
being  the  weight  W  divided  by  </ ;  and 
f  may  be  found  by  direct  measure- 
ment, or  by  the  aid  of  the  spring 
balance,  as  already  indicated;  whence  k^  becomes  known. 


MOTION    OF  A  BODY  ABOUT  AN    AXIS   UNDER  TDE  ACHON    OF 

BIVE    FORCES. 

§  237. — If  the   forces   be   impulsive,    we    may,    §  170,    replace  *" 

Equation  (366)  the   second   differential   co-eflicients  of  ar,  y,  jr,    by  "***• 

first  differential   co-cfficicnts  of  the  same  variables,  which  will  red  '^^^ 
it  to 

lP{xcosa  —  XCO87)  ~  2m- j- s=  0; 
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ilid   dz,    \>y   lljiii 


dt 


^n^cmy) 


■  (380) 


That  ia,  the  angular  retocili/  of  a  bodif  retained  by  a  Jiied  axis,  and 
nhjfclcd  to  the  simvlCanevui  aetion  of  imputtive  forces,  it  equal  to  (hi 
titm  of  the  moments  of  the  impressed  furcts  divided  by  the  moment  of 
mertia  with  reference  to  this  aiit. 


§  238. — In  artillery,  the  initial  velocity  of  projcrtilcs 
by  means  of  the  baUinlie  pendultim, 
which  consists  of  a  mass  of  mutter 
■iuspcnded  from  a  h{.rizimlal  axis 
in  ihe  shape  of  a  knii^-ei?ge,  after 
ihe  manner  of  the  compound  pen- 
dulum. The  bob  is  either  mAole 
of  BO  me  un  elastic  substance,  ax 
wood,  or  of  metal  provided  with 
a  large  cavity  Riled  with  sumo 
■oft  matter,  as  dirt,  whieh  re- 
ceives the  projectile  and  retains 
the  shape  impresEed  upon  it  by  the 

Denote  by  V  and  m,  the  initi.il  vek 
V,  the  angular  velocity  of  the  ballistic 
tho  blow,  /  and  JH  its  moment  of  int 
represent  the  distance  of  the  centre  of 
from  the  axis   A.     1 


ily  niiJ  mass  of  tho  ball; 
pendulum  the  instant  after 
tia  and  mass.  Also  let  I 
ncillation  of  the  pendulum 
motion   may    be  lost  by    the   resiatanoa 


of  the  axis  arising  from  n  shock,  the  ball  must  be  received  in  the 
dircclion  of  a  lino  passing  liirough  this  centre  and  perpendicular  to  the 
plane  of  the  axis  and   line   .!  0.     Willi   this  condition.   Eq,  (380)  givoe 


..->■.' 


d^ 


From  this  eqiiBtion  wo  ihhj  find  tlie  initial  vciocily  K;  and  for 
this  purpose,  it  will  ooly  be  neci'ssary  lo  have  the  liuruiion  of  a  singlv 
uscillntion,  ami  the  amplitude  of  the  arc  described  bj  the  centre  dI 
fi^ravii;  of  the  pcnduluin.  The  pi'ocese  for  finding  the  time  has  \iviin 
^  explained.  To  fiud  the  arc,  it  will  be  suffii'ient  to  Atuch  to  lti< 
lower  extri;mity  of  the  pendnlum  a  puiniev,  and  to  fix,  on  n  periiiaiitu' 
aland  below,  a  circular  graduated  groove,  whose  centre  of  curvature  i> 
at  -4;  the  groove  being  filled  with  some  soft  aubstance,  as  tidlow,  ik 
pointer  will  mark  on  it  the  extent   of  the    t 

the   Hrc  a,  and   the  valoe  of  e,  found   as   alrendy  deKribcd,  §  336    ' 
IwTO  V. 


FKNDULUM. 


The  Ebot 

rrcil  from  tlio   recoil,  a> 

ed  Iiy  ihe  qusntities  of 

tliQ    exploded    powder, 


This  consists  of  a  gun  euspondcd  from  i 
H  Gi'cd  froin  tlie  gun,  and  its  velocity  i^;  : 
ia  tl>e  Ballistic  Pcndnlum.  TUe  forces  inc 
Giotion  developtd  by  tho  cxpaoBivc  action 
must  be  in  cquilibrio-     Miibc 

V  =  velouity  of  tlie  btdl  on  leaving  tlie  gun, 
nV  =  averaijc  velocity  of  (lie  inflamed  powder, 
P",  =  angular  velocity  of  pendulum  on  parting  from  shot, 
H^  ^  weiglit  of  gun   pendulum, 
W,  =       "  ball  and  wad, 

^,  ■^       "  ibe  cbargo  of  powder  and  bag, 

H^  =       "  "  "        uf  powder  alone, 

6  =  diameter  of  bore, 
d  =  diameter  of  ball, 
e  =  distance  of  axis  of  bore  fj'orn  aiis  of  Biispension. 

Aa  quantity  of  motion    in    ball  and  wad,  on  leaving  tbo  gun,  will   be 

V\   the    corresponding   pressnre    on    tbe    bottom   of  tho  gun    i&  Ic 

ihftt  which  generates  this  motion,  at  tlie  area  of  a  cross-section  of  tbo 
bore  is  to  that  of  a  great  circle  of  the  ball.  Again,  the  hlnst  of  ihc 
powder  will  continue  its  action  on  tbo  gun  after  the  ball  leaves  it. 
Let  ibis  action  be  proportional  to  the  charge  of  powder.  The  moment 
of  the  force  impressed  upon  the  pendulum,  in  reference  to  the  axis  of 
Bwpension,  will  be  given  by  Eqs.  (384)  and  (229);  and  Uking  the 
VC8  in   reference   to  tbe  same  nxia,  i 


of  ibo 


'.V..l.f •^•'■j, 


m  which    n',  like  n,  is    a   constnnt    to    be    determined   by    experiment! 
and  from  which  we  find 


W^.f  -  +  nW^.,  +  n-W^.i 


t-^/t 
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The   living   force    with    which   the   pendulum   separates   from    the    ball 

must  equal  twice  the  work  performed  by  the  weight  while  the  centre 

uf  gravity  is  moving  to  the  highest  point;   whence 

W 
V*-—-'  he  =  2\V  ,e.  versine  a  =  4  ir, , « .  sin*  ^  «, 

in    which    a    denotes    the    greatest    inclination    of    e    to    the    vertical. 
Whence 

r,  =  2|/^.8in  J«; 
which  substituted  above  gives, 


V=s — •  sin  ia       ....     ^*8( 


The  methods  for  finding  e  and  a  are  tho  same  as   in   the  bailie "^ac 
pendulum.      To   find   n   and   n\   fire   the   ball   from  the  gun    into    xft^tf 
balli<)tic    pendulum;     the    effect    upon   the   latter   will  give   the    iuit-iani 
velocity    V,      Repeat   as   often   as   may  be  thought  desirable,  and  vviili 
different  charges.       The    corresponding   initial   velocities  substituted       in 
Eq.  (388),  will  give  as  many  equations  as  trials.     These  equations    "*v  ill 
cx)utain    only   n   and    n'   as   unknown    quantities,   which   may   bo   foii-i^d 
by   the   method   of  least  squares.      For   full   aud   valuable   informati^^n 
on  this  subject,  consult  Mordecai's  '^Experiments  on  Qunpowder." 


i 


PART    II 


MECHANICS    OF    FLUIDS. 


INTRODUCTORY     REMARKS, 

§239. — ^The   physical   condition  of  every  body    depends   upon   the 
^elation   subsisting  among    its    molecular   forces.      When   the   attrac- 
t.ions  prevail  greatly  over  the  repulsions,  the  particles  are  held  firmly 
together,  and   the   body  is  solid.     In   proportion  as   the  di (Terence  be- 
t^ween  these   two  sets  of  forces  becomes  less,  the  body  is  softer,  and 
its    figure  yields  more    readily    to    external    pressure.     When    these 
lbrce«   are   equal,  the   particles  will   yield    to   the   slightest  force,  the 
l>ody  will,  under   the   action   of  its   own   weight,   and    the    resistance 
of    the   sides  of   a  vessel    into  which   it  is   placed,  readily   take    the 
figure  of  the  latter,  and   is    liquid.     Finally,  when   the   repulsive  ex- 
ceed the  attractive  forces,  the  elements  of  the  body  tend  to  separate 
from    each   other,  and   require   either   the   application  of  some   extra- 
neous  force    or    to    be    confined    in    a   closed    vessel   to   keep  them 
together ;   the  body  is   then   a  gas.      In   the   vast   range  of   relation 
among  the  molecular  forces,  from  that  which  distinguishes   a  solid  to 
that  which  determines  a  gas  or  vapor,  bodies  arc  found  in  all  possible 
conditions — solids    run    imperceptibly    into    liquids,   and    liquids   into 
gases.      Hence  all    classification  of  bodies  founded    on   their   physical 
properties  alone,  must,  of  necessity,  be  arbitrary. 

§340. — Any   body    whose    elrmentary  particles   adlmt  of  nvotloti 


nnioiig  each  oIIkt,  is  caUed  a  _;?ut(/— such  as  wa'.er,  wine,  mercur/, 
the  iiir,  and,  in  general,  liquids  and  gases;  all  of  vhich  are  distiit 
guishuil  from  solids  by  the  great  muLility  of  their  particles  amoog 
lliemstlves.  This  distinguishing  properly  exists  in  diffiircnt  degrees 
iu  dilTerenl  liquids  — it  is  greatest  in  the  ethers  and  alcohol;  it  is 
less  in  water  and  wine ;  it  i^  still  less  in  ihe  oils,  the  sirupa, 
grensBS,  and  melted  nielnls,  that  flow  with  difficulty,  and  rope  when 
poured  into  the  air.     Such  fluids  are  said  to  be  viscoug,  or  to  possess 


vUeoaili/.  Finally,  a  body  miiy  approach  ! 
liquid,  as  to  make  it  ditRcuIt  to  assign 
clnsB,  as  paste,  pully,  and   the   like. 


closely  both  a  solid  and 
t   a    place    among   either 


§241.— Fluids    are  divided 
campremible   and   inconipr 


ibh. 


iu    mechanics 
The   term   i 


into    two    classes,  viz. : 
icoRiprcBsiblc  cannot,  in 


strictness  of  propriety,  be  applied  to  any  body  in  nature,  all  being 
more  or  less  compressible;  but  the  enormous  power  required  to 
change,  in  any  sensible  degree,  the  volumes  of  liquids,  seems  Xo 
justify  the  term,  when  applied  to  thctn  in  a  restricted  sense.  ■  The 
gates  arc  highly  compressible.  AH  Uqu'ida  will,  therefore,  be  regarded 
as  incompressible;   the  i/usts  as    compressible. 

§343. — The  most  important  and  remarkable  of  the  gaseous  bodii's 
IB  the  atmosphere.  It  envelops  the  entire  earth,  reaches  fir  beyoud 
the  tops  of  our  highest  mountains,  and  pervades  every  depth  from 
which  it  ia  not  excluded  by  the  presence  of  solids  or  liquids,  it 
is  even  found  in  the  pores  of  these  latter  bodies.  It  plays  a  most 
iniporlaiit  part  in  ali  natural  phenomena,  and  is  ever  at  work  to 
influence  the  motions  within  it.  It  is  csspntially  composed  of  oiytftH 
and  nilrogen,  in  a  state  of  methanical  mixture.  The  fi'imcr  is  a' 
supporter  of  combustion,  and,  with  the  various  forms  of  carbon,  i» 
one  of  the  principal  agents  employed  in  the  development  of  mechan 
icai  power. 

The  existence  of  gases  is  proved  by  a  multitude  of  facts.  Con- 
tained in  an  inflciihie  and  impernieable  envelope,  they  resist  pressure 
like  solid  lodies.  Gas,  in  an  inverted  glass  vessel  plunged  into 
water,  will  not  yield  its  place  to  the  liquid,  unless  some  i 
Oi^    be  provided  for    it.     TyTi\'idoi:a  ^AucV  u^tmA  \.i;i><>a,  Qveriuip 
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■jea 


houses,  and  dcvostato  cnlire  Uistriots,  iiro  but  air  in  ini)l.ii>ii.  Air 
opp(>ses,  by  ita  inertlii,  th^  motion  of  olhcr  bodies  through  it,  suii 
tliis  opposition  is  calltd  ita  resistanec.  Finally,  wo  know  that  ivin<l 
is  employed  as  a  motor  to  turn  mills  and  to  give  moLiun  to  ships 
6f  the  largest   kind. 

§243.— In  the  discussions  which  are  to  follow,  fluids  will  be  i-ou- 
siderud  as  without  visaisity ;  that  is  to  say,  the  particles  will  be 
supposed  to  have  the  utmost  frucdum  of  motion  among  each  nihcr. 
Such  fluids  are  said  to  be  per/eel.  The  results  deduced  upon  the 
of  perfL'Ct   fluidity    will,    of   course,    require    inoUificution 


l>ypothc8  ^  ,  .  .        . 

vhcii  npplied  to  fluids  possessing  sensible  viscosity.     The  iiatu 

It  of  these  modifications   can  be    known   only  from  cxpenmeota. 


and 


MAKIOTTE  S    LAW. 

§244. — Gases  readily  contract  into  smaller  volumes  when  pressed 
externally;  they  as  readily  expand  and  regain  their  former  dimeu- 
■ions  when  the  pressure  is  removed.  Tiiey  arc  therefore  both  com- 
frettiblt  and  tlagtie, 

t  is  found  by  expcrinifut,  lliat  the  change  in  volume  is,  for  a 
constant  tempornture,  always  directly  proportional  to  the  change  of 
pressure.  The  density  of  the  snme  body  is  inversely  proportional  to 
the   volume   it   occupies.      If,  ihorefure,  P  denote  the   pressure  upon 

unit   of  surface  which    will    produce,    at   a   given    lempcraturo,  say 
Centr,,  a   density  equal    to    unity,  and   D  any  other    density,  and 
j:   the   pressure  upon  a  unit  of  surtiice  which  will,  at  the  same  tem- 
perature of  the  gas,  produce  this  density,  then, 
perimenta  above  referred  to,  will 


ccoriiing 


-.  P.D  ■ 


(389) 


This  law  was  investigated  by  Boyle  and  Marlottc,  and  is  known 
AB  Mariolte't  Late.  By  experiments  made  nt  Paris,  it  was  found  that 
this  law  obtains,  when  air,  in  its  ordinary  condition,  is  condensed  3? 
and  rnreficd    1 12    times. 
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LAW     OF    TIIE     PRES3CKE,     nKHSlTY,     AKD     TKUPEKAIT  HE.      ^^^^ 

§  245. — Under  a  eontlant  preaaure,  nil  bodies  are  enpanded  bj 
hetit;  under  a  eonnlant  volume,  their  clastic  forfu  is  increnaed  hy  tW 
uiine  agent.  Experiment  has  shnwn  th.it  the  l;iws  of  these  chan^fi 
for   gases  are    expressed    by 

p  =  P.D.{l  +  ai); (300) 

in  whleh  p  denotes  the  pressure  upon  a  unit  nf  surfiice,  D  ths 
density  of  the  gas,  fl  the  difference  between  the  acinnl  and  somu 
standard  tenipernture,  and  a.  a  constant  which  is  equal  to  }^=0,003f>fi5 
when  the  standard  is  0°  centr.,  and  i  is  expressed  in  units  of  ih;>t  soale. 
First  supposing  D  and  i  vnriable  and  p  constant;  tlien  p  and  I 
variable  and  D  conslanf,  Equation  (300)  gives 
rfD  _  _    a.  D  dp  _      ap 

d6  ~  1  -f  nr  Vi"  ]  -{■  aB  '  '  '  *  W 
The  quantity  of  heat,  denoted  by  g.  rueessnry  to  change  tlie  tem- 
perature i  degrees  finm  ihc  assumed  sinndanl,  »il]  lie  a  funetiiiii 
of  p,I>,i;    btit   because   of  Equotlon    (SUO,)    we    may   wnto 

1=f{J>,p) (b) 

The  increment  of  heat  which  wil)  raise  a  bodj's  temperature!  one 
degree,  is  called  its  rperife  heal.  The  spceific  heot  being  the  In- 
crement of  q  for  each  unit  of  S,  if  r  (denote  the  specific  heal  when 
the  pressure  is  constant,  and  r,  that  when  ihe  drnsily  is  constant, 
then  will 

d  q        dq     d  D  d  q       dq    dp 

'  ~  Ti  ^TD'in  '      *"'  ~  d~B  ~dp'Ji'' 
or,   Equations  (a), 

_         dq      a.  D  _dq       a. 

»rd  by    division,   mailing   e  — y.e,, 

in    which   7,    denotes   the    ralio    of  the    specific   heat  of  the   gas  tt  ■ 

constant    pressure     to     that    at     a   constant    density.      This   ratio   it 

[known    from    ejiperiinent  to   \)c   cnwsVAut   f.r  ntniospheric   air,  and   il 

tgbably    lo     for    all     g"vses.       'V\\e    i\vtVTO>p-v>\5,  t,^   "Ot^ 
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Clements    mnke    lis  value    1,3483;    tho^e  of   Gay-Lussac  and  WuUcr 
U748;    and  those  of  Duloiig  on  perfit-tly  dry  air   1,421.      liigiird- 
iog  ji  OS   constant,   thn   ituegration   of   ihe    fmv^oiiii;    equation    givua 
1 


^=f(S) 


ill    which  /,   denotes    any    nibitrary    function   of  the   quantity    uilhm 
the    parenthesis,   and   from    uhieh,  di'iiotjng   the   inverse   func-liuiis  by 


=  i>^.J-\g) 


Equation    (COO),    we    have 


i>r- 


■^(j)  - : 


.(d) 


Sudden  compression  ii.<.-i'i'usi'i>,  and  a  sudden  expansion  decieiisea  tha 
temperature  of  bodies,  and  if  q  rcmujn  the  same,  while  suddenly 
f»,Zt,i,    become  p',D',S',    we   have 

r,'=iy.F(,).    ■     ■     (e)  »'  =  -ipil''' -'./■(,)_!.     .     .     (g) 

Eliminating  F  {q)  fin<t  from  Equations  (e)  and  (e),  nnd  thin  fiom  Eqiia- 
T^ions  (d)  and  (g),  we  linve,  replacing  y  and  a  by  their  numerical  values, 

P'=^(^')''"'       •         •         •         ■       (3»1) 

{'=  (273  +  i)  (^')''-'a73     ....  (3»2) 

These  equations  give  the  relation  beiwetn  the  densities,  clastic 
forces,  and  the  tenipcraiures  of  a  gas  suddenly  cumprec^ed  or  dilo- 
led,   and    retaining    the   quantity    of  its   heat   unchanged. 

The  pressure  being  constant,  n)uke,in  Eq.  (390),  J  =  0,  D  =  D,.  and 
divide  «ame  equation  by  the  result ;  we  find  D  =  D,-r  (I  4-n*).  Make 
p=D,-h^,'S'  =  weight  of  a  column  of  mercury  at  standard  temperature 
T,  and  resting  on  a  base  im>ty,  in  Lat.  4»°,  where  gravity  is  jr'.  These 
in  Eq.  (389)  give,  after  writing  0,00204  f.r  a,  and  (°  —  32"  for  i, 

P  =:^^^^'- [I +  (C-S2»).  0,00204].    .    .    (393) 

If  lbs  tcmperBtorc  of  il.e  ntmury    vurj   fvcm  \Vift  tV«vA»%.  T^ 
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,  be<'ome  T  then  will  D^  B.\io  vary  and  become  D^  and  to  vxktI 
:  same  pressure  A,,  must  have  a  new  value  A,  and  auch  that 
I>^.h„.ff'  =  D'..h.ff'. 
lercury  expands  or  contracts  O.OOOIOOP^  part  o(  ila  entire  to! 
imu  for  each  degree  of  Pahr.  by  which  it  increases  or  diminishes 
its  temperature.  And  as  the  density  of  the  same  body  varies 
inversely    as   its   vulume,    we    have 

I>L  =  D.[l  +  {T-  7") -0,000100]] 
which   Gubstttuled    above  gives 

A„  =  A  [1  + (r- r). 0,0001001] (3»4) 


EQUAL    TRANSMISSION    OF    PSESSnKE. 


§240. — I^t  EH  L,  represent  a  closed  vessel  of  any  shape,  with 
which  two  piston  tubes  A  B'  and 
D  C  communicate,  each  tube  be- 
ing provided  with  a  piston  that 
fits  it  accurately  and  which  may 
move  wllhin  it  with  the  utmost 
freedom.  The  vessel  being  filled 
with  any  fluid,  let  forces  P  and 
/",  be  applied,  the  former  per- 
pendicularly to  the  piston  A  B, 
and  the  latter  in  like  direction 
to    the   piston    CD,  and    suppose  "*  ^ 

these    forces   in   cquilibrio,    which 

they    may   be,    since   the    fluid   cannot   escape.      Now   let   the   pisti 
.1  £  be   moved    to    the   position   A'  B' ;     the    piston  CD  will    ta 
some   new   position,   as    C  D'.      And  denoting  by   »  and  «',  the   > 
tances  A  A'  and    C  C,  respectively,  we    have,  from  the   principlo 
virtual  velocities, 


•  area  of    the  piston   A  B  \iy    a,  and    that   of  the  ' 
-'■•me  of  the  fluid   which  was  thrust 


That  is  to  say,  Imo  forces  applitd  to  pistom  which  communicate  frttltf 
vith  each  olktT  through  iki  inttrveiition  of  lome  coii/ned  Jiaid,  will 
be  in  equiiibrio  whin,  Ihcir  intrnsilits  art  directly  proportimial  to  iht 
OTtas   of  the  pintonM  upon  ichick  they  act. 

litis  rcBuU  is  wholly  independent  of  the  relative  dimensions  and 
positions  of  iho  pistons;  and  hence  wc  conclude  that  any  pretsvrt 
eommunicated  to  one  or  more  clemenli  of  a  flvid  mass  in  eqnililirio,  is 
equally  transmitted  throughout  the  whole  fluid  in  every  direction.  Hiia 
law  which  is  fully  eonfirmed  by  c\periment,  is  known  na  the  prin- 
ciple of  equal  transmission  of  pressure. 


§247. — Let  a    bocomc   tlie   superficial 
square    foot,  then  will    /*  be   the   pressure 
face,  and,  Equation  (SOO), 

P'  =  P  a'.       . 


nit,  say  a  s( 
applied   to  i 


inch   or 


That  is,  the  pressure  transmitted  to  any  portion  of  the  surface  of 
the  containing  vessel,  will  be  equiil  lo  that  applied  to  the  unit  of 
turface  multiplied  by  the  area  of  the  surface  to  which  the  transmis- 
sion  is  made. 


I  248 — Since  the  elements  of  the  fli 
the  pressure  transmitted  lo  the  surfiice 
tact  with  it,  must,  §217  and  Equations 
face.  That  is,  (An  prtKsure  of  a  fluid  ag 
in    tkt   dirf.ehn   of  tie    tiurmal. 


id  are  supposed  iti  equiiibrio, 
through  t'le  cli'nients  in  con- 
(332),  be  normal  U,  the  sur 
liast  any  aur/au,  ucla  a.lw(U|t  , 
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MOnOK   OF  THE  FLUID   PABTICLEB. 

§240.-^'nio  particlus  of  a  fluid  h&ving  the  utmost  A^edom  of 
tnation  among  one  anoiher,  all  the  forces  applied  at  each  paiticla 
must  be  in  eqiiilibrio.  Regarding  the  general  Equation  (40)  as  ap- 
plicable to  a  single  particle,  whose  co-ordinates  are  x,  y,  s,  we  aiiaU 
have 

,  a  =  a-, ,     y  =  y, ,     z  =  z,, 

and  supposing  the   particle   to   hare   simply  a   motion  of  tranalatioa, 
we  also  have 


and   that  equation   becomes 


S-a  =  0; 


(lPco,.-„.^)j. 
+    (lPc<»^-»-^)j, 


whence,  upon   the   principle  of  indeterminate  co-cllicients. 


Now  the  terms  SPcoso,  iPcos^  and  SPcoay,  are  each  oompob*  ^ 
of  two  distinct  parts,  viz. ;  Ist.,  the  component  of  the  resultant  ^ 
the  forces  applied  directly  to  the  particle;  and  2d.,  the  compon^B^* 
of  the  pressure  transmitted  to  it  from  a  distance,  arising  from  ■•^^ 
forces  impressed  upon   other  particles. 

Denote  by  X,  V  and  Z,  the  accelerations,  in  the  diroctiona  of  tM-^ 
Mxes  X,  y,  z,   reapcctiidy.  da«  Iq  ilae  furcoa  applied  dlntctly  t 


im» 


dydi-ilx. 


F    FLUIDS. 

J  ihnn  m,  being  the  mnss  of  the  puriido,  the 
'  the  furces  directly  impressed  will  be 

mJ"; 

Tlie  pressure  transmitted  will  depend  upon  the  partiele'a  place, 
uid  wili  be  a  function  •< if  its  co-ordinates  of  position.  Denote  by  p, 
tlio  pressure  upon  h  unit  of  surfuce,  on  the  supposition  that  every 
point  of  the  unit  sustaiiin  a  pressure  equal  to  that  communicated  to 
tile    particle  from  a  distiincu;    then,  for  a  given  time,  will 


Conceive  each  particle  of  the  fluid  to 
gular  pnrollelopipedon  whose 
&ces  are  parallel  lo  iho  co- 
ordinnte  planes,  and  mIioso  con- 
tiguous  edges  at  the  time  (, 
are  dx,  dy  and  dz;  and  let 
*.  y,  ",  I'c  the  coordinates  of 
the  molecule  in  the  solid  an- 
gle nearest  the  origin  of  co- 
ordinates. Then  would  the 
difference  of  pressure  on  the 
opposite  faces,  which  are  paral- 
lel  tu  the  plane   ty,  were   these  faces   equal 

Bud    upon  the   actual    faces    whose    di 
difference    becomes,  Eijuation  (397), 
dp 


ill    the   difference    of   the    pre; 
to    the    o[i|>ositB  faces  paritllcl  to    the    pi; 
liTely, 

dp 
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These   pressures  being  nornia]   to  the   siirfuccs   to    which   they  in 
respectively    npplied,  they    will   act,    the    first   in   the  direction 
the   second    in   the    direction    of   y,    niid    the    third    in    the   dire 
of  z.     And    lis   these   differences    alone  determine    ihnt  iicirijon  n 
motion 


the  Iranstnltted   pressures,  we   h 

V. 

lPcos.= 

.,.r-^.„,... 

di; 

2/-cos^  = 

,r-^..,... 

dt\ 

JPco,,= 

«z--^f-.  <;..<;, 

Jf. 

V  the  density 

of  ll,e  i.ias.  m,  the.. 

vill,  Equal 

uid   by  substitution,  Eiiuutions  (398)  become 


!       df 

D  '   dx 

=  X- 

d^x  ^ 

df  ' 

1       dp 
a   '   dy 

^  V 

d^'J 

1        dp 
1)   ■   dz 

^  z 

~  dy'\ 

■  (1)'- 


(m) 


uy    : 


,  the  veloc 


:8    of  the    molecule  whose  co- 
I  *,  y,  z,  respectively,  ot  the 


ordinate^  are   xi/z,  parallel  to  the  i 

time  (.  Each  of  these  will  be  a  fiinetion  of  the  time  and  the  co- 
I  ordinates  of  the  molecule's  place;  and,  reciprocally,  each  co-ordinate 
Jwill  be  a  functior.  gf  (,  u,  v  and  lo ;  whence.  Equations  (12)  and  (18), 

du 


d^^f-duS 

de       \di/ 

dx    dy    dz 
'  Tt'   Tl'  Tl' 


> 

du 

d-x 

f> 

du 

dy 

dC 

by 

their 

value 

V,  w 

respectively,  ' 


■i^)' 
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in    the    same  way, 

d^y        /dv\         dv               dv               dv 

dl^=h7)+-d7-'  +  TV'  +  -d7-'' 

d'2            /d„\            dv,                     dv,                     du, 

3F=(.Tr;+77'"  +  77"'+77-" 

which,  stibstiiuted  in    Equaliuns  (399),  give 

1       dp         ^        /<i,i\          dn                 dn                 du 

s"d^-^~  yd?)  ~rf7"  ~  ^7"*'"  -JT"^'- 

I       dp                     /dv\          dv                 dv                 dv 

■      (400) 

1      dp                     fdw\         dw                dw                dw 

d'IJ-^       \dl/       rfi             rfy"      'dT'"'- 

1 

V,  V,  w,  jj  and  D,  which  are   Ut  be  found  in   terms  of  x,  y,  c  and  (. 

Two  other  equations  may  be  found  from  these  considerationx,  viz  : 

the  velocity  in  the  direction  of  x,  of  the  molecule  whose  co-ordinatea 

we  xyi,  is  u;    the   velocity    of    the    mokcule    in    the   angle  of    the 

parallel  op  jpe  don  at  the  opposite  end  of  the  side  d  x,  at  the  same  time, 

'■             -f:-- 

■nd    henc«   the   relative   vcli>cLty    of  the   two  raoleculea   is 

.+p.d.-v  =  p.d,. 

dx                       dx 

At   the    time   (,  the    length    of    the   edge    joining  these    molecules    "« 

dx,  and   at   the   end   of  the   lime  t  ■\-  d  t,  this  length  will    be 

dx  +  ^-dx.dl  =  dx{\  -\-^-dt); 

dx                             ^          dx        ' 

the    second   term    being    the    distance    by    which    the    molecules    in 

question    approach   toward    or    recede    from    one    another    in    tha 

m 

UmB  dt.                                                                                                          1 

■ 

1 

1 

T 
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But  these  m.-vssea  must  be  equal,  siiice  the  quantity  of  matter 
ia  uiiclianged.  Equating  ihcra,  striking  out  the  cwnmon  ract(>r!>,  per- 
forming the  multiplication,  and  neglecting  tho  second  powers  ol'  the 
dkflereatials,  ve  have 


-(^' 


i. 


^) 


dD       dD 

+  -77  +  TT- 


,   "^^ 


'd, 


=  0.(401) 


This  \^  culled  the  Expiation  of  conlinuili/  of  -.he  Jliiid.  It  exproa 
tea  the  relation  between  the  velocity  of  the  molecules  and  the  den 
gUy  of  the  fluid,  which  are  necessarily  dependent  upon  each  other. 
This  is  a  fourth  fquation. 


g250.— If  the    fluid   be   compressible,  then 
he   given  by  the    relotion, 

F{D,p)  =  0,  ■ 


.   the    fifth    equotiou 


(402) 

■3  is  illustrated  in  the  particular  instance  of  Mariotte's  law,  Equa- 
tion (389).  Tlie  form  of  the  function  designated  by  the  letter/* 
will    depend    upon   the  natura  of  the    fluid. 


§251.— If  the   fluid   be   incomprc 
vill  be  zero,  and 


iible,  the   total    differential    of  B 


dD         dD            dD 

dt    "*"    dx'"'^   dy 

-li? 

"  ^  0;     ■ 

■      (403) 

equenlly 

the  equation  of  continuity,  Equation  (401), 

becomes, 

d£    ^   dy    ^ 

4?=» 

■    ■  (404) 

have    for 

the    dctermin.ition 

of    V.  V, 

IP,  D   and  ^, 

the   five 

a  (400), 

(403),   (404). 

§252. — These  equations  admit  of  great  simpliflcation  in  the  case 
«rf  Ml  ineompmxiMe  komoffeneout  Jluid  when  v  dx  +  v.dy  +  te.di, 
b  a  perfect  diflerential.     For  if  wo  make 


«^^    +    ^rfy    +    I 
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dicn   from  the   partlnl  dtfTereiitiala  will 

d(p  dip  dqi 

"  ~  Jx'     ^  ~~dy'     ^  ~~dz'' 

wLich,  in  Equation  {404),  gives  for   the  oquution    of  continuity, 


(405; 


.  (M) 


by    tho    integration  of  which  the    functio 
Differentiating  the  values  of  ii,  v  and 


p  may    be    found. 
3  above,  we  have 


Eliminating  n,  v,  w,  du,  dv  and  da,  from  Equation  (400),  by  means 
of  the    values  of  these  quantities  above,  we  have 


1  dp 

IJ     dx 

=  A'- 

(/!fi          d^    d^^        dip       d^fi          rf?)       rf'? 
dx-dl        dx     dx^        dy     dx.dy       dx     dx.dt 

1    dp 

=  1'- 

(f-if          dp       d''q,          dip   d"  IB       dp       d'p 

B'  dy 

dy.dt         dx    dy.dx       dy   d y'         dx     dy.dt^ 

1      </;> 

^  Z  - 

dip       dp     d^p       dp     d^p       dp  d'p 

dz.dt         dx    dz.dx        dy     dx.dy         dz     d:' 

Multiply 
^^din.,  « 

ngthe 
0   find 

first  by  dx,  the   second    by  dy,  the  third  by  rfi.an 

jr^fp-XJx+  Vdy+Zds-d 


dt 


40'+(^p%©']w 


Fioi.:  which,  bv  integration,  may  be  found  the  pressure  at  any  point 
of  an  in  compress  ible  fluid  mass  in  motion,  when  Equation  (406)  is 
the    equation  of  continuity. 

§253.^ When  the  excursions  of  the  molecules  dre  small,  the 
second  powers  of  the  velocities  naay  be  neglected,  which  will  ieduc« 
Equation  (407)  to 


■  dp  =  Xdx  +  Ydy  +  Zdz 


.  d  tl. 


we  obtain  by  substitution, 


Jy 


-  = 

d, 
d. 

■■     " 

d 

"    d 

dn 

d  D 

d. 

dn 

df 

dDd^ 

-ST  + 

dr 

lu  + 

Jy 

d. 

d:   dz 

if  the   excursions  of  the   molecules    from    their  places   of  rest  be 

tery   Hmall,  both    the    change  of   density  and  velocity   will   be  so 

mall    that   the    products   which    constitute    the   last  three   terms  of 

this   equation   mny   be  neglected,  and   the   equation   of  continuity  be- 


z,.(ii  +  ii  +  ii). 


and  replacing  t^u,  dv  and  d  te,  by  ihcir  value 
'and  dividing  by  D,  we  And 


d!,' 


L  Equations  (40D), 


=  0. 


(410) 


from  which,  and  Eq.  (408),  the  equation  connecting  the  extraneous 
Jbrees  with  the  co-ordinates  xijz,  and  that  expressive  of  Mariottc'ij 
taw,  the  function  9  mny  be  found,  then  the  value  of  I),  and  finally 
.tfant  of  p. 

Tlic    excursions   being   small,    if  we    impose    the   iiddiVuiwaV  isKi&r 
tion   thai   tile  molecules  of  ihi-    (liiid   are    not.   aeU'd    \\^(in  \in    enXi;*.- 


i 
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neota  forces,  in  wliich  case  tlie  motiona  can  only  arise  from  soma 
arbitrary  initjal  disturbance;   then,  Equation  (408), 


and    by  Mariotte's  law, 


and  tite  above  may  be  wiitten,  after  dividing  by  d  t, 

a'    dD  _    ,    d\agD  _       <?9 

rf  ( '  i^   ~  °  ■      dt      ~       d?'    '     ' 

whir.b,  in  Equation  (410),  givea 


i?9 


d»f  d^(9 

^  dy-  + 


(411) 
(412) 

(413) 

(414) 


From  this  Equation  the  function  9  is  to  be  determined,  then  the 
value  of  D,  from  Equation  (410),  and  that  of  p,  from  either  of  the 
Equations  (411)  or  (413). 

§  256. — Conceive  a  bomogcncoua  elastic  fluid  to  be  disturbed  at  ono 
of  its  points  by  the  sudden  expansion  or  contraction  of  tlic  element 
there  situated.  This  will  break  up  the  cquilibriiini  nf  the  surrounding 
molecular  forces  at  that  point,  the  particles  adjacent  iviti  move  to  n.- 
ftlore  the  uiiiformity  of  density,  and  an  expanding  disturbance  will  pro- 
ceed outwnrd  from  this  as  a  centre.  Take  the  origin  at  the  point,  ami 
denote  the  distance  of  any  particle  involvwl  in  the  disturbance,  at  any 
time  /,  snbscqucnt  to  the  disturbance  by  r,  then  will 

x*  +  y'  +  *•  =  ■■•. 

Denote  the  velocity  of  the  particle,  supposed  in  the  direction  of  r,  by 
(;  then  will 

•=<■?•  •  =  (■-.■■  "  =  f--l- 
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Differentiating  the  first  of  the  abo\c  equations,  we  have 

xdx  '\'  ydy  '\'  zdz  =.  r  ,  dr. 

Substituting  tlie  values  of  2*,  y,  and  z  from  the  second,  thirdi  and  fouith, 
there  will  result 

udx-\'vdi/'{'todz  =  ^ ,  dr\ 


so  that  this  satisfies  the  condition  of  the  lirst  member  bein<x  an  exact 
differential ;  and,  therefore,  c/  9  =  {* .  <^  r ;  or 


^^  dr 


And  hence 


d(n       d(a    x  d^       dq>    y  d(D 

tt  =  -7-^  =  — ^•-;     V  =  — ^  =  — ^  •  -  ;     wz=.—-' 

dx      dr     r  dy       dr    r  dz 


d^    z  ^ 


differentiating. 


rf*  9      c?*  9    ar'  ,  rf  9    y*  +  z' 

r 


(^9 


d*  (p    y^      dap    2'  +  ar* 
dr*    r^      dr        r* 


rf*9^rf*9    z*  ^dcp    rc'  +  y*, 
rf7  ' 


"  dr*\*^  dr' 


and  these  valaes,  substituted  in  Equation  (414),  give 


rf*9 


which  may  be  written, 


rf'r9         ,    d}r(^ 
IF  "^  '~d7 


(414)' 


of  which  the  integral  is.  Appendix  No.  lY^ 

r9  =  ^(r  +  aO+/(r-aO; 

and  in  which  F  and  /  denote  any  arbitrary  functions  whatever.    From 
this  we  have 
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?'  =  ;[^('-  +  <'0 +/{-■-<•')]     ....     (416) 

Taking  the  first  differential  coefficient  of  f  with  respect  to  r,  and  k- 
jilncing  ils  value  by  ?, 

{=l.[/?'(r  +  al)+/'(r-al)]-J,[y(r  +  .0 +/('-»')]• 

For  any  considerable  distance  from  the  origin,  tbe  second  term  may  be 
omitted  in  comparison  with  the  first;  and  there  will  result,  after  squaring 
and  multiplying  by  m,  the  mass  of  the  moving  particle, 


■[F'{r  +  ,,)+f(r-.,)Y     . 


(«n) 


The  first  member  is  the  living  force  of  the  moving  particle,  or  double 
the  quantity  of  work  it  may  impress  upon  the  organs  of  sense  exposed 
to  its  action.  The  effect  it  may  produce  will,  therefore,  all  other  things 
being  equal,  vary  inversely  as  the  square  of  its  distance  from  the  place 
of  primitive  disturbance.  Equations  (415)  and  (416)  are  employed  in 
discussing  the  theory  of  sound. 

EQCILIBBIDU    OF    FLUIM. 

8  257.— If  the   fluid  be  at  rest,  then  will 


and    Equations  (399)  become 


■77  =  -°-^>' 

'''  -  n  v- 

ds-"-^- 



^  =  --. 

(417) 


§258. — Multiplying  the  first  by  dx,  the  second   by  4y,  the  third 
by  dt,  and  adding  wo  find, 

rf|.  =  D(.Xd»  +  T4K  J-  Zd.y, .    .    ,    .  ,t»»fft 
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uid   hy  intef^lion, 


-fl>-  ('Ydx  +  rrfy  4-  2i/z); 


•{419)    , 

whence,    in    order   that   tbc    value    of  p    may    be    possible    fur    any  I 
point   of  the   fluid  mass,  the    product  of  the  density  by  the  functit 
Xdx  +  i'dy  +  Zdz,  must  be  ati  exact  diBerential  of  u  runctJon  i 
the  three  independent  vurmbles  i,y,  z.     Rytiproeully,  wlieii  ihia  condi-1 
tion  IB  tuJ51Ied,  not  only  will  ihe  pressure  nt  itny  point  become  known,^ 
by  substituting  its  co-ordinatea,  but  the  Equations    (417),  will  bu 
tBTied,  and  the  fluid  will  be  in  equitibrio. 

g  259. — Conceiving  tboae  points  of  the  fluid  which  esperience  equal  ' 
pressures    to    be    connected    by,    indeed   to   furra    a  surface,    then   ii 
jMssing  from    one    point    to    another    of  this   surfiicc,  wo    shall    havt 
rfp  =  0,  and 


xdx  +  vdy  +  zdi 


(420) 


ivbicta   is  obviously    the   diflcrcntinl  equation   of  the   surface. 

Dividing   this  by    Rdn,  in  which  mj/,  denotes  the  resultant  of  th*  \ 
Ibrces   which   act    upon    any    particle,    and    d>,    the    clement    of  any 
«Mirve  upon  the    surface  passing  through    the   particle,  we  have 


X    dx_ 
R'  ds 


R'  ds 


Z     dj_ 
'  R'  ds 


■  (42!) 


■whence  the  resultant  of  the  forces  acting  upon  any  one  of  the 
elements  of  a  surface  of  equal  pres.sure,  is  normal  to  that  surface. 
TniiB  is  the  characteristic  of  what  is  called  a  level  eitr/ace,  which 
may  be  defined  to  be  any  surface  which  cuts  at  right  angles  the 
direction  of  the  resultatit  of  the  forces  which  act  upon  its  particles. 

JS2B0.— If  Equation  (420)  be   integrated,  wc   have 

f{Xdx  +  Yd;/  +  Zdz)  =  a.       .     .     .     .(422) 


In  which  C  is  the  constant  of  inti- 
constant  must  result  from  ihc  dim 
iJu   volume   of    Ihc    fluid    it  cuvoloj 


Tiic    masniludcs  of  ihii 
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suitable  values,  we  may  start  from  a  single  particle  and  proceed  <m^ 
wards  to  the  boundary  of  the  fluid,  and  if  the  successive  values 
differ  by  a  small  quantity,  we  shall  have  a  series  of  level  concentric 
St  lata. 

The  last  possible  value  for  C  will  determine  the  exterior  or  bounding 

surface  of  the  fluid ;  because  this  surface  being  free,  the  pressure  upon  it 
will  be  zero ;  the  differential  of  the  pressure  from  one  point  to  another 
will,  therefore,  bo  zero,  and  the  differential  equation  will  be  that  num- 
bered (420),  or  that  of  equal  pressure.  Every  free  surface  of  a  fluid  in 
equilibrio  is,  therefore,  a  level  surfeu^e. 

§261. — Putting  Equation  (418)   under   the  form 

^  =  Xdx  +  Tdy  +  Zdz, ......     (423) 

we  see   that  whenever   the   second   member  is    an  exact  difTerential, 
p  must  be  a  function  of  D,  since  the  first  member  must  also  be 
exact  differential.     Making,  therefore, 

P  =  ^W, (434> 

in   which  F  denotes  any  function  whatever,   the   above  equation 
comes 

^-^-^  =  Xdx+  Ydtf  + Zdz;      .    .     .     (42&' 

but  for  a  level  surface  or  stratum,  the  second  member   reduces 
xero ;  whence, 

dF{D)  =  0; 

and  by  integration, 

F(D)  =  (7; 

whence,  not  only  will  each  level  stratum  be  subjected  to  an  equ  -^ 
pressure  over  its  entire  surface,  but  it  will  also  have  the  amjn^^^e 
density  throughout. 

g  262. — If  the  fluid  be  homogeneous  and  of  the  same  temperatiK^  '^^ 
throughout,  then  will  D  be  constant,  and  the  condition  of  eqnOlbritSKJSt 
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"I'mpljf  rpquirca  that  llie  fuiiclion  Xdi  +  Ydy  +  Zdz,  Ei,u« 
(419),  shall  lie  an  exatl  difliTentiiil  of  the  throe  indtpendenl 
vnrutblea  x,  >/,  z,  aiiJ  whun  this  is  not  tho  casu,  the  equilibrium 
^rill  be  impussilile,  na  iniitter  what  ihe  shnpe  of  tho  t 
Bod    though  it  were   contiiiiicd   in   a    cloaed  vessel. 

But    the  function    ubuve    referred    to   is,   g  133,    always    an   exaot  J 
«]lfrerent>al   fur  the  forces  of  nature,  ^vhich  are   cither  attractions  or  | 
Tepiil»ions,  whose  intensities  are    fitnctions  of  the  diabinoes  from  tha 
eeiitres    through    which    they   are   exerted.     And    to    insure  the   cqiii- 
]ii)rium,  it  will   only  be   necessary  lo  give    tho  exterior  surfuco   such 
»hapo  as  to  rut  perpendicularly  tlie  resultants  of  tho  forces  which  ticl  1 
upon  the  surface  partielcii.     This  is  illustrated  in  the  Biniple  uxuniplA  j 
of  a   tumbler  of  water,  or,   on   a   larger  scale,  by  ponds   and   lakea  \ 
which  only  come   to   rest   when   their   upper  surfaces  are   normal   to 
the  resultant  of  the  force  of  gravity  and  the  centrifugal  force  arising 
from   tho  earth's  rotation  on   its  axis. 

In  the  ca.tie  of  a  heterogeneous  Ruid  subjected  to  the  action  of  a 
central  force,  its  equilibrium  requires  that  it  be  arranged  in  concentric 
level  strata,  each  stratum  having  the  same  density  throughout.  And 
the  equilibrium  will  be  sLiblc  when  the  centre  of  gravitv  of  thn 
whole  is  the  lowest  possible,  g  138,  and  hence  the  denser  strata  should 
be  the   lowest. 

When  the  fluid  is  incompressible,  the  density  may  be  any  functiou 
whatever  of  the  co-ordinates  of  place.  It  may  bo  continuous  or  dis- 
continuous.  When  it  is  given,  the  value  of  the  pressure  is  found  from 
EqiutioQ  (410). 

§  283. — In   compressible   fluids   the    density   and  pressur 
nected   by    law,  and   tho   (ijrmer  is  no  longer  arbitrary. 
Dividing  Equation  (418)  by  Equation  (389),  we  liave 

dp    _  Xdx  +  Ydy  +  Zdt 


(425)'  • 


btegrating. 


■  =  / 


■Xdx  +  Tdij  +  Zdz 


■(420) 
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denuling  the  base  of  tlie  Naporian  system  by  e,  we  havo 

ikitd    lliis  aul>stitutcd  in  Eiiunlioii  (389),  gives 


D  =  ^- 


<i 


llii^se  equations  dotermtae  the  pressure  and  density. 

For  Miy  surface  of  constant  pressure,  the  exponent  of  *,  in 
lion  (43T),  must  bo  constant,  its  ditferential  must,  thcruforc,  be  uro, 
and  nil  tbc  eon^quences  deduced  frnm  Ki^uatiou  (4'20)  will  follow  ; 
that  is,  wbcn  the  fluid  is  ot  rest,  it  must  be  arrungcd  in  level  strau, 
eaeli  stratum  having  the  Sjimo  density  thi-oughout,  with  the  iiddition 
lliat  the  law  of  the  varying  density  must  be  oonttnuous  by  the  rv- 
<]uiremcnts  of  Mariottc's  law. 

If  the  ipinpwature  vary,  thi-n  will  P  varv,  and  in  ordt-r  that 
Equation  (435)'  may  be  an  exact  dilf<.Tential,  P  must  bu  a  fiinciiun 
qI  xys,  and  henee,  Eijuutions  (427)  and  (428),  whtn  p  is  constant, 
D  will  be  conslaiil;  that  is,  each  level  stratum  must  bo  of  unifunn 
icniperaturc  ihi-onghout. 

It  is  obviuns  that  the  atmosphere  can  never  be  in  crjuilibHo;  for 
thu  sun  heating  unequally  its  different  portions  us  the  earth  turns 
upon  its  axis,  the  layers  of  equal  pressure,  density  and  tenipernture 
can  never  euiticide.  Hence,  those  perpetual  currents  of  mi  known  oa 
the  trade  winds,  and  the  periodicnl  monsoons;  also,  the  sea  and  Innij 
breezes,  variable  winds,  die,   &c. 

§204, — llcst  is  a  relative  term;  when  applied  to  a  particle  of  a 
fluid  mass,  it  means  that  that  particle  preserves  unaltered  lis  place  in 
regard  to  the  other  particles;  n  condition  eonaielcnt  with  a  bodily 
movement  of  the  entire  mass. 

If  a  liquid  mass  turn  uniformly  about  nn  axit,  the  prec(>ding 
eqiuitions  will  make  known  its  pcrmiinent  figure.  For  this  purpone 
it  wm  he  Miflieient  lo  jwn  to  the  forces  ,V,  Y,  Z,  the  centrifugal  forcw 
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Take   the  axis  z  as  the  axis  of  rotation ;    denote  the  anguhir  velocity 
by  9,  and    the  distance  of 
the   particle    M  from   the 
axis  z  \)^  r\  then  will 

r^  =  a:2  +  y2 . 

tne  centrifugal  force  of  M 
regarded  as  a  unit  of  mass, 
will  be 

and  its  components  in  the 
direction  of  x  and  y,  respectively, 

r.92        =a;<p». 

T 


and  these  in   Equation.  (418),  give 

dp  =  D,{Xdx  +  Ydy  +  Zdz  -f  (^^,xdx  -f-  9^^ .(/y). .  (420) 

When  the  second  member  is  an  exact  differential,  the  permanent  form 
will   be   possible. 

For  the   free  surface  rfp  =  0,  and  we  have 

Xdx  +  Ydy  -f  Zdz  +  (^'^.x.dx  +  q>^ydy  =  0-  •  .(430) 

Example  1. — Let  it  be  required  to  find  the  figure  assun\ed  by 
the  free  surface  of  a  heavy  and  homogeneous  fluid  contained  in  an 
open  vessel  and  rotating  about  a  vertical  axis. 

Here, 

X=0;     r=0;     Z=  -^; 

and   Equation  (430)  becomes 

ffdz  =  (p^{xdx  +  ydy). 
Integrating^ 

z=^(x*  +  y')+  C; (481) 

which  b  the  equation  of  a  paraboloid  whow  axis  is  that  of  rotation. 


286 


ELEMENTS    OF    ANALYTICAL    MECHANICS. 


To  Ciiul    llic  constant  C,  let  the  vessel    be   a   rijjlit  Ckliniicr,  wl£ 
circular   biise.  uttose  radius  is  a,  aiid    icnote   by  A  (ho   hcighl  dua  to 

Ihe    velocity   of  the  fluid  at  the  circumference,  tht-n 

a-'r  =2g/i, 


Denote  by  &  the  heiglit  of  ihe  liquid  before  the  rotation: 
volume  will  be  va'.b.  Gmcelve 
the  whole  body  of  the  liquid  to 
be  divided  into  concentiie  eylin- 
drieitl  layers,  having  for  a  cotnition 
axis  the  a\is  of  rotation.  The  Imiso 
of  ftiiy  one  of  these  layers  will 
have  for  its  area,  neglecting  d  r-, 
Srr.df,  and  for  its  volume,  taking 
the  origin  of  co-ordinuicB  in  ihe 
bottom  of  the  vesBcl,  Ztrr.dr.t, 
which  being  integrated  between  the 
limits  r  =  0  and  r  =  o,  will  give 
(he  whole  volume  of  the  fluid,  and 


^/•" 


replacing  r.  rfr  by    its  value    from    Equation    1432),   and   intigrating 
between    the    limits   t  =  C  and    z  =  A  +  (7,    which   are   the   ■ 
.1(1  ven    by  Equation  (433)  for  r  =  0   and  r  =  o,  we  fmd 


and    the   equation  of  the   uppc 


=  6  -  J  A, 

surface  becomes 


-ih. 


The    least  and  greatest  vaiut 
rintaiacA   by  making  r  =  0  and 
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Miquid    nt    the   axis   is   cqunl    to    ita 
I  ^lindrical    vessel,    and     is    equal 
I  velocity  of  the  latter. 

g  2Q5.—SxampU  2.— Let 
I  the  lluIJ  elomenta  be  attrnct- 

«d  to  the  centra  of  llm  mass 
!  by  a  force  varying  inversely 
I  *s  the  Bqiiaro  of  the  dislonce. 

TbIcb  iho  origin  at  the  cen- 
^  tre  ;  denote  the  distance  to 
1  the  particle  m  froni  ihiit  point 
'  by  r,  nnd  the  intensity  of  the 
[.ittractivc  force  nt  the  unit's 
1  distance  by  k.     Then  will 


^levatior.   at    tlie    surface    of   .he 
hulf    ihe    height    duo    to    the 


I  which  in  Equation  (430),  give 

I  ^(zdx  +  yds  +  ^dz)  -  <p^{xdx  +  ydff]  ^0, 


\ 


+  i("  +  y')- 


■cd  by  integration, 

r  za  +  y>  =  r*co. 

'  in  which  i  dcncles   the  nnglc  made  by  » 


k. 


vith    the  plane  xy, 
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■ind    denoting   the  distance  from   the  origin    to  the  point  in  which 
Si  free  suHnce  cuts  the  axis  z  hy  unity,  ne  hare,  by  making  t  =  OV, 


yhich    substituted   above,  and   solving   with  respect  to  c 

i.,..„„.»-^('--').  .  .  . 


and  making  r  =  I  +  «,  we  have 


-  (1  +  .)> 

If  the  angular  vi-Iocity  be  small,  then  will  u  be  very  sntall. 
Developing  the  second  member  with  this  supposition,  atiii  limiting 
the   terms   to    the  first   power  of  u,  we  find 

J  q>»  .  cosM  =  i  (»  -  3  ««). (434)' 

^eglecti^g  Su-',  and  replacing  i»  by  its  value,  ^iz.:  r  —  1,  we 
have  for  a  first  approximation, 

From  Equation  (434)',  we  find 

"-       lit       +'"• 
and  this  in  the  equation 


=  1  +«, 


gives 


knd  replacing  «'  by  its  approximate  value  '  i  abore,  by  neg- 

lecting 3 11*,  we  have 


3y<-coB*i 
4i»         ' 


&r  the  poln  equation  of  the  meridian  seotlw. 
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Coinparing    lliia    with   the   cjuariim 
r  .—  — -^=^^^z^  =  1  -f  i  e-  eos"  fl  4-  s  ■  «*  ■  <■"**  d  +  ice, 
thejf    bewmc  idcntieal    by    neglecting    the  liighur 


The  free  siirfiice  ot'  the  fluid  approximates  iherefnre  very  closely  , 
to  an  ellipsoid  of  revolution  of  which  the  eccentricity  of  its  meridian  I 
wwtion  is  equal  lo  thy  squure  root  of  the  quotient  arising  from  I 
dividing  the  centrifugal  force  at  the  unit's  distance  from  the  axis  | 
of  rotation,  by  the  force  of  attraction  at  an  equa!  distance  from  the 
oentre,. 

PRESaUKE 


§866.— When  a   fluid   contained  in    an; 
lis  own  weight,  if   the   nsis  z  be   taken   vertical 
■nii  positive  downwards,  then  will 

•n<l    Equation   (418)  Iwcomes,  after  integrating, 

P  =  J}yi  +  C; 

ind    assuming    the   plane  xy  to    coincide   with 
Ihe  upper  surface   of  the   fluid,  which    must,    when 
horizontal,  we  have,  by  making  *  =  0, 


In  which  p'  denotes   the    pressure    exerted  upon   the   unit  of  the  free 
■urfiice.     Whence, 


Th«  first  member  is  the  pressure  exerted  upon  a  unit  of  sur&ce, 
'Bvery  point  of  which  unit  having  a  pressure  equal  to  that  sustained 
by    the   clement   whose    i»-orilinale    is   z. 


(«61 

(.r  tho  surfiiuc  prespi.')!,  untl  by  dh,  iho 
i'l(>nieiit  uf  this  surftice,  whaia  ooordiiintu  is  s,  we  have,  Equallou 
[31)7),  (iir  the   pressure   upon   this  element   denoted   by    p^, 

/),  =  Og.t.db, 
iiii    tlie    same  for   any   other   element  of  iho  surfiice;    wheiioe,  dcuo- 
ling    tliB    entire   pressure  by   P,   we   shal!    havo 

P  ='Sp,  =  Dg.Zz.ilb. (437) 

1   of  the   cciUro   of  gravity    i 
i  b,  theu    will,  Equations  (01), 
l.e.db  =  6s„ 


M 


--  Dg.b.t,. (438) 

Now  b  E,  is  the  volume  of  a  right  cylinder  or  prism,  whose  baw 
is  b,  and    altitude  z, ;    Dg.b.z,    is    iho   weight   of    this   voiume  of 

the  pressing  fluid.  Whence  we  conclude,  that  tht  prenmrg  txeriti 
vpun  avy  surface  by  a  heavy  Jliiid  ii  equal  to  the  weight  of  a  eylin- 
drical  or  priamalic  column  of  the  fluid  telioxe  base  ii  equal  to  thi 
lurface  pressed,  aiid  whose  altitude  it  equal  to  the  ditlanee  of  the  c«- 
Irt    of  gravity   of  llie    surface  below  the    "pper   surface    of  the  fluid. 

When  the  surface  pressed  is  horizontal,  its  centre  of  gravity  will 
be  at  a  distance  from  the  npper  surface  equal  to  the  depth  of  the 
fiuia. 

This  result  is  wholly  independent  of  the  (juaiility  of  the  pressing 
fluid,  and  depends  solely  upon  the  density  of  ihc  fluid,  itn  height,  nnd 
ibo  extent  of  the  surface  pressed. 

Example  1.  —  Required  the  pressure 
against  the  inner  surface  of  a  cubical  ves- 
sel filled  with  water,  one  of  its  faces  being 
horizonUil.  Cull  the  edge  of  the  cube  a, 
the  area  of  each  face  will  be  a',  (he  dls- 
lance  of  the  centre  of  gravity  of  ejich 
rertJcal     face   below   \\ic   u^\tcr    Rfttfoce,  wUl  be 
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lover    face  it; 
gives. 


whence,    the    principle    of    the    centre    of    grant/ 


^s  = 


Again, 


4ag  X  jg  +  q^  Xa 

5a2 


b  =  6a2; 


=  }a. 


and   these,  substituted  in  Equation  (43S),  give 

Now   Dff  X  V  z=  Dg,  is  the  weight  of  a  cubic  foot  of  water  =  62,5 
lbs.,  whence, 


lbs. 

P  =  02,5  X  3a3. 


"Make   o  =  7  feet,  then  will 


iht. 


P  =  62,5  X  3  X  (7)3  =  64312,5. 

"Xhe  weight  of  the  water  in  the  vessel  is  62,5  a^,  yet  the  pressure 
is  62,5  X  3a3,  whence  we  see  that  the  outward  pressure  to  break 
t-he  vessel,  is   tliree  times   the   weight   of  the   fluid. 

Example  2. — Let   the   vessel   be  a  sphere  filled  with  mercury,  and 
let   its   radius   be   R.     Its  centre  of  gravity   is 
^t   the  centre,  and   therefore   below   the    upper 
surface  at   the  distance  i?.      The  surface  of  the         /  I 

«phere    being    equal    to     that    of   four    of   its         ^  / 

^eat  circles,  we  have 

h  =  4*222; 

whence, 

b.z,  =4*i23; 

and,  Equation  (438). 

P  =  4*.D.g.I^. 

The  quantity  2>^  x  1^  =  -O^,  is  the  weight  of  a  cubic  foot  of 
mercury  =  843,75  lbs.,  and  therefore,  substituting  the  ipalue  of 
r  =r  3,1410, 

Of. 

P  =  4  X  8,1410  X  848,75 .  J^. 
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Now    suppose    the   radius   of    tho    sphere    lo   be   two    feet,    then  wIL' 
JJ3  ^  8,  and 

P  =  4  X  3,1416  X  843,75  X  8  =  84822,4. 
Hie  volume  of  the  sphere  is  |*5*j   and    the  weight  of  the  oou. 
(ained    mercurj-    will    therefore    be    ^irIPgJ)=W.      Diyidiug  tha   , 
whole  pressure  by  this,  we  find 


W  ~      ' 

whence  the  outward   prcssurd  is  three  times  the  weight  of  the 

Example  3. — Let  tho  vessel  be  a   cylinder,  of    which    the    r 
r  of  tho  base    is   2,   and   altitude   I,  6   feet.     Then    will 

{,.g,  =  -rrl{r  +  l)  =  3,1416  X  2  X  6  X  8 ; 
which,  substituted  in  Equnlion  (438), 

P  =  301,5936  X  Dp, 


tnd 


W  =  3,1416  X  2^  X  G  X  Dff  =  75,398  ; 
P         301.5936  X  Dff 


W 


75,3984.  Z*jj      ' 

against  this    particular 


:4; 


nes  ftTl 


that  is,  the  pressure   against  this    particular  vessi-l 
weight   of  the   fluid. 

§267.— The  point  through  which  the  resultant  of  the  prejisura 
upon  all  the  elements  of  the  surface 
liasBes,  is  called  the  ctntre  of  pressure. 
l«t  HIF  be  any  plane,  and  M Jf 
the  intersection  of  this  plane  produced 
with  the  upper  surface  of  the  fluid 
which  presses  against  it.  Denote  the 
area  of  any  elementary  portion  n  of 
the  plane  A'//*  by  db  ;  and  let  m  be 
the  projection  of  its  place  upon  the 
upper  suffuce  of  the  fluid  ;  draw  m  M 
;>(?r^ciidicular  to  M  N,  oni  *Jo^n  i^  *""\^\^  M  \^^  vVn  x 


will  olao  be  perpwidiculur  tu  MJ^,  and  Uie  angle  nMm  will 
i  the  iticlinutioa  of  the  plane  EIF  to  (ho  surface  of  the 
Denote  this  angle  by  9,  the  distance  m  »  by  A',  and  Mh  by  r" 


the   pressure   upon   the   element   d  6, 

ith    referenee   to    the   lin 


iiirface,  the   moment   becomes 
I)  ff.  simp.  £r''db. 

ifitAncc  of  the  centre  of  gravity  of  the  surfiMW 
)o  Af  J^,  its  distance  lielow  the  upper  surface  of 
n?i;  and  the  pressure  upon  this  surface  will  be 


■nd    if    I  denote   the   distance   of    the   centre    of    pressure    from 
line  MN,  then  will 

Dff.rsm<p.b.  I  =  Dff  .s'mp.  Sr'^.db, 
from  which  we  have. 


and  for 

the 

Denote 
pressed 

by 
fron 

whence,  Efiuatioii  (238),  the  centre   of  pressure   is  found  at  the  centre 
of  percuMion  of  the  earface  pressed. 

§266. — The  principles  which  have  just  been  explained,  are  ol 
jjpeat  practical  importance.  It  is  often  necessary  to  know  the  pre- 
4AM  amount  of  pressure  exerted  by  fluids  against  the  sides  of  ves- 
mIs  and  obstacles  exposed  to  their  action,  to  enable  us  so  to  adjust 
the  dimensions  of  the  latter  as  to  give  them  sufficient  strength  to 
Ksist.  Reservoirs  in  which  considerable  quantities  of  water  are  ool- 
'lected  and  retained   till  needed   for  purposes  of  irtig&twn,  vVft  wiy^I 

atie^  anJ  wwiin,  or   to    drive  nincliinery  ■,    dj\(.ea  lo  Vct^  ^^i*;  ■*«* 


I 
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and  lakes  from  inundating  low  districts ;  artificial  embankments  «»■ 
strueled  along  the  shores  of  rivers  to  proteet  ihe  adjacent  country 
in  times  of  freshets ;  boilers  in  which  elastic  vapors  are  pent  wp  in 
t  high  Btate  of  tension  to  propel  boats  and  cars,  and  to  give  motion 
to  machinery,  are  examples. 

§230. — As  a  single   instance,  let   it  be  required  to  find  the  thick 
ness  of   a   pipe   of   any   material  necessary    to   resist   a  given   pre» 


Let  ABC  be  a  section  of  pipe  perpen- 
dicular  to  the  axis,  the  inner  surface  of 
which  is  subjected  to  a  pressure  of  p  puunds 
on  each  superficial  unit.  Denote  by  R  the 
radius  of  the  interior  circle,  and  by  /  the 
length  of  the  pipe  parallel  to  the  axis ; 
then  will  the  suriace  pressed  be  measured 
by  2<R.l;  and  the  whole  pressure  by 
\%mR.l.p. 

By  virtue  of  the  pressure,  the  pipe  will  stretch  ;  its  radius  will 
become  R  +  d R,  the  path  described  by  the  pressure  will  be  dB. 
and   ita   quantity  of  work 

2*  R.l.pdR. 

The  interior  circumferenee  before  the  pressure  was  2ir  J!,  aflerwards 
ZK[R-\-dR),  and  the  path  described  by  resistance,  2vdR,  Anil 
if  1!  denote  the  resistance  which  the  material  of  tlie  pipe  is*  capable 
of  opposing,  to  a  stretching  force,  without  losing  its  elasticity  owf 
each  unit  of  section,  (  the  thickness  of  the  pipe,  ihen,  hy  the  prin- 
dple  of  the   transmiasion  of  work,  must 


B.l.dR.l  =  in  R.l. 


.dR; 


4 


The    value  of  p   is   estimated    ir 
J  roJos  jtist  civi-n.     That  i"  vW 


rebj 


;iil]y.     The    ralue  of  B  t 
results  I'f  fxperinients  oi 


dily  ubtained 
'   strengt 


;ngth  c 
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§270. — When  a  body  is  immersed  in  a  fluid  it  is  not  only 
Acted  upon  by  its  o«ti  weight,  but  also  by  the  pressure  arising  from 
llio  weight  of  the  fluid,  and  the  circumstances  of  its  rest  or  motion 
will  he   made    known    by  Equations  (A)  and  (£). 

Let  £I>  be  the  body;  take  the  plane  z  y  in  the  plane  of  ihc  up. 
per  Burfuee  of  the  fluid, 
supposed  at  rest,  and 
the  axis  of  z  therefore 
vertical.  Denote  by 
b  the  entire  surface 
of  the  body,  and  by 
d  b,  one  of  its  elements, 
whose  co-ordinates  of 
position  are  xy  s.  The 
pressure  upon  this  ele- 
ment will  be 

D.ff.s.db, 

in  which  J)  is  the  density  of  the  fluid,  and  g  the  force  of  gravity. 

This  pressure  is,  §  248,  normal  to  the  surface,  and  denoting  by 
a,  /3  and  7,  the  angles  which  this  normal  makes  with  the  axes  f  yc, 
respectively,  ihe  components  of  the  pressure  in  the  direction  of  these 


D-a.: 


.db,  COS  /3;     D  .y  .t  .db  .  CI 


Similar  exprassiona  being  found  for  the  corapoLents  of  the  pressure 
other  elements,  wo  have,  by  taking  their  sum, 

Dg.^z.d<>.cl:^s'^■,     Dt/ .1  z  .Jb  .cos  $  ;     Dg  .1  :  .db  .co%y. 

But   rffi.cosa,    di>.coH/i,    aiui    db.. 
grwt  d&  on   rlit-  co-onliimlc   planes  z. 


sy,    avf    t\ie  'pmyctuwa   n^   \^l*'■ 
zx  and   r  ^,  vespMCV\vAN  ,    Mvfl 
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Si  .db.cosa,£g.tib. co&^,Zs.dli. cosy,    are    v^oluinex   iT    rig% 
prisms    wlioso    boxes  nro    projectiuns   of    the   entire   surfACe    |>ref$cd 

upon  the  same  co-orditmte  planes,  and  of  which  lh»  olliludc  i<(  cava 
ia  the  deptli  of  the  common  centre  r>f  graviiv  of  ihc  elements  of  it« 
bum  submerged  to  (he  depths  of  their  corresponding  surljice  elnmetiu. 

Whence   we  conclude,  ihttt    the  component  of   ike  preiivre    on  an} 
lur/ace,  enllmated  in  any  liireelion,  U  equal  to  tke  prasurt  c 
of  that  surface  as  ii  equal   to  its  projection  on  a  plane  at  riffhi  t 
to   tin  given  direction. 

The  cylinder  or  prism  which  projects  an  element  t 
the  body  will  also  project  an  element  situated  on  the  opposilo  s 
these  projections  will,  therefore,  be  equal  in  extent,  but  will  hnro 
contrary  signs,  for  the  uormnl  to  the  one  will  make  on  ncut«,  and 
to  the  oihur  nn  obtuse  angle  with  the  a.\ia  of  the  pinno  of  projeetloQ. 
When  these  projections  are  made  upon  any  vertical  plane,  the  value 
of  »  will  be  (he  same  in  both,  and  hence,  for  each  positive  product, 
z.dh.cosa  and  s  .db.Qos^,  tlii;ro  will  be  an  equal  negative  product; 
therefore, 


■hi  OMJl^ 

iilO  B^^^l 


Dg.it.db.' 


i:i:/'eoaa  =  0;  iJj?  .le.rft  .cos/3^2i'c«f?=0. 


That  is,  the   sum   of    the  horizontal    pressures    in    the    directions  of 
X  and  y,  and  therefore  in  aU  horizontal  direcliout,,  will  be  Kcroi 
the    first   and   second   of  Equations  (120),  give 


</(■' 


:0; 


dt^  ' 


?=  0; 


zontal 


:ilOIIB     IM         I 

1 


jnlrury    signs,  iJin  * 


or,  wliifh    is  the  same   thing,  there  can   be  no    h 
Ironslation   from   the   fluid  pressure. 

When  the  projections  of  opposite  elements 
horizontal  plane,  they  will  still  be  equal  with 
nurniHl  to  the  elements  on  the  lower  side  making  obtuse,  wbilo  iho^ 
normals  to  the  elements  above  make  acute  angles  with  the  axis  f^ 
Init  the  corresponding  values  of  z  will  difler,  ond  by  a  length  pqu^-i 
to  thai  of  the  vertical  filament  of  the  body  of  which  these  element 
form    the   opposite    buses,  and    hence 


I}3.%s.db.v»^y=  l><i.^{t'-t^dh» 


-DgS.c 


«j'..(44«C: 
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in  which  z'  denotes  the  ordinate  for  the  upper,  and  z^  that  for  the 
lower  element  in  the  same  vertical  line,  and  c  the  distance  between 
the  elements;  and   the   third  of  Equations  (120)  becomes 

(d^t\  cPz 

P cos y  —  m  •  -7^2  )  =  ^9  —  Dff'^C'db' cos y  —  2 m  •  -7-^  =  0. 

But  2c.rf6.cos7  is  the  volume  of  the  immersed  body  which  is 
obviously  equal  to  that  of  the  displaced  fluid  ;  also  Dg ,1c,d b  , cos / 
is  the  weight  of  the  displaced  fluid ;  and  Mg  that  of  the  body. 
Denoting  the  volume  of  the  body  by  F',  its  density  by  i>',  the 
above   may  be  written 


V'D'g  -  V'Dg  -^Im 


cPz 


=  0. 


•         •         • 


(441) 


Now,  when 


or 


then  will 


VD'g  -  V'Dg  =  0, 


D  =  D\ 


and   there   can   be  no   vertical  motion   of  translation    fi:m   the   fluid 
pressure  and  the  body's  weight. 
When  D*  >  2>,  then  will 


2  m 


cPz 


=:{D'^I))V'.p; 


'^tid   the  body  will    sink  with   an  accelerated   motion. 
When  ly  <  D,  then  will 


2  m 


<Pz 


=  -(i>'~2>)  V\g, 


%nd    the  body  will  rise  with  an  accelerated  motion   till 


2  m 


d^z 


=  V'D'g  -  VDo  =  0; 


^42) 
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in  which  V  denotes  the  volume  ASC,  of  the 
fluid  displaced.     At  this  instant  we  have 

V'J)'ff  =   VJ3g;   .     .     .     (443) 

and  if  the  body  be  brought  to  rest,  it  will 
romniii  so.  That  is,  the  body  will  float  nC  the 
Burfucc  when  the  weight  of  the  fluid  it  dis- 
places is  equal  to  its  own  weight. 

The  action  of  a  heavy  fluid  to  support  a  body  wholly  or  partly 
immersed  in  it,  is  called  the  buoijant  effurt.  The  intensity  of  the 
buoyant  effort  is  equal    to  the  leeight  of  ike  fin'id  dUplaeed. 

Substituting  the  values  of  the  horizontal  and  vertical  coinponenta 
of  the   pressures  in  Equations  (U8),  and  reducing  by  the  relations. 


Dg.^c.db. 

Di.Se.db. 


:  Dff.  v.: 


■sy.y-  : 


(444) 


dfi 

z'-d'x'  ~x 

■  tfe' 

dfl 

y-.d»,'  -»• 

••P'f 

in  which  *  and  y  are  the  co-ordinates  of  the  centre  of  gravity  of  the 
displaced  fluid  referred  to  the  centre  of  (gravity  of  the  body,  we  find 

=  Dg.  V-7; 

--  Dg-  V-y. 

Equations  (444)  show  lliat  the  line  of  direction  of  the  buoyant 
"■effort  passes  through  the  centre  of  gravity  of  iho  displaced  fluid. 
This  point  is  called  the  eeatre  of  buoijaney.  And  from  Eqitatitini 
(445),  we  see  that  as  Jong  as  x  and  y  arc  not  zero,  there  will  be 
an  angular  acceleration  about  the  centre  of  gravity.  At  the  instant 
a  =  0  and  y  =  0,  that  is  to  say,  when  the  centres  of  gravity  of 
the  body  and  displaced  fluid  are  on  the  same  vertical  line,  this 
aceelenition  will  cease,  and  if  the  body  were  brought  to  rest,  it 
would  haic  no  tendency  to  rotate. 
To    rccajiitulnte,  wo  lm3, 
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lit.    Thai   the   prttsures    upon    the    lur/uee    of  a    My    hnmcned    in 
htfvy  Jlnid   have    a   tiagle   retullant,  called  tke  buoijant   effort  of  Iht 
lid,  and   that   thia  resultaiU   i»    directed   verlicalhj    iipwarda. 
2d.   Tkat   the  bm-jant  ef<,rt    is   equal   in   inU.uHy    to   the   uiehjhl   oj 
tht  Jluid   disptaeed. 

3J.   That    the   line   of  direction    of  the   fiuoyant  effort  pusses  throai/h 
e   etiitrt    of  gravity  nf  the   displaced  fluid. 
4lh.   Thai  the  horizontal  prewirct   destroy   one   another. 


I    the    equLlibrium,   consider  ne.xt  the  sla 
The   density  of  the  body  may   be  homo- 


§271.— Having  discuss* 
bllity  of  A  floating  body. 
geneous  or  bctcrogcntous. 
Ixt  A  Ji  CD  ha  a  seclion 
of  the  boJy  by  ttie  upper 
suriiice  of  the  fluid  when 
the  body  is  at  rest,  0 
It*  centre  of  gravity,  and. 
If  that  of  the  fluid  dis- 
placed. Denote  by  V  th« 
volmnt'     of    ibo    di*[iInceJ 

fluid,  and  by  M  the  mass  - — -^'^^'-^ ---^= 

9(  the   entire    body.     The 

hodjr  being  in  cquilibrio,  the  line  0 II  will  be  vertical,  and  donotin 

tfee   density  of  the   fluid   by  D,  we   shall  have 


M  =  D.V.' 


.     .     .     .     (446) 

Suppose  the  section  A  B  CD  cither  r.iised  above  or  depressed 
«Iow  the  surface  of  the  Huid,  nncl  ut  the  same  time  slightly  careened; 
lito  suppose,  when  the  body  is  abandoned,  that  the  elements  have 
I  slight  velocity  denoted  by  u,  u',  &c.  Now  the  question  of  sta- 
lilitf  will  consist  in  ascertaining  whether  the  body  will  return  to  its 
|>oaition,  or  will    dcpnrt  more   and  more  from   it. 

Tho  free    surface   of   the   fluid    is   called    the    plane  of  fioatalion, 
mai  during  ihe    motion  of  the   body    this  plane    will   cut  from  it  k  J 
vat!ab]a  section. 

1*1   A'B'C  D'  be  one  of  ihi'se  sections   nt  any  g'vt-n  instant  a 


3on 
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time;  A  B"  CD",  aiiotlier  variable  section  of  llie  Iiody  by  i 
lontal  plane  tlirtjiigh  the  centre  of  gravity  of  tlie  priniitire  : 
A  B  C2>,  nnd  A  C  the  intersection  of  the  two.  Denote  1 
inolination  of  theac  two  aectiona,  and  by  ^  the  vertical  dbtaoce  of 
AH"  CD",  from  the  plane  of  floatation,  which  now  coincides  wllh 
A'  B'  6"  JJ',  this  distance  being  regarded  as  negative  or  positive,  ko- 
cording  as  A  S"  CD"  is  below  or  above  the  plane  of  floatation. 
The  variable  quantities  i  and  ^  will  be  supposed  very  smalt  nt  the 
instant  the  body  is  abandoned.  Will  they  continue  so  during  the 
vhulc  time  of  motion  1 

From  the  principle?  of  living  force  and  quantity  of  work,  we  I 
Equation  (121), 

fu^.dM  =  2f{Xdx  +  Ydy  +  ^dt)  +  L. 

The  forces  acting  are  the  weights  of  the  elements  rf  M  and  the  v 
cal  pressures,  the  horizontal  prei^surcs  destroying  one  another;  whei 
jr  =  0,    Z  =  0,   and 

fu-'dM^lfzdi+C='2-^Zz+C.     ■     •     (4^ 

The   force   which  ajta    upon  an   element  above  the  plane  of  floats 
lion  is   its  own  weight,  and    the  force  which   acts    upon  any    elem 
below    that   plane  is   the  diflercnce   between  its  own  weight  «nd  I 
of  the  fluid  it  displaces ;  the  first  of  these  latter  will  he  g,dM,  and  ti 
second,  -J.  D  .d  V,  in  which  d  V  is  l!iu  volume  of  dM\   whence. 


2.Zi=fg.z.dM-fgJ).t.dV.  •     •     (4 

rawing  from  tlic  centre  of  gravity   G,  of  the  body,  the    pBi| 
■  a  E,  to  the  plane  of  floatation  A'  B'  C  D',  and  denoting  < 


/,.. 


dM  = 


I  Ml, 


The  integral  y^Z*.  I.  rf  I',  will  be  divided  into  two  parts,  vi* :  on« 
relating  to  ihe  volume  of  the  body  lietow  A  B  C D,  or  the  volume 
imtiiersed  in  a  state  of  rest,  and  the  other    thai    comfirised    between 
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A  BCD  and  the  plane  of  floatatinii  A' JV  C  1)\  wlien  the  ho.ly  is  in 
Tiiotion.  Denote  by  g  D  V z\  the  value  of  the  first,  in  which  z' 
vienotes  the  variable  distance  H F^  of  the  centre  of  gravity  H^  of 
the  volume   F,  from  the  plane  of  floatation  A*  B*  C^  D\     And   repro- 

seating   for   the    instant  by  h  tno,  value  of  the  integral    I zdV^  com- 

prehendeil  between  the  planes  A  BOD  and  A* B*  C D\  gDh  will 
be  the   second   part;  and  Equation  (447)  becomes 


/■ 


v:^dM=  2g.Mz,  -  2gD  Vz'  -  2gDk  -f  (7.  •  •  (449) 

The  line  Olf^  being  perpendicular  to  the  plane  ABCD,  the  angle 
M'hich  it  makes  with  the  line  6^  ^  is  equal  to  &y  and  denoting  the  dis- 
tance O  H  hy  a,  we  have 

2r^  =  z'  i:  a  cos  &  ; 

the  upper  sign  being  taken  when  the  point  G  is  below  the  point 
Hj  and  the  lower  when  it  is  above.  This  value  reduces  Equation 
(449)   to 

fu^dM  =  zh  2gD  Facosd  —  2gDk  +  C    •   •   •  (450) 

Let   us  now  find   the   integral   h.     For   this  purpose,  conceive  the 
area  A  B  CD  to  l>e  divided  into  indefinitely  small   elements   denoted 
by   rfX,   and   let  these    be    projected    upon    the    plane   of   floatation, 
A'  B'  C  D\     The    projecting    surfaces   will   divide   the   volume   com- 
prised    between     these    two    sections   into    an   indefinite  number  of 
Vertical   elementary  prisms,  and   these   being  cut  by  a  scries  of  hori- 
zontal  planes   indefinitely  near  each   other,  will  give   a  series  of  ele- 
mentary  volumes,   each  of  which   will   be  denoted   by   d  F,  and   we 
^hall   have 

c/  F  =  dz  ,d\.  cos  4  ; 

^ivhenoe,  for  a  single  elementary  vertical   prism, 

fMdV-fzdz,d\.co36  =  J  («)».  cos^  .  rfX; 
in  which  {z)  denotes  the  mean  altitude  of  the  prism,  and  consequently 

h  =  J  cos  4  .  y*(af)2 .  rf  X, 
vUdi  must  be  extended  to  embrace  the'  entire  sur&ce  A  BCD, 
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The  Taluo  of  (*\  is  composed  if  two  parls,  viz,  :  ono  comprlsod 
between  the  parallel  scctiuna  A' BC  D'  mid  AB"CD'\  and  whidi 
has  been  Jcuolcd  by  t,;  the  other  comprised  between  iho  base  d\ 
■nd  ihe  second  of  these  planes,  and  which  is  equal  to  I.  sin  4,  d^ 
noliiig  by  I  the    distance  of  (iX  from    the  iotcrscction  AC;    whence, 

(.)  =  ;  +  '.««», 

in  which  /  will  be  positive  or  negative  according  &s  d'K  happens  to 
be  below  oi  above  the  plane  AB"CD".  Substituting  this  in  tlis 
value  of  A,  and  recollecting  that  t,  and  S  are  constant  in  the  inte- 
gnttioii,  we   find 

h  =  ^^^.cmS.fdX+^aiaicosifld-K  +  ^sm^i.ooaifpdX. 

Denote  by  b  the  area  of  AD  CD,  or  the  value  q{  JdK  He 
line  A  C  passing  through  the  cenlro  of  gravity  tit  A  B  CD,  we  have 
fld\  =  0.      And   denoting   by    t^  the    principal   radius  of  gyrttiOB 

of  the   surf^iee  ti,  in    reference    to    tlic   aJiia  A  C,  ^^^M 


ffj 


in  which  the  value  of  k,  is  dependent  upon  the  figure  and  extwl 
of  the  surface  A  B  C  D,  and  upon  the  position  of  the  line  AC. 
Whence, 

A  =  J  4  .  cos  *  (?;»  +  *,'  sin'  «).      ■ 
Taking 


(451) 


,+  &c; 


-.  1  - 


1.: 


Nigiecling  all  the  lemis  of  the  third  and  higher  orders,  substitut- 
ing in  the  value  of  h,  and  then  in  Equation  (450)  we  find,  after  trans- 
[)()siiig  and    incluiling   the    term    ±2ffD  Va,  in  the  constant  C, 


fuKdM+9l>\bl^  +  (AV  ±  Tfl)*']^ 


.(452) 


Now  the  value  of  the  constant  C  depends  upon  the  initial  valuta 
of «,  *  snd  J;  but  these  by  hypothesis  are  very  small;  hence  C, 
must   also    be   very    small.     \a  Iwg  aa  the  second  term  rf  the  first 
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vnemlwr  U  positive,/ u'rfjf  must  remain  very  Eitinll,  ?inci>  it  is  easen- 
tlnlly    positive    itself,    and   being    increased    by  a    positive    quantity, 
Ihc  sum    is  very  small.      Hence  ^  and   i  must  remain   very   biiuII.  I 
Itul  wlieii   ihc   second   l^irm    ia    Dc^live,    wliich    can    only   bo   when  1 
ii,'  ±   Va,  is  negative  mid  greater   than   lr~,    the  value    o(J u'*dM 
may  increase   indefmitely ;    for,   being   dlminiahed    by  a  quantity  that   I 
tiicreasea  ns  fast   as   itself,  the  difference   may   be  constant  and  very  I 
miall.      n«nce,    ^   and    i    may    increase  more  and    more    after   tlte  1 
body    is   abandoned  to  itself,   and  iinally  it   may  overturn. 

Tie  stability  of  the  eijuilibrium  depends,  therefore,  upon  the  sign 
v^  hk^  ±  Va  ;  the  equilibrium  is  always  Blable  when  this  quantity  't» 
positive;  it  is  unstable  when  it  is  negative  and  greater  than  h  ^  . 
value  of  bk/'  =  jpd\  must  always  be  positive,  since  all  iu 
'elements  are  positive;  the  value  of  ±  Va  becomes  negative  when 
■the  centre  of  gravity  of  the  body  is  above  that  of  the  displaced 
Auid,  in    which   case   the  stability   reqtiires   that 


6i,'>  Va, 


,*,=  >- 


Va 


When    the   centre   of  griivity   of  the    body    is  k-low   that  of  the  dis- 

ploced    fluid,  ihc   sign    of    Va   is   positive. 

Whence    we   conclude    that  the   equilibrium  of  a  body   floating  at 

the  surface  of  a  heavy  fluid,  will  be  stable  as  long  as  the  centre 
F  gravity  of  the  body  is  below  that  of  the  displaced  fluid;  that 
it  will  also  be  stable  alwut  all  lines  A  C,  with  reference  to  which 
Ihe  principal  radius  of  gyration  of  the  seetion  of  the  body  by  the 
jplanc  of  flontalion  squared,  is  greater  than  the  volume  of  the  dis- 
E>laccd  fluid  multiplied  by  the  distance  between  ihc  centres  of 
gravity  of  Ihe    displaced    fluid  and   that  of  ihe  body,  when  the  latter 

:   in   equilibrio,    dividi^d    by    the    area  of    the    section   of    the   body 
by  the  plane  of  floatation.      When    this  condition  is  not  fulfilled,  the 

iqnillbrinm  nmy   be   unstable.      A   ship   whoso  centre    of  gravity    is    . 
kbove  that  of  the  wnter  she  displaces,  may  oviTttini  about  her  lijnger, 

•ut  not  alHJUt  her  shorter  axis. 

gS7t2. — .\   line  SA'  through  the  centre  of  gravity   G  of  the  body 
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and  which  is  v^nical  when  the  body 
qfmt.  A  vertical  line  IT  M 
through  the  centre  of  gravity 
H'  of  tlie  displaced  fluid,  is 
called  a  liite  of  support.  ITie 
point  M,  in  which  tlie  line  of 
support  cuts  the  line  of  rest, 
is  called  the  melaeentre.  The 
hody  will  be  in  ei^uilibrio 
when  the  line  of  rest  and  of  ^  "~ 

support    coincide.      Tlie    equi- 
librium  will    be  stable   if    the    metacentrc    full   abo' 
gravity  ;   it  may  be  nmitable  if  below. 


the   centre  of 


i  stable, 


»nd  the  body  is  disturbed 
own  weight  and  that  of 
regain    its  place  of  rest, 


§273.— When  the  equilibrium 
and    then   abanjuned   to   the  action   of  its 
the    fluid    pressure,   it  will,  in    its    efforts   I 
oseillate   about   this  position,  and  finally  come    to    rest. 

The   eircutiistances  of  those   oscillutionB  about   ihe  centre  "/  graviiy 
of  the  body  will   readily  result  from  Equati.>n9  (445). 


SPECIFIC    GRAVm. 


§274.— The  specific  gravity  of  a  body,  is  the  weight  of  so  much 
of  the   body,  as  wuuld    bo   contained  under   a   unit    of  volume. 

It  is  measured  by  the  quotient  arising  from  dividing  the  weight 
of  the  body  by  the  weight  of  an  equal  volume  of  some  other  sub- 
slance,  assnmed  as  a  standard ;  for  the  ratio  of  the  weights  of  equal 
volumes  of  two  bodies  being  always  the  same,  if  the  unit  of  volume 
of  each  be  taken,  and  one  of  the  bodies  become  the  standard,  ib 
weight   will    become   the   unit  of  weight. 

The    term    dem'tly    denotes    the   degree   of   proximity    among    the 

particles  of  a  body.     Thus,  of  two  bodies,  that  will  have  the  greater 

density  which   contains,  under  an   equal   volume,  the   greater   number 

of    particles.      The    force    of    gravity    acts,    within    moderate    limits, 

lly    upon    all    elemenla   of    malter.      The   weight   of  a    substance 


J 
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is^  thcrof(.'.o,  directly  proportM.mal  t<>  ils  d('n>ily,  aiul  thv'  ratio  of 
trl^e  weights  of  equal  volumes  of  two  bodies  is  ccjual  to  the  ratio 
<^>£'  their  densities.  Denote  the  weight  of  the  first  by  W,  its  density 
l>j'  2),  its  volume  by    F,  and   the  force   of  gravity    by  ff,  then  will 

W=z  ff.D.  F; 

^nd   denoting   the   like   elements  of  the   othei    body  by    FF^,  D^  and 
T^^ ,  wc   have 

XDividing   the   first  by  the  second, 


w 

ffJ)V 

DV 

w. 

~  9ii.  V. 

D,V.  ' 

aes 

equal, 

• 

W 

1) 

^,  " 

A 

(453) 

JSow  suppose  the  body  wh^se  weight  is  W^  to  be  assumed  as  the 
standard  both  for  specific  gravity  and  density,  then  will  D^  be  unity, 
and 

S  =  -^  =  D (454) 

in  which  S  denotes   the   specific   gravity  of  the   body  whose   density 
M  J) ;    and   from   which   we    see,    that   when    specific    gravities   and 
<Icnsities    are    referred    to   the    same    substance    as  a   standard,    the 
'lumbers  which   express   the   one  will   also  express   the   other. 

§275. — Bodies  present  themselves  under  every  variety  of  coudi- 
^'on  —  gaseous,  liquid,  and  solid ;  and  in  every  kind  of  shape  and  of 
^1|  sizes.  The  determination  of  their  specific  gravity,  in  every  in- 
stance, depends  upon  our  ability  to  find  the  weight  of  an  equal 
^olume  of  the  standard.  When  a  solid  is  immersed  in  a  fluid,  it 
'oses  a  portion  of  its  weight  equal  to  that  of  the  displaced  fluid. 
Ilie  volume  of  the  body  and  that  of  the  displaced  £uid  are  equal. 
^enoe  the  weight  of  the  body  in  vacuo,  divided  by  its  loss  of 
Weight  when  immersed,  will  give  the  ratio  of  the  weights  of  cqua! 
Volumes  of  the  body  and  fluid;  and  if  the  latter  be  taken  as  the 
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etandai'd,  and  the  loss  of  weight  be  made  to  occupy  llie 
nator,  this  ratio  becomes  the  Tnoosiirc  of  the  specific  grav'ty  of  tba 
body  immeraed,  For  this  rea.son,  and  in  view  of  the  consideration 
ihiiC  it  may  be  obtained  pure  at  all  times  and  plooea,  teaUr  it 
Hssumed  as  the  general  standard  of  specific  gravities  uid  deUattitS 
fur  all  bodies.  Sometimes  the  gnses  and  vapors  arc  referred  lii 
utmospherio  air,  but  the  specific  gravity  of  the  liittcr  being  hnovn 
as  referred  to  water,  it  is  very  easy,  as  we  shall  presently  bm^.M^ 
pass  from  the  numbers  which  relate  to  one  standard  to  th» 
refer  to   Uie  otlier. 


th09^^H 

msitylH^ 


g  276. — But  water,  like  all  other  substances,  changes  its  density 
its  temperature^  and.  Id  consequence,  is  not  an  invariable  standard. 
It  is  hence  necessary  either  to  employ  it  at  a  constant  teinpcmture, 
or  to  have  the  means  of  reducing  the  apparent  specific  gravities,  a» 
determined  by  means  of  it  at  different  temperatures,  to  what  ihey^ 
wonid  have  been  if  the  water  luid  been  at  the  standard  teniperature..M 
The  former  is  generally  impracticable;    the  latter  is  easy. 

Let  2)  denote  the  density  of  any  solid,  and    S  ita  specific  gravi 
ta  determined  at  a  standard    temperature  corresponding  to  wl 
density  of  the  water  is  D,.     Then,  Equation  (453), 


ic  graiiy^ 


Again,  if  S'  denote    the   specific   grnvlty    of  the   same  body,  as  ind^B 
cated  by  the  water  when   at  a  temperature    difTercnt  from   the    •■ 
dard,  and  corresponding  to  which  it  has  a  density  i>,„  then  will 


Dividing  the  llrst  of  tlieso  eq<talio[ 
■ST 


by  the  second,  t 


■nd   if  the    density  J>, ,  lie 
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That  is  to  any,  l/it  u/iceijic  gravifj  of  a  body  as  lUlervUned  at  lh» 
tiandard  temptrature  of  the  taattr,  it  fjual  to  ill  tpreifie  gravitij  deter- 
mined at  any  other  temperatiirt,  multiplied  by  the  demity  of  tht 
water  forretpondiny  lo  thii  temperature,  tht  density  al  the  standard 
lempemlure  being  regarded  oa  unity. 

To  make  ihia  rule  practicable,  it  becomes  necessary  to  find  tho 
relative  densities  of  water  at  difTerent  temperatures.  For  thb  pur. 
pose,  take  any  metal,  say  silver,  that  easily  resists  the  chemioal 
action  of  water,  and  whose  rate  of  expansion  for  each  degree  of 
Fahr,  thermometer  is  accurately  known  from  experiment;  give  it 
the  form  of  a  slender  cylinder,  that  it  may  readily  conform  t.>  the 
temperature  of  the  water  when  immersed.  Let  the  length  of  the 
cylinder  at  the  temperature  of  32°  Pahr.  be  denoted  by  I,  and  tba 
radius  of  its  base  by  mt;  its  volume  at  this  temperature  will  be, 
ffm^f   X   I  =  *»i»P- 

Let  n  /  be  the  amount  of  expansion  iu 
the  thermometer  above  33°.  Then,  fur 
rill    the   whole    expansion    in  length  be 


,nd   the 


?ngth  of  the  oylin 


wtuch,  substituted  for  I  in  the  first 
expression,  will  give  the  volume 
■  the  temperature  (,  equal  to 
«ni*P[l  +  n((  -  32=)]*. 
^The  cylinder  is  now  weighed  in 
"Vacuo  and  in  the  water,  at  difler- 
ut  temperatures,  varying  from  32° 
ipward,  through  any  desirable  range, 
ay  to  one  hundred  degrees.  The 
temperature  at  each  process  being 
ubstJtuted  above,  gives  the  volume 
»f  the  displMced  ffuid;    the    weigljt    • 
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from  llie  Iom  of  weight  of  the  ejlinder.  Dividiog  this  weight  1 
tha  volume,  gives  the  ww'ght  of  the  Uiiit  of  volume  of  th";  water  nl 
tlic  temperature  (.  ]t  was  found  hy  Slampftr,  that  hu  weight  of 
Uin  unit  of  volume  is  greatest  when  the  temppraturc  is  SS^.TS  Fah- 
renheit's aeale,  Tnltiiig  the  density  of  tliP  water  at  this  teniperalare 
as  unity,  and  dividing  the  weight  of  the  unit  of  volume  at  each  o( 
the  other  lempor.ituri^s  by  the  weight  of  the  unit  of  voliimt*  ut  tbt^ 
aS'.lS,  Tiible  U  will  result. 

The  column  under  the  bead  V,  will  enable  us  to  determine  how 
mueh  Uie  volume  of  any  mass  of  water,  at  a  temperature  (,  exceeds 
that  of  the  same  mass  at  its  maximum  density.  For  this  purpose, 
we  havo  but  to  multiply  the  volume  at  the  maximum  densi^  hy 
the    tabular  number  corresponding  to  the  given  temperature. 


§  277, — Before  proceeding  to  the  practical  methods  of  findiii{;  tbe 
^pceiliu  gravity  of  bodies,  and  to  the  variations  in  the  procc3»vc 
rendered  necessary  by  the  peculiarities  of  the  difierent  substancea, 
it  will  be  necessary  to  give  some  idea  of  the  best  inslrumviils  em- 
ployed for  this  purpose.  These  are  the  ffijdroatalic  Balance  and 
Nichohon'»  Hyiiroineltr. 


The  first  is  similar  in  principle 
It  is  provided  with  numerous 
weights,  extending  through  a 
wide  range,  from  a  small 
fraction  of  a  grain  to  several 
ounces.  Attached  to  the  un- 
der surface  of  one  of  the 
basins  is  a  small  hook,  from 
which  may  be  suspended 
any  body  by  means  of  a 
thin  platinum  wire,  horse- 
hair,  or  any  other  delicate 
tincad  that  will  neither  absorb 
nor  yield  to  the  chemical  nc- 
■Jon  of  the  fluid    in    which    it    ma 

>V7rAoA-on's   Hijdromrler  consists 


Mid  form  to  the  c 
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both    di. 


M   contrc    of    which    jiassea  a   metallic  wire,  prylongwl   , 
Mtions  beyond    the   surface,  and   supporting 
i    either    end   a    baain    B    iind    B'.      The  _    _ 

LtncavUics  of  these  bAsins  are  turned  in 
le  mine  diri^ciion,  and  the  basin  B'  is 
ude  GO  heavy  tliat  when  lii  instiiittient 
1  placed  Id  water  the  stem  C  C  shall  be 
«rticn1,  nnd  a  weight  of  500  grains  being 
'Uced  in  the  baain  B,  the  whole  instrument 
irill  sink  till  the  upper  surftice  uf  distilled 
rater,  at  the  standard  temperature,  euniea  to 
I  |Hiint  C  marked  un  the  upper  xlcm  near 
lb  middle.  This  lastrutneut  in  provided  wil 
lllQse  of  the    Hydrostatic    Balance. 

|278.— (I).  Tf  the  body  be  nolid,  'imulMe  m  «.«(«-,  and  will  sink 
I  Ihat  fiuid,  attach  it,  by  means  of  u  liair,  to  the  hook  of  the 
asin  of  the  hydrostatic  LaUuce  -,  counterpoise  it  by  pl&cing  weights 
In  the  opposite  scale  ;  now  immerse  the  body  in  water,  and  restore 
i  equilibrium  by  placing  weights  in  the  basin  above  the  body. 
aid  note  the  tenipcrnturc  of  the  water.  Divide  the  weights  in  the 
■sin  to  whirh  the  body  is  not  attached  by  those  in  the  basin  to 
vtllch  it  is,  nnd  multiply  the  quotient  by  the  density  corresjiondiiiy 
to  ihc  temperature  of  the  water,  as  given  by  the  table;  the  result 
irin  be  the  specific  gravity. 

Thus  denote  the  speciliti  gravity  by  S,  the  density  of  the  water 
f  2*,,,  the  weight  in  the  first  case  by  W,  and  thai  in  the  sc.ile 
kliovc  the  solid  by  w,  then  will 

5  -  ■».,  X  -. 


(2).  If  the  Mij  be  inaolublt,  hut  will  not  Hint  in  wafer,  as  would 
'  the  case  with  must  varieties  nf  wood,  wan:,  and  the  like,  ntiaeh 
it  some  body,  &«  a  metal,  whose  weight  in  the  air  and  liisi  of 
fight  in  tliu  water  are  previously  found.  Then  proeeed,  as  in  tlio 
bcforv,  ^>  find  the  weights  which  will  counteipuise  the  corn- 
in    nir  and    restore   the   eijuiiibrium  of  the   bal'inre  when  it  is 
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1  the  water.  From  the  weight  of  the  compound  in  air 
subtTHct  thut  of  ihc  dcn§(!r  body  in  air;  from  ihe  loss  of  weight 
of  iho  compound  in  water,  siibtrnct  tliut  o!  the  denser  Inxlr; 
diride  the  first  difference  by  the  second,  and  multiply  by  ihu  density 
of  the  water  answering  to  its  temperature,  and  the  result  will  ht 
the   specific   gravity  sought, 

A  piece  of  wax  and  copper  in  air  =  438      —  \V  +  H", 
Lost   on    immersion  In  water  -     ■     =    95,8  ^rz  w  +    to'. 

Copper  in  air =  388     =  H", 

Loss  of  copper  in  water      ■     •     -     =    44,2  =  w'. 
TTien 

ly  +  W  ^  H"  =  438  —  388   =  50.     =  W, 
w  +   v>'  ~   w'   -  95,8  —  44,2  =  61,6  =  w. 
Tempermure  of  water  43'',25, 

D„  =  0,999952, 


S  =  D,. 


W 


=  0,99»9J2 


(3).  J/'  the  body  readily  liiMolve  in  water,  as  many 
MUgar,  &c.,  find  its  apparent  specific  gravity  in  some  liquid 
it  is  insoluble,  and  multiply  this  apparent  specific  gravity  by  t-^W' 
density  or  specific  gravity  of  the  liquid  referred  to  water  at  f  ^ 
maximum  density  as  a  standard;  the  product  will  be  tlie  true  spccif^^^^ 
gravity. 

If  it  be  inconvenient  to  provide  a  liquid  in  which  the  solid  i  '*' 
insoluble,  saturate  the  water  with  tho  substance,  and  find  the  app«.^ 
rent  specific  gravity  with  the  water  thus  saturated.  Multiply 
apparent  specific  gravity  by  the  density  of  the  saturated  fluid,  tuii 
the  product  will  be  the  specific  gravity  rtiferred  to  the  stAndanl.*-^ 
This  is  a  common  method  of  finding  the  spooifio  gravity  of  gunpow-"' 
der,  the  water  being   saturated  with  nitre. 

(4).  1/  the   body  be  a  liijuid,  select  sonic   solid    thnl  will  resist  iX^ 
tdiemical    action,    aa  a,   massive    piece    of   glass   sii.«peiided   from  fin^ 
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pliitinuiu  wire ;  WL-igli  it  in  uir,  then  in  waU-r,  and  liiially  in  tha  J 
liquid;  the  difliTenccs  between  the  first  wtiglit  and  each  of  thaJ 
latter,  will  give  the  weights  of  equal  volumes  of  water  and  thai 
liquid.  X)ivide  the  weight  of  the  liquid  b/  that  of  tliu  wutir.  and  I 
the  quotient  will  be  the  Bpt'cifia  gravity  of  the  liquid,  provided  the  I 
temperature  of  wat«r  he  at  the  standard.  If  the  water  have  not  I 
the  sUndaril  temperature,  multiply  this  apparent  specific  gravity  by  i 
the  tabular  dcnaity  of  the  water  corresponding  to  the  actual  tcin-  I 
((ersturc. 

Exiimph. 


Loss  of  glas 


S  =  ' 


in  water  at  41°,  150      = 
sulphuric  acid,  277,5  = 

X  0,9R9i)88  =  1,85. 


150 

(5).  1/  the  6f«/y  be  a  gat  or  vapor,  provide  a  large  gloss   flask'  | 
shaped  vessel,  wuigh    it  when   filled  with  the  gas;    withdraw  the  goa,  I 
which  may  be  done   by  means   to   be  esplained    presently,  fill  with  I 
water,  and  weigh  again  ;  finally,  withdraw  the  water  and  exclude  the  I 
>.aJr,   and    weigh  again.      This    last  weight   subtracted  from   the  first, 
wiU  give  the  weight  of  the  g.is  that  filled  the  vessel,  and  subtracted   { 
from   the  second  will  give  the  weight  of  an  eqiisl    volume  of  water; 
divide   the   weight   of  the   gas   by    that   of    ihe  water,    and  multiply 
by  the    tabular   density  of    the    water   answering   to    the  actual   tem- 
perature   of  the    latter;    the   result    will    be    the  i*peeifio  gravity  of 
the  gas. 

The  atmosphere  in  which  all  ihete  operations  must  be  pcr(iirme<]. 
varies  at  different  time.*,  even  during  the  same  day,  In  respect  lo 
f4!inperature,  tlie  weight  of  its  column  which  presses  upon  the  earth, 
atid  tlie  quantity  of  moisture  or  aqueoua  vapor  it  contnins,  That  ia 
to  t&y'y  Its  density  depends  upon  (he  atal^  of  iho  tlicrmomctcr,  barom> 
iet«r,  and  hygrometer.  On  all  theae  account*  corrections  must  I 
made,  before  the  specific   gravity  of  atmoipheric  air,  or   thai  of  | 

t  exposed  to  its  pressure,  ciui  be  accurately  determined. 
ipiea  luxording  to  which  thcve  correcUons  arc  madti,  i 
I  of  the  properties  of  elutic  I 


Tu  find  the  specific  gravity  of  a  solid  \y  mwuis  of  Nichol 
Hydrometer,  pi  ace  ihe  instrument  in  water,  itnd  add  weights  I 
upper  bnsin  until  it  sinks  lo  the  mark  on  the  upper  : 
the  uciglits  and  plncc  the  solid  in  the  upper  basin,  and  add  neighbi 
till  the  hydrometer  sinks  to  the  same  point;  the  diflerence  between 
the  first  weights  atid  thf>se  added  with  the  body,  will  give  the 
weight  of  the  laller  in  air.  Take  the  body  from  the  upper  basin, 
Jeai  ing  the  weights  behind,  and  place  it  in  the  lower  basin ;  add 
weights  to  the  upper  basin  till  the  insirnmenl  sinks  to  the  same  point 
as  before,  the  last  added  weights  will  be  the  weight  of  the  watfr 
displaced  by  the  body  ;  divide  the  weight  in  air  by  the  weight  of 
the  displaced  water,  and  multiply  the  quotient  by  the  tabular  density 
of  the  water  answering  to  its  actual  temperature;  the  result  will  be 
the  specific  gravity  of  the  solid. 

To  find  the  specific  gravity  of  a  fluid  by  this  instrument,  immers« 
it  in  water  as  befiire,  and  by  weights  In  the  upper  basin  sink  it  lo 
the  mark  on  the  upper  stem ;  add  the  weights  in  the  basin  to  the 
weight  of  the  instrument,  the  sum  will  be  the  weight  of  the  dis- 
placed water.  Place  the  instrument  in  the  fluid  whose  specific  gravity 
is  to  be  found,  and  add  weights  in  the  upper  basin  till  it  sinks  to 
the  mark  as  before ;  odd  these  weights  to  Ihe  weight  of  the  instru- 
ment, the  sum  will  be  the  weight  of  an  equal  volume  of  the  fluid - 
divide  this  weight  by  the  weight  of  the 
water,  and  multiply  by  the  tabular  density 
TOfresponding  to  the  temperature  of  the 
water,  the  result  will  be  the  specific  gravity. 

§270. — Besides  the  hydrometer  of  Nichol- 
Min,  which  requires  the  use  of  weights,  there 
is  another  form  of  this  instrument  which  is 
employed  solely  in  the  determination  of  the 
specific  gravities  of  liquids,  and  its  indications 
are  given  by  means  of  a  scale  of  equal  parts. 
It  is  called  the  Scale- Artomtter.  It  consists, 
gcnernllv,  of  a  glass  vial-shaped  I'essel  A,  ter- 
minating at  one  end  in  a  long  slender  neck  C, 
to  receive  ihe  scale,  and  at  lliii    othcir    in   a 
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aniuU  glube  B,  filled  with  soiii<!  heavy  substance,  as  lend  or  mercury 
to  keep  it  upright  when  immersed  in  a  fluid.  The  npplic. 
Use  of  the  scale  dL-pi^iid  upon  this,  that  a  body  floating  on  the  surfuce 
of  different  liquids,  will  sink  deeper  and  deeper,  in  proportion  aa  the 
density  of  the  fluid  approachea  that  of  (he  body  ;  fur  when  the  body 
ia  at  rest  its  weight  and  that  of  the  displaced  fluid  must  be  equal. 
Donating  the  volume  of  the  instrument  by  V,  that  uf  the  dis- 
placed  fluid  by  V,  the  density  of  the  instrument  by  D,  and  that 
uf  the    fluid    by    D',  wc    must   alwiiys    have 

gVD  ^  g  V  D'; 

in  which  g  denotes  the  force  of  gravity,  the  first  member  the  weight 
of  the  instrument,  and  the  second  that  of  the  displaced  fluid.  Divi- 
ding   liolh   members   by    D'  I'    and    omitting    the  oommon    factor  g 


D' 


In  which,  if  the  densities  be  t-'jual,  the  volumes  must  be  equal ; 
if  the  density  D'  of  the  fluid  be  greater  than  D,  or  that  of  the 
•olid,  the  volume  V  of  the  solid  must  be  greater  than  V,  or  that 
of  the  displaced  fluid ;  and  in  proportion  as  D'  increases  in  respect 
to  D,  will  V  diminish  in  I'espoct  to  V\  that  is,  the  aulid  will 
rise  higher  and  higher  out  of  the  fluid  in  proportion  as  the  den- 
sity of  the  latter  is  increased,  and  the  reverse.  The  neck  C  of 
the  vessel  should  be  of  the  same  diameter  throughout.  To  estab- 
lish   the    scale,    the  instrument   is   placed    in   distilled    water   at   the 


Htandard  temperature,  and 
of  the  water  on  the  neck 
ment  is  then  placed  in  so 
:^avity  ia  aocumtely  knowi 
when  at  rest  the  plae< 
marked  and  eharacterizcd  b 


marked    and 


place   of   the   surface 

ibered  1 ;  the  instru- 
6  heavy  solution  of  salt,  whose  specific 
by  means  of  the  Hydrostatic  Balance, 
on  the  neck  of  the  fluid  surface  is  again 
its  appropriate  number.  The  same  pro- 
cess being  repeated  for  roolificd  alcohol,  will  give  another  point 
towards  the  opposite  extreme  of  the  scale,  «hii-h  may  be  completed 
fcy    graduatjcn. 


^11 
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sufficient   to  immerso    it  in    a 
lie  which  coincides  irith    llic 


Tj  use  lliis   instrument,  it 
Huid  and    take   the   number 
surfuce. 

To  ascertain  the  circumstances  which  determine  the  sensllHlitj 
)iolh  of  tlio  Scale-Areometer  and  Nicholson's  Hydrometer,  let  «  do> 
Hole  the  specific  gravity  of  the  fluid,  e  liie  volume  of  the  viftl,  /  du 
length  of  the  immei-Bed  portion  of  the  narrow  nech,  r  its  senii-diftin»- 
ter,  and  w  the  total  weight  of  the  inatrunient.  "Hien  will  «  r*,  denote 
the  area  of  a  section  of  the  neck,  and  v  r^  I,  the  volume  of  fluid  d)*- 
placed  by  the  Immersed  part  of  the  neck.  The  weight,  therefore,  W 
the  whole  fluid  displaced  by  the  vial  and  neck  will  be 

sc  +  iwr'l; 

but  this  must  be  equal  to  the  weight  of  the  instrument,  whence 

"  =  •(<  +  "■'). 

from  which  we  deduce, 


Now,  immersing  the  i 
ty  is  ■',  the  neck  wil. 
equation  we  have 


.(JS-M-n 


■unient  in  a  second  fluid  whose  specific  gr»"^'''' 
nk    through  a  distance  I',  and  from    the    le^i^'  I 


I'  . 


aubtracting  this  equation  from  that  nbove  and  reducing,  we  find    ' 

The  difference  I  —  I'  is  the  dislaiicc  between  two  points  on  t 
which  indicates  the  difference  s'  ~~  s  of  specific  gravities,  and  i 
wc  see  Incomes  Iong;er,  and  the  instrument  more  sensible,  lltcreR 
in  prtiportion  as  w  is  made  greater  and  r  less.  Whence  we  CftV'' 
olude  ihut  the  Areometer  is  the  more  v.iliinblo  in  proportion  u  tt^ 
vial  porlimi  is  made  larger  and  the  nock  smaller. 
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-f  the  specific   gravily  of  the   fluid   remain  the  same,  which  v. 
tese    with    Nicholson's    Uj'dromeler,  nnd    it    becomes    &    queslio 
know  ihe    effect  of  a   small  weight  udded    to   the    instrument,  denote  I 
'this   weight  by  ic',  ihci:  will  Eijuatioii  (457)  become 


subtracling  from  ihis  Eqiialion  (457), 

I'  -t-- 

Trom  which  we  sec  I 

h^slrunient,  the  greater  its  sensibility. 

The   knowledge  of  the   specific  gravities   or  densities   of   diflereni  1 
cubst&nces,  Table    III,    is   of  great  importance,  not   only  fur  soientilic  \ 
purposes,  but    also   for   its   application   to   many   of  the   useful   arts.   { 
This    knowledge    enables   us   to   solve    such  problems   as   the  folloi 
ing,  via, ; — 

1st,  The  weight  of  any  substance  may  be  calculated,  if  its  volume 
>od   specific   gravity  b 

2d,  The  volume   of  any    body  may  be   deduced    from    its   specific 
gravity  and  weight.     Thus  we   have   always 

in  wbit^h   p  is   the  force  of  gravity,  J>   the  density,    V  the   vo)un\e, 
and    W  the   weight,  of  which   the   unit   of  measure  is   the   weight  of 
a  unit  of  volume  of  water  at  its   maximum   density. 
Making  J>  and   V  equal  to  unity,  ihia  equation  becomes 

«",  =  ?; 

but  if   the   density  be  one,  the   substanue   must  be   water  at  38'',73 
.rahr.     The  weight  of  a  cubic  fool  of  water  at  00°  is  fl2,5  lbs,  and.   , 
liierefore,  at  38°,75,  it  is 


ELEMENTS    OF    ANALVTICAL    MECnANlCS. 

li    iV  is  expressed  in    pounds;   and  if  iHl-  unit   of  voiuffl^ 


-I>V  =  0,036201  J)  V, 


0,030301  .  D 


t«9) 
(460) 
(4(11) 


Eiample  1.— Required  the  weight  of  a  block  of  dry  fir,  containing 
50   cubic  inches.     Tlic   specific  gravity  or  density  of  dry  fir  is  0|& 
wid    K=  50;    substituting  these   values  in  Equation  (-159), 

W  ^  0,03l!201   X  0,555  X  50  =  1,00437. 

!    many    cubic   inches    are    there   m    a     12-pounil 
H'  is    12   pounds,  the    mean   specifin   gravity  i 
Kquation  (401),  give 


Example  2. — 
caitnon'ball  ?  IIi 
east   iron  is  7,25 


12 


"  0,030201   X  7,251 


=  45,6. 
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^rly    30    iuches   above   the    surface    (f  tUa 


The  atmosplieric  air  presses  on  the  mercury  with  a  force  sufficient 
to  maintain  the  quicksilver  in  the  tube  at  a  height  of  nearly  30 
ipches ;  whence,  the  inlenisity  of  iU  pressure  must  be  equal  to  the  we'tgkl 
of  a  column  of  mcreuri/  vshou  bate  ia  equal  lo  ihai  of  the  surface 
preued  und  vihote  allitude  is  about  30  tnc/ita.  Tht  force  thus  exerted, 
ii  eallrd  the  atmospheric  pressure. 

The  absolute  amount  of  atmospheric  pressure  was  first  discovered 
I>y  Torricelli,  and  the  tubes  employed  in  such  experiments  are  called, 
on  this  account,  Torricellian  tubes,  und  the  vacant  space  above  the 
mercury  in   the  tube,  is  called    the  Torricellian  vacuum. 

The  pressure  of  the  atmosphere  at  the  level  of  the  sea,  support- 
ing OS  it  does  a  column  of  mercury  30  inches  high,  if  we  suppose 
the  bore  of  the  tube  to  have  a  cross-section  of  one  square  inch 
the  atmosplierio  pressure  up  the  tube  will  be  exerted  upon  ihia 
extent  of  surface,  and  will  support  30  cubic  inches  of  mercury. 
Each  cubic  inch  of  mercury  weighs  0,4fl  of  a  pound — say  half  a 
pound — from  which  it  is  apparent  that  the  surfaces  of  all  bodies,  at 
the  level  of  the  tea,  are  subjected  lo  an  atmospheric  pressure  of  Jifkvn 
pounds   lo  each  square  inch. 

BAROUEH'Eli.  I 

§281. — The  ntmoBphcre  being  a  heavy  and  elastic  fluid,  is  com- 
pressed by  its  own  weight.  Its  density  cannot  be  the  same  through- 
out, but  diminishes  as  we  approach  its  upper  limit  where  it  is  least, 
boiRg  greatest  at  the  surface  of  the  earth.  If  a  vessel  filled  with 
air  be  closed  at  ihe  base  of  n  high  mountain  and  aflerwards  opened 
on  its  summit,  the  air  will  rush  out ;  and  the  vessel  being  closed 
again  ou  the  summit  anJ  opened  at  the  base  of  iho  mounlain,  the 
fttr  will  rush  in. 

The    evaporation  which  takes    place   from    large   bodies   of  water, 
the  activity  of  vegetable  and  animal  life,  as  well  as  vegetable  decom- 
positions,   ihrow    considerable    (juniitilies    of   aqueous    va^iOT,   cM'wstvVi    \ 
Ofid,  nnd    irlhcr    foreign    iiigrciitcnls   temporarWv    \tiXo    vW    ^e-nroaw 
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portions  of  tie  atmosphere.  These,  together  with 
temperature,  keep  the  density  and  elastic  furce  of  the  air  in  x 
state  of  almost  incessant  change.  These  changes  are  indicated  by 
the  BaromtUr,  aoi  instrument  employed  to  measure  the  inteusity  of 
atmospheric   pressure,  and    frequently    called    a    wealher-^ltus,    bMausa 


of  certaiu    agreements  found  to   exi 
stAte   of  the   weather. 

The  Iwrometer  consists  of  a  glas 
live  inches  long,  open  at  one  cod. 
cury,  and  inverted  in  a  small  cist 
scale   of  equal   parts  is  cut  upon  a 


,  bolwi 


I  its  indications  and  the 


tulic  about  thirty.four  or  thiriT- 
partly  filled  with  dii,tilled  mer- 
irn  also  containing  mercury.  A 
slip  of  metal,  and  placed  against 


the  tube  to  measure  the  height  of  ihe  mercurial  column,  the  ten 
being  on  a  level  with  the  surface  of  the  mercury  in  the  cistern. 
The  clastic  force  of  the  air  acting  freely  upon  the  mercury  in  the 
cistern,  its  pressure  is  transmitted  to  the  interior  of  the  tube,  and 
sustains  a  column  of  mercury  whose  weight  it  is  just  sufGoient  to 
counterKilonce.  If  the  density  and  consequent  elastic 
force  of  the  air  be  increased,  the  column  nf  mercury 
will  rise  till  it  attain  a  corresponding  increase  of 
weight;  if,  on  the  contrary,  the  density  of  the  air 
diminish,  the  column  will  fitU  till  its  diminished 
weight  is  sufficient   to  restore    the    equilibrium. 

In  (he  Common  Baromeler,  the  tube  and  its  cis- 
tern are  partly  inclosed  in  a  metallic  case,  upon 
which  the  scale  is  cut,  the  cistern,  in  this  case,  hav- 
ing  a  flexible  bottom  of  leather,  against  which  a 
plate  a  at  the  end  of  a  screw  b  is  made  to  press, 
in  order  to  elevate  or  depress  the  mercury  in  the 
cistern  to  the  zero   of  the  scale. 

Dt  Lue't  Siphon  Barometer  consists  of  a  glass 
tube  bent  upward  so  as  to  form  two  unequal  par- 
allel legs :  the  longer  is  hermetically  scaled,  and 
constitutes  the  Torricellian  tube-,  the  shorter  is  open, 
and  on  ihe  surface  of  the  quicksilver  the  pressure 
of  the  atmosphere  is  exerted.  Tlie  difference  Se- 
(Jie    levels    in    the  longer   ™i  s\iotUs  \e^» 
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b^tit.     Tlie   most  cinvunient  and  practicublc  way  of  measuring  (hi* 
dificrencv,   is   to    adjust    a    movable    scale    bctveen 
the    two  Jegs,    so   titat   its   zero    may    bo    made    to 
coin<]ide    with    the    level    of    the    mercury    in     the 
shorter  leg. 

Diilcrenl  contrivancos  have  been  adopted  to  rcn- 
ler  the  niinuto  variutiuns  in  the  atmospheric  pres- 
Jure,  and  consequently  in  the  height  t.f  the  barome- 
ter, more  readily  perceptible  by  enlarging  the  di- 
tisiona  on  the  scale,  all  of  which  devices  tend  to 
binder  ihe  exiict  menGurement  of  the  length  of  the 
oolumn.  Of  these  we  may  name  Morland's  Diago- 
nal, and  IlDok's  Wheel  Barometer,  but  especially 
Buy  gen's  Qouble-fiaro  meter. 

The    essential    properties  of    a  good    barometer 
width  of  tube;    purity  of  the  mercury;   accu- 
•ate  graduation  of  the  scale;  and  a  good  vernier. 

§282. — The  barometer  may  be  used  not  only  to  measure  the 
Jiressnre  of  the  external  air,  but  also  to  determine  the  density  and 
lasticity  of  pent-up  gnsea  and  vapors.  When  thus  employed,  it  is 
called  the  baromfltrgafge.  In  every  case  it  will 
only  be  necessary  to  establish  a  free  connection 
sen  the  cistern  of  the  barometer  and  the  vessel 
containing  the  fluid  whose  elasticity  is  to  be  indi- 
cated ;  the  height  of  the  mercury  in  the  tube, 
expressed  in  inches,  reduced  to  a  standard  tempera- 
.ture,  and  multiplied  by  the  known  weight  of  a 
lubio  inch  of  mercury  at  that  temperature,  will 
[ive  the  pressure  in  pounds  on  each  square  inch. 
n  the  case  of  the  stcum  in  the  boiler  of  nn  en- 
[ine,  the  upper  end  of  ilie  tulie  is  sometimes  left 
pcu.  The  cistern  ^  is  a  steam-tight  vessel,  partly 
illcd  with  mercury,  a  is  a  tube  conimuiiiijating 
ritb  the  boiler,  and  ihnmgh  whi'^h  the  sleam  flows 
bd  presses  upon  the  mercury  ;  the  bnmmeti-r  lube 
tf   op"!!    at   top,    reovhcs    ncaily    to    the    b()Ltorii    of    the    vessel    A. 
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bu'ing  ittUched  to  it  a  ^cale  whose  zero  coini^ides  with  (ho  l«v«( 
of  thu  quicksilviT.  On  iho  right  is  marked  n  scale  of  inches,  and 
tin  the  loft    a   scale   of  atmosfihores, 

If  a  very  high  pressure  were  exerted,  one  of  several  atmospheres 
for  example,  an  apparatus  thus  constructed  would 
require  n  tube  of  great  length,  in  whieh  case  Ma- 
riotU't  manometer  is  considered  preferable.  The  tube 
Wing  Ailed  with  air  and  the  upper  end  closed,  the 
surface  of  the  mercury  in  both  branches  will  stand 
at  the  same  level  as  long  as  no  steam  is  admitted. 
The  steam  being  admitted  through  d,  presses  on  the 
surface  of  the  mercury  a  and  forees  it  up  the  branch 
b  e,  and  the  scale  from  6  to  e  marks  the  force  of 
compression  in  atmospheres.  The  greater  width  of 
tube  is  given  at  a,  in  order  that  the  level  of  the 
mercury  at  this  point  may  not  b©  materially  aflecled 
by  its   ascent  up   the   branch   ir,  tiie   point  a   being   the   zero  of  ihe 


of  the  barometer,  is  to  fin^ 
ies  on  the   earth's  surface,  ■» 


g3S3. — Another  very  important  use 
the  difference  of  level  between  two  p!a 
the  foot   and    top   of  a  hill    or  mountain. 

Since  the  altitude  of  the  liarometer  depends  on  the  pressure  o^^Kf 
the  atmosphere,  and  as  this  force  depends  upon  the  height  of  th»  — * 
pressing  column,  a  shorter  column  will  c\crt  a  less  pressure  than  s^  a 
longer  one.  The  quieksilver  in  the  barometer  falls  when  the  instri^c:^^ 
ment  is  carried  from  the  foot  to  the  top  of  a  mountain, 
again  when  restored  to  its  first  position :  if  taken  down 
of  a  mine,  the  barometric  column  rises  to  a  still  greater  height. 
the  foot  of  the  mountain  the  whole  column  of  the  atmosphi 
its  utmost  limits,  presses  with  its  entire  weight  on  the  mercury 
•t  the  top  of  the  mountain  this  weight  is  diminished  by  that  of 
the  intervening  stratum  between  the  two  stations,  and  a  shorl«»* 
column  of  mercury  will   be   sustained   by    it. 

It  is  well  known   that   ihc  surface    of   the   earth   ia  not    uniforin, 
Slid  does  not,  In  consequence,  su'i^am  wi  <i«piA  a.^,moapheriu  proswrt 


,  froc*! 

■cur^  ;  I 

at  of  I 

bortet*  m 

r 

iform,        #  { 
sswir*       a'l 
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\ft  its   different  points;  whence  the   mean    altitude    of  tlie   baromptric 

<  mlumii  will  vary  at  difTurent  places.  This  furnishes  one  of  the 
best  and  most  expeditious  means  of  getting  a  profile  of  on  e.ttended 

,  Kction  of  the  earth's  surface,  and  makes  the  barometer  an  instru- 
ment of  great    value   in    the    hands   of    the    traveller  in    search    of 

.  ^ographical   information, 

I  g  284. — To  find  the  relalJon  which  subsists  between  the  altitudes 
of  two  barometric  columns,  and  the  difference  of  level  of  the  points 
whtre  they  exist,  resume  Equation  (427).  The  only  extraneous  force 
acting  being  that  of  gravity,  wc  have,  taking  the  axis  i  ver^cal, 
and  counting  z   positive  upwards, 

X=0;     r=0;    Z=  -g. 
and    hence, 

J)  =  Cr'-T (462) 

Uaking  ^  =;  0,  and  denoting  the  corresponding  pressure  by  •p,,  we  find 


(^iiiiil  dividing  the  last    equation  by  this 


.whence,  denoting   the  : 


ciprocal  of  the  common  modulus  by  Jf, 


^)enote  by  A,  and  A,  the  barometric  heights  at  the   tower   and  upper 
aUtions,  respectively,  then  will 


I  reducing  the  barometric  column  A  to  what  it  would  have  beei; 
1  the  temperature  of  the  mercury  at  the  upper  not  differed  from 
t   at  the  lower  station,  by  Equation  (394),  we  have 

V, 


'  h^- 


h  (2"- 2")  .0,0001001]' 
fa  which  T  denotes  the  temperature  of  the  mercury  at  .he  luwtt  exA 


i 


that  at  the  upper  etatioa. 
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Moreover,  Equation  ( 


ff  =  g'{l  -  0,002351  cos  2  4.)  ; 


in  vbich, 

S'  =  32,1808  = 


force   of  gravity  «t  the  latitude  of  45°. 

',  as  given    bj 


Substituting   the  value  of  —  ■,    of  y,  and  that  of 
Equation  (3»3),  in  Equation  {463),  we  finU 
_  MD^/i,.    l  +  (f-3a')Q.QQ204 


-0,00!i55Icos2+ 


X\og\ 


h    i+{T-'r)(i,wHH(nn  J 


In  this  it  will  be  remembered  that  t  denotes  the  tetnpemiure  ot  ~^ 
the  air;  but  this  may  not  be,  indeed  scarcely  ever  is,  the  same  am-  ^ 
both  stations,  and  thenco  arises  a  difficulty  in  applying  the  formu)a_^^{ 
But  if  we  represent,  for  a  moment,  the  entire  factor  of  the  seconc^^a ' 
member,  into  which  the  factor  involving  (  is  multiplied,  by  JT,  the^^^j 
we   may  write 

2  =  [I  +  {(  -  32'')0,00204]  X. 
If    the  tempenituro    of  the    lower  aCaCioa   be  denoted    by  /, ,  and  th^    i* 
temperature  be  the  same  throughout  to  tlie  upper  station,  then  will  1 

s'.  =  [1  +  (',  -  32°)  0,00204]  X. 
And   if  the   actual  temperature  of  the  v/iper  italion  be  denoted  by  ^^^, 
and  this  be  supposed  to  extend  to  the  lower  stntion,  then  would 

z'  =  [I  +  (('  -  32°)  0,00201]  X. 
Now  if  (,  be  greater  than  (',  which  is  usually  the  case,  then  will  tl"'"-"'* 
barometric  column,  or  h,  at  the  upper  station,  be  greater  than  wou^^'' 
result  from  the  temperature  I',  since  the  air  being  more  expandt-"^'i 
a  portion  which  is  actually  below  would  pass  above  iho  uppw"'^^ 
BtAtion  and  press  upon  the  mercury  in  the  cistern  ;  and  because  " 
enters  the  denominator  of  the  value  X,  £,  would  be  too  smaff  -'' 
Again,  by  supposing  the  temperature  the  same  as  that  at  ihe  upp^^ 
•tatiun  throughout,  then  would  the  air  be  more  condensed  at  il** 
lower  station,  a  portion  of  the  air  would  sink  below  the  upp^s*" 
station  that  before  was  above  it,  and  would  ocase  to  act  upon  th^ 
wercurial  column  k,  whic\i  wou\i,  m  wia^tti^eiMie,  become  too  ainal/' 
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this  would  make  i 
P  as  tlie  true  value,  w 


^  [I  +  i  ('-  - 


-  64")   0,00t>04]  -Y. 


placing  X  Ijy  its  value, 


-0.00255 


'-[^x.^ 


(7*— 7")0.000l00lj 

only  r(^. 


have   seen,  is   constant, 

lui.'.  For  tliia  purpose,  meAsure  with 
ecurocv  the  diBerence  of  level  between  two  stations,  one  at  tho 
Bse  and  the  olher  on  the  summit  of  some  lofty  mountain,  hy 
Theodolite,  or  levelling  inBtniment — this  will  give  iha 
Iklac  of  « ;  observe  the  barometric  column  at  both  stations — tWH 
Irfl]  give  h  and  A,;  lake  also  the  temperature  of  the  mercury  M 
[he  two  stations — this  will  give  T  and  7";  and  by  n  detaohed 
ftermometer  in  the  shade,  at  both  stations,  tind  the  vnlues  of 
id  ('.  These,  and  tho  latitude  of  the  place,  being  sulistitutpd  hi 
the  formula,  every  thing  will  bo  known  except  the  co-efficient  fti 
'^tiMtion,  which  may,  therefore,  be  found  by  tho  solution  of  a  simple 
Equation.     In    this   way,  it   is  f'ltmd    that 


,51   English  f 


Rbieh  will  6nal1. 
h=S0S4.<51- 


14.j(f^+t'^(14'')().0Q2Q4 
0,002551  cos  3  4. 


<logU> 


^ 1 

(r-r)o,oooiooij 

To  find  the  difference  of  level  between  any  two  stations,  the  lati- 
tufe  of  the  locality  must  be  known;  it  will  then  only  be  necessary 
n>  note  ihe  barometric  columns,  the  temperature  of  the  mercury, 
^kA  that  of  the  air  at  the  two  stations,  and  to  substitute  these 
Sbserved   elements   in    this   formula. 

Much  Inbfrr  is,  however,  saved  by  the  use  of  B  table  for  the 
imputation  of  these  results,  nn<I  we  now  proceed  to  explain  bow  i 
'inav  ^  Rirnied   nml   ii^cd. 
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60345,51  [1  +((,+(■  -G4=)0,OOI02]  =  A, 

' B 

1  —  0,002551  COS24.  ~  ^ 


llien  »ill 


1  +(7--  f)  0,0001 


C-k, 


i  ^  A£  ■]og  - 
I  =  AB-  [log  C  +  log  /.,  -  log  A]  ; 
and    taking   the    logarithms  of  both   members, 

log:  =  log^  +  logj5  +  log  [log  C+  log  A,  -  log  A]  .  .  (404) 
Mbking  (,  +  /'  to  vary  from   40°    to    163",  whiuh    will    be    sufficient 
;or responding  valuw 
opposite  tho 


the    heaJ 


fur  all  practical  purposes,  the  logarlthi 
of  A  are  entered  in  a  column,  un( 
values  l^  -\-  l",  ^   an   ai^ument. 

Causing  the    latitude   .},   to    vary  from    0°    to   90",  the   logarithms 
of  the  corrc^iponding  values  of  £  are    entered 
A  opposite   the   values   of  4'- 

The    value    of    T  —  T    being   made,    in    li 
from   —  30°  to    +  30*,    the  logarithms   of  the  cnrreapooding 
of  C  are   entered    under   the   head  of  C,  and  opposite  the  vulucs  of 
T  —  T.     In   this   way  a    table    is   easily  constructed.     Table  IV  waa 
computed  by  Samuel  Howlet,  Esq.,  from  the  formula  of  Mr.  Prancia 


rithma 

icftd^J 


the   [ 


3  that  JuHt  described,  thers 

efficients. 

vith  Tuble  IV,  we  have  this   - 

on  above   another    viz. : — 


Baily,  which    is    very    nearly   the 
b«ng   but  a   trifling  diflerence    in 

Taking  Equation  (404) 
!-ulc  for  finding  the   altitude  of 

Takt    the   Inyarilhm  of  tlie   ho 
to    which   odd   tlit    tiumbfr   in    Ihe    column    headed    C,    opponUt    Iht 
aervtd    volut    of    T  ~  T,    and    subtract  from    thii   sum    ihf    iogari 
of    llie   harotuelri'e    riadinp   at   the   upper    station ;    take    the    laifarilhi 
of  tltiu   dijh-rnce,  to    vKicli    add   the    numben  in    the  tolumnt 
A    and   B,    eorrrtpondini}    to    the    ohierveil    ralan   of   t^  +  I'   a 
Ihf  mm   mil  be    the    logaritl  m    of  Ihf   height    in    E,.gllth  feet. 


■trie  reading   at  the    lo-jier  fltttion,^^ 

0*— 1 
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JScampk. — At  the   mountain 
boldt  observed   at   the 

Urrtr  SUIin. 

Detached    thermometer,    ('  ^^  70' ,4 
Attached  "  T'  =  70,4 ; 

Barometric  column,  A   =  23,80 


Guanaxitato,  in  Mexico,  M.  IIi  a 


t,  -  77",6. 
r  ^  77,6. 
h,  =  30,05. 


What  was   the  difTerence  of  level  T 
Here 

(,  +  ('  =  148"  ;     r  —  2"  =  '['',2  ;     Latitude  2l». 

To   log     30,06  =  1,477B445 
Add  C  for  7°,2  =  9,0996814 


Sub.  log  23,66  -■ 
Log  of     .     -    - 
Add  A  for  148=  - 
Add  B  for  21°    - 
6843,1 


1,4775259 
:  1,3740147 


-  1,0149873 
4,8193875 


3,8352537 ; 


whence   the   mountain   is   6843,1  feet  high. 

It  will  be  remembered  that  the  final  Equation  (464)  was  deduced 
on  the  supposition  that  the  air  is  in  cquillbrio — that  is  to  say, 
when  there  is  no  wind.  The  biirometcr  can,  therefore,  only  be  used 
for  levelling  purposes  in  calm  weather.  Moreover,  to  insure  accu- 
racy, the  observations  at  the  two  stations  whose  difference  of  level 
is  to  be  found,  should  he  made  simultaneously,  else  the  temperature 
of  the  air  may  change  during  the  interval  between  them  ;  but  with 
a  single  instrument  this  is  impracticable,  and  we  proceed  thus,  viz. : 
Take  the  barometric  column,  the  reading  of  the  attached  and  detached 
thermometers,  and  time  of  day  at  one  of  the  stations,  say  the 
lower;  then  proceed  to  the  upper  station,  and  take  the  same 
elements  there  ;  and  at  an  equal  interval  of  time  aiVerward,  observe 
these  elements  at  the  lower  station  again ;  reduce  the  mercurial 
columns  at  the  lower  station  to  the  same  temperature  by  Equation 
(394),  take    a   mean  of  these  columns,  and  a  mean  of  the  \cnv^isv-    ■ 


lore*    of    the    air  at   ihi^  stalion,  and 


Ihtst 


826 
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ith   Ihoftc   at    itu 


set   of  observations    maSe    simultaneously 
station. 

.Example. — The   Gillowlog  observations   were    mnde    to    di 
the   height  of  a  hill   near  West  Poinl,  N.  Y. 

VfTT  Sl^li,-,. 

Detached   thcrinomeler,  /'  =  57"  ;       C,   =  56°      and  01" 

Attached  '■  r  -  57,5 ;     T  =  50,5     and  OS. 

Barometric  column,         h  =  28,94 ;  A,  =  29,62  and  28,( 

First,   to    reduce  29,63   inches   at    63",    to    what    it   woul 

been   at  SO^jS.     Por   this  purpose.  Equation    (394)  gives 

A  (I  +  T  -  T'  X  0,0001)  =  29,63  (1  -  6,5  x  0,0001)  =  : 

Then 

29.62  4-29,611 


A,  =  - 


56" 


-  61" 


(,  +  ('  =  58°,5  +  57°  -  - 
T—  T  =  56'',5  -  57».5  - 


=  2»,6155. 
-  58',5, 

^  iiso.s, 

=  -  1". 


I 


To  log  29,6155   ^  1,4715191 
Add  C  lur  —  1°  =  0,0000434 
^^  1,4715625 

Sub.  log  of  28.9  4  ^  1,4614985 
lj3g  of  -     -     -     -     0,0100640  =  -  ^,0027706 
Add.  .1  for  115%5      -    -     -     =        4,8048112 
Add  Ji  fur  41",4    ---..=        0,0001465 


642,28 


2.8077283; 


whence  the  height   of  the  hUl  is  042,28  English  feet. 


HOTIOM   OF  HEAVY   IKCOUP&ESSIBLJ:  FLUIDB   IN   VES8EU.  ^ 

%  285. — Let  it  now  be  the  qtieation  tit  investigate  the  flow  of  a  heiij, 
homogeneous  and  incompressible  6nid  through  an  opening  in  any  part  o(  i 
•Tijwe)  whi-h  contains  it.    Ami  for  thia  purpose,  resume  E<j.  (407),  whidb 


^m 
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directly  spplicsUt:  to  the  a 
of  the  fluid,  take  the  uis  z 


ie.    The  only  incessaDt  force  being  the  weight 
vertical  aod  powtive  Dpwttrds;  theo  will 


X  =  0 ;   r  =  0 ;  and  Z  =  —  j7. 

He  lateral  or  horizontal  velocities  irill  be  insignificant  in  comparison  wilh 
the  TerUcal,  and  may  be  disregarded  or  neglected,  and  ire  have,  Eq.  (405), 

which  will  reduce  the  general  Eq.  (407)  to 
d<f 


^dp  =  -  ffda 


id(»)=; 


■nd  iDt^rating, 


p  =  -D<,2-D-^-iD-, 


(ins) 


Kext,  find  the  function   if,  and  its  difi 
order  with  respect  to   (. 
GqoatioDS  (405)  give 

d  f  =  w  -d  t 

9=/v,.di 


irential  co-efficient  of  the  firtt 


(460) 


Let  A  B  (7  Z>  be  a  vertical  section  of  tie  voBBel,  and  take  the  following 
Dotation,  viz. ; 

*    =  ihe  variable  area  of  the  Btratam       -^*t 

whoM  velocity  Ib  v>, 
>    =  the  constant  area  of  any  deter- 

mionte  horizontal  section  of  the 

vessel,  M  C  J>. 
S  =  the  area  of  the  section  of  the 

vessel  by  the  upper  surface  of  the 

liquid;  this  may  be  constant  or 

variable,  according  as  the  upper 

■arlitce  is  stationary  or  movable. 
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w,  =  velocity  of  the  stratum  pa.°sing  the  sectioD  >,  at  C  D,  at  the  b'me  I. 
The  coiitinuit;  of  the  fluid  requires  that 


W  ■  J   =   «J,   ■  f ,   , 

because  the  same  quantity  must  flow  through  e^ery  horuonta 

section  iu 

the  same  time:  whence 

"  =  ",ii 

which,  in  £q.  (466),  gim 

— ./.^^ 

■ 

tlie  integration  being  taken  with  respect  to  the  variable  r,  of  which  i  is  a 

function.     This  function  will  be  given  by  the  figure  of  tlie  vessel,  A  being     "^ 

the  height  of  the  upper  surface  of  the  fluid  above  the  openiug. 

It  may  be  veil  to  remark  here,  that 

f.:/i- 

will  be  constant  for  the  same  vessel  and  same  value  for  h ; 

and  if  lh^»-^ 

il  will  onlj^^^ 

^  necessary  lo  have  the  equation  of  this  vertical  section  to  fin 

d  the  valuta-  ■•• 

of  the  integral.     The  quantity  h  is  called  the  head  of  fluid. 

Differentiating  9  with  respect  to  (,  and  recollecting  that  the  Telocity:. -/ j 

downward  is  negative,  we  find 

dt               '    dlj,^^^  ,   ' 

ud  this,  Tfith  the  value  of  w,  in  Eq.  (465),  give* 

p=-i>j,«  +  i>-.,-^/^^--D^^*;^  + 

C-.(467'} 

To  find  the  vulue  of  C,  let  p  =  P,,    when    i  =  t,,  whk-h    co 
xinds  to    ihe  section  CD  of  the   liquid  ;  then  will 

ihich,   subU-ftCted  from   the  equation    above,  givi 

=  -Dg{t-  O  +  ^.,,  .^^'  ^-D  ^-'[^  -   1  ].  (468) 

LAIso,  if  P'  denote  the   pressure   at   ihe    upper   surfuce    corrosponiiiug 
[•o  which  *  —  z',  we  have 

Now  z'  —  z^  =.  h  =  height  of  tho  lluid  surface  above  the  section 
■CD;   whence,  by  subacitutlon  and   transposition, 

./■-/■,  + 2)j* -2),,.  ^•/''v--°x('- J-')  =»■("«) 
He   quantity  of  fluid   flowing    through  every  section   in   the  same 

time   being   equal,  we   also  have 

-  Sdh  =  a_.tB,.dl. (471) 

By  means  of  this  equation,  (   may    be    eliminalcd  from    Equation 

1^(470)  ;    then   knowing  the  quantity  of  the  liquid,  the  size  and  figure 

At  the   vessel,  wo  will  know  k,  S  and   the  integral    /     —  =  /    — , 

lb  which  »  is   a   function  of  z. 

\      §287-— The  value  of    -^   being  found  from  Equation  (470),  and 
rbetituted  in  Equation  (408),  this  latter  equation  will  give  the  value 
the   pressure  p  at  any  point  of  the  fluid   mass  as  soon  as  w,  be- 
nes   known. 

Two  cases  may  arise.  Either  the  vessel  may  be  kept  constxntly 
ill  while  the  liquid  is  flowing  out  at  the  bottom,  or  it  may  be 
offered    to    empty  itself. 

8288.— To   discuss    the   case  in  wluch    ihe   lessel   is  iilway^i  full,  or 
!  fluid  retains  the  same  level  by  being  sujiplied  iit  the  lop  as  (iisi 


830        BLEUEHTS    OF    ANALYTICAL    UBOHAITIOS. 

M  it  flow8  out  at  th'«  bottom,  th«  qtuuitity  k  mugt  be  cooBtant,  uA 
Equation  (471)  will   not  be   used. 
And  making,  in  Equation  (470), 


5»  ' 

•nd  solving  with  respect  to  iff,  we  hare 

•"  =  T1^    •. ■    (*™1 

Now,  three  cases  may  occur. 

1st.  S  may  be  less  than  t, ,  and  C  will  be  positive. 

Sd.   S  may  be  equal   to  >,,  in  which  case  C  will  be  zero. 
,     Sd.   S  may  be  greater  than  », ,  when  C  will  be  negative,  and  thb 
in   usually  the  case  in  practice. 

In  the  first  case,  when  C  is  positive,  we  have,  by  integrating  Equa- 
tion (472),  and  supposing  1  =  0,  when  w^  =  0, 


»,=^.ta„J^.t (470 

from  which  we  see  that  the  velocity  of  e^ess  increases  rapidly  witK^ 
the  time ;  it  becomes  infinite  when 


y^M.t  =  i 


(47=s; 


Wbe)!  C  =  0,  then  will  the  integration  of  Equation  (473)  girs 


A    -■ 
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or  replacing  A  and  B  by  their  values,  and  finding  the  value  of  w^ , 


«»*  = 


1^9 


.7 


<; 


(4T7) 


whence,  the  velocity  varies  directly  as  the  time,  as  it  should,  since 
the  whole  fluid  mass  would  fall  like  a  solid  body  under  the  action 
of  its  own  weight. 

When  O  is  negative,  the  integration  gives 


/  = 


log 


v^+jv/^. 


whence, 


2y/lB0  -/B-w,^  ' 


2/Tc  , 
e  —I 


w.  = 


«  ^    +1 


(478) 


iji  which  e  is  the  base  of  the  Naperian  system  of  logarithms  =  2,718282. 
If  the  section    S  exceeds  9^  considerably,  the  exponent   of  e  will 
soon   become  very  great,  and  unity  may  be  neglected  in  comparison 
"With  the  corresponding  power  of  t ;  whence, 


IT,  = 


^g(h-\- 


P'  -  P 


I>9 


■-) 


<2 

5» 


(479) 


that  is  to  say,  the  velocity  will  soon  become  constant. 

If  the  pressure  at  the  upper  surface  be  equal  to  that  at  the  place 
of  ^ress,  which  would  be  sensibly  the  case  in  the  atmosphere, 
P*  -  P,  =  0,  and 


to.  = 


2gh 


2  . 


1    —  -^' 


(480) 


and  if  the  opening  below  become  a  mere  orifice,  the  fraction 


and 


w,  =  -i/^T*;    . 


(481) 
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that 


,  liie    veloc 


iih  which  1 


liquid    will 


elocity 

from  a  small  orifice  in  the  bottom  of  a  vessel,  when  subjected  to 
the  pressure  of  the  superincumbent  mass.  Is  equal  to  that  acquired 
by  B  heavy  body  in  falling  through  a  height  equal  to  the  depth  i>f 
the  orifice  below  the  upper  surface  of  the  liquid.  The  velocitiw 
given  by  Equations  (479),  (480),  (481),  are  independent  of  tbt 
figure  of  the  vessel. 

If  the  velocily  w,  be  multiplied  by  the  area  *,  of  the  oritice,  the 
product  will  be  the  volume  of  fluid  discharged  in  a  unit  of  timii. 
This  is  called  the  txpemt.  The  expense  multiplied  by  the  time  of 
flow  will  give  the  whole    volume    discharged. 


g 

289.- 

-The 

velocity  w,  being 

constant  in 

the  c 

se   refer 

q» 

.. 

(479) 

shidl   ha 

de 

=  0, 

iti 

K<,» 

lion   (4ti8) 

beconiea 

P  = 

P, 

-Dg{z 

-^. 

-s-l 

■(■^ 

->). 

substituting 

the 

value  of 

^.. 

given    by 

■'qnuti 

n  (4-0) 

p  =  F,~  I}ff(z-  Z,)  +   (Dr,  k  +   P-   - 

whence,  it  appears,  that  whei 


A"' 


■  1 


!  flow  has  become  uniform,  the  pres- 
sure upon  any  stratum  is  wholly  independent  of  the  figure  of  thfl 
viissel.  and  depends  only  upon  the  area  »  of  the  stratum,  its  distanoi^ 

from  the  upper  surfoce  of  the  fluid,  and   upon  thu  ratio -^. 

g290. — If  the  vessel  be  not  replenished,  but  be  allowed  to  empty 
itself,  h  will  be  variable,  as  will  also  S  except  in  the  parlioulu 
rases  of  the  prism  and  cylinder. 

Making 

«,  =  y/2jW;         (483) 
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fin   whu:h  H  denotes  the  height  dac  lo  the  velocity  of  disL-liurge : 
'  have 


V^ff' 


tad,  Equation  (-171), 


(485) 


fS.dh 


(486) 


'        To  effect  the  integration,  S  and  H  must  bo  found  in  terms  of  h. 
\  Hio   relation   between  S  and  A  will    be  given   by  the   figure   of  the 

1  Teasel.      Then  to  find   the   relation    between  H  and  h,  eliminate   ur, , 
im,,  and  di  from  Equation  (470),  by  the  values  above,  and  we  have 

'  or,  dividing  bv 

...  ^('-iD 


■(^^ti3 


and  making 


n    dk  =0-(437) 


Multiplying  by  ■• 


Qdh  +  dff  +  SSdh  =  0.       . 
ft*- 


+  >?.«  X  RdK=ft\ 
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I 


DTid  ill  I  eg  ruling 

+  Be        =  C;  .    .    .    .    (489) 

whence, 

—fun 

-/.*.«./"')•■  ■  •  « 

The  cunstant   must  reF^ult  fro 

n    the  condition,  that   when  //  =  0, 

A  must  bo  h,,  the  initia!  height 

of  the  fluid   in   the  vessel. 

Thus  H  becomes  known  in  t 

rms  of  A,  and  its  value  suiistJtuted 

in  Equation  (486)  will  make  kii 

own  the  time   required  for    the  fluid 

to   reach   any  altitude  h.      The 
determined,  so  that  when   (  =  0,  A  =  ft, . 

§  291. — The  Equation  (490)  gives  a  direct  relation  between  5,  h,  and 
f ;  the  figure  and  dimonsiona  of  the  vessel  give  another  between  S  ami 
h.  Krom  these,  two  of  the  three  variables  may  be  eliniinated  from  ihi' 
&}uation  (^86)  and  the  integration  performed.  Take,  for  example,  llic 
case  of  a  right  cylinder  or  prism.     Ik-re  .S  will  be  constant,  and  ciiimI 


r*  If 


Moreover,  let   us   suppose    P'  —  P^  =  0,  which    would    be   senBiWj' 
I  true  were  the  fluid   to   flow  into  the   atmosphere    ihat   surronnds  tbt 
I   vessel.     Also,  for  the  sake  of  abbreviation,  mate   -  =  I;  th 
i'  -  1 


jnBiW)'      1 


^^Ei^M 

■  ■     1 

1                                          MECHANICS    OF    FLUIDS. 

33S     ^H 

•nd  Eq.  (490)  becomes 

^1 

If  =  e                .[C-fh'dh.t                 ] 

^1 

Multiplying  the  last  term  hy 

^H 

2~i^    A 

^^1 

2  -  A^    A' 

^^H 

we  may  write 

^^1 

-(i-i')iog  *   r              i^         y           i'-*'J '" 

')] 

^^M 

-tl-t.]Ug»    r                 i3                   (!-»")  log  *-| 

^H 

when  fl"  =  0,  then  will  A  =  A,  and 

^^1 

LI                       (l-f)lsj*, 

H 

which  auhatituted  above,  gives,  after  reduct:on, 

^H 

\                -=S^[^-"""'"'->]^ 

■ 

t-i-, 

^^M 

.'"■"""=  ©r"^ 

H 

Hnd  therefore, 

^1 

-.^i=[(r"-']=.t^['-(0"i 

.    (492)'    ^M 

which    substituted   in   E^uiition  (486),  gives 

^M 

t    c    J''^^^'  r        ^'' 

T 

■    (-103)      ~ 

-'  ^-^    V(i)'- 

In  which    the   only  variable  U  A. 

§292.— The  particular  case  in  which  *"  =  2,  give 

s  to 

this  value 

for  (  the  form  of  indetermination.     When  this  occurs 

we 

must  have       ^^J 

reoouree   to    the   form  assumed  by  Equation  (488),  w 

hich. 

under  thia     ^^| 

1    nipposilion,  beoomea 

M 

^^■t                         2'idh  +  hdH  -  Hdh  =  0-. 

-J 
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multiplying  by  A~  , 

2k~^dK  +  h~\iiff-S.h~'dh  =  n, 

2IogA  +  :^  =  C; 

ftod  because  if  =  0  when  A  =  A, , 

2  log  A,  =  (7; 
whence, 

^  =  2  A  ■  log  -is. 
and  this,  in  Equation  (480),  gives 


/=  C- 


W- 


?/- 


dh 


Making  -^  =  -^'  thia  becomes,  between  the  limits  a 


1=  (7 


§203. — If  the  orifice  be  very  small  in  comparison  witb  a  cn« 
■ection  of  tbe  prismatic  or  cylindrical  vessel,  then  will  ^  =  A,  m|^ 
Equation  (486)  givea 

Making  t  =  0  when  A  =  A^,  we  have 

•  (/»;-•/»), («M) 


■sd  ibr  the  time  required  for  the  Teasel  to  emptjr  itael^  A  =  0, 


TVat 


(W) 
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Now,  with    the    same    relation  ot    the    orifice    t(»    the    cross    sectiou 
of  the  cylindrical  vessel,  we   have,  Equation  (481), 

and   for  the    volume    of    fluid   discharged   in   the    time   t,   when   the 
vessel   is   k<*pt  full, 

«nd    if  this  be   equal    to  the   contents   of  the   vessel, 
-whence, 


That  is,  Equation  (495),  the  time  required  for  a  prismatic  or  cylin- 
drical vessel  to  discharge  itself  through  a  small  orifice  at  the 
bottom  is  double  that  required  to  discharge  an  equal  volume,  if 
the  vessel  were   kept  full. 

§294. — ^The    orifice    being    still    small,    we    obtain,    from    Equa- 
tion (485), 

whence  it  appears  that,  for  a  cylindrical  or  prismatic  vessel,  the 
motion  of  the  upper  suftace  of  the  fluid  is  uniformly  retarded.  It 
will  be  easy  to  cause  /Si  so  to  vary,  in  other  words,  to  give  the 
vessel  such  figure  as  to  cause  the  motion  of  the  upper  surface  to 
follow  any  law.  If,  for  example,  it  were  required  to  give  such  figure 
as  to  cause  the  motion  of  the  upper  surface  to  be  uniform,  then 
would  the  first  member  of  the  above  equation  be  constant  ;  and, 
denoting  the  rate  of  motion  by  a,  we  should  have 


whence. 


«  =  ^V2^A; 


but  supposing  the  horizontal   sections  circular, 


S2 
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whence   the   riuiJi  of  the  sections   must  vary  as   the   fourth    root  ol 
their  di»tancea  from    Ihc  boltntn.     ITiese  coiistderationa  applf  to  ti 

1  of  Cteiisydras  or    Wattr   Clucks. 


MOTION   OF   ELASTIC    FLtTtDS   IN    1 


g211-i. — As  in  the  esse  of  ini^mpressible, 
elAstic  fluids,  it  i»  nflsumed  ihaC  in  iheir  movement  through  vessels, 
they  arrange  themselves  into  parnllut  strata  at  right  angles  to  the 
(Jirectiou  of  the  motion.  The  ijuuntity  of  matter  in  each  slratui 
is  supposed  to  remnin  the  same,  while  its  density,  which  is  alway? 
uniform  throughout,  may  vary  from  one  poaillon  of  the  stratum 
another;    hence,  the    volume   of  eath   stratum  mny  vary. 

All  lateral  velocity  among  the  particles  will  be  supposed 
and  ai  the  weight  of  the  elements  of  elasiiu  fluids  is  tnsignji 
in  comparison  lo  their  elasticity,  the  former  will  be  disregarded. 
The  motion  will,  therefore,  be  due  only  to  the  elastic  force  arlsirtg 
from  some  force  of  compression ;  and  as  the  fluid  -will  bo  Buppos«4l 
to  cotnmunicate  freely  with  the  air,  or  «ilh  a  vessel  partly  li]l«<3 
with  some  other  elastic  fluid,  this  forcR  within  may  he  greater  or  less 
than   it  is  on  the   exterior  of  the   vessel. 

g29G. — Assuming    the    axis    of    the    vessel    horizontal,    Inko    th^t 
line  as  the  axis  of  x. 
Then,  by  the  suppoai- 
tion  above,  will 


A"  ^  0; 

Z  =  0; 
e  =  0; 
•  =  0; 


A ^ 


^ 


J 
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L  tad  £qiutiou9  (400)  give 
1       dp 


-C^)- 


(106) 


iver,    if  we    suppose   the   niotioa    to    have   been    established    ' 
and   become   permanent,  the   velocitj-  of  a  stratum  as  it   passes  any 
particular    cross   section  of  the    vessel    will   always    ba  constant,  and 
the   quantity    ttf  (luid    which   flows   through   every    cross   section   will    | 
be  the  same.     Hence  the  partial  diiTerentid  of  u   in   regard   to  the    ' 
liiiie,    that  is,    supposing  x,  y,  t,  to    be  constant,  must  be   Kero,  and 
Ui6  above   e'juation  reduces   to 

dp^  -  O.u.du. 
From    Mariotte'a   law,  Equation  (389), 
j>  ^  P.D, 
and  by    division, 


and   by  Jntegra 


logp  ^ 


"-rp- 


To  determine  the  constant,  let  p,  be  the  pressure  at  the  openmg 
CD,  that  is,  the  pressure  of  the  atmosphere,  and  dcnitlc  by  «,  the 
'velocity  of  the   fluid   at   this  point,  then  will 


log;.,  = 


p-i 


log  J 


"  iP 


(«,"  -  «■)■ 


(498) 


Denote  by  s  the  area  of  any  section  of  the  vessel  A'  B',  at  which 
the  preBsure  is  p  and  velocity  v,  by  D  the  density  of  the  fluid  at 
this  section,  and  by  D^  that  at  ihe  section  CD  equal  (o  », .  Then, 
rinoe  the  quantities  of  fluid  flowing  through  these  sections  in  a  unit 
must  be   equal,  we    have 
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but,  %2U, 


which,  in  Equation  (498),  gives 

■^^  =  .4['-(^)l 

If  p'  deuote  ihe    pressure  exerted    bj  the    piston  A  B,  and  a 
note    ita   area,  we   have 


<-^\}-m']-  •■■■<«« 


/'iPAos- 

' I 

This    is    (he   velocity    with    which    the    fluid    will     issue    into    tli« 
Umosphere  or  other  fluid  whose  pressure  on  the  unit  of  aurfao*  1 
§297.— The   Toiume   discharged   in   a  unit   of   I 


■C^)" 


while   under   the   pressure  p^ ;    and   under    i 
on    the    unit   of  surface   of  the   piston, 
or  top  of  a  gasometer,  and  which  would 
be  indicated  hy   a  gauge,  since  the  vol- 
umes are  inversely  as  the  pressures. 


P.logiL 


-e?^)" 


(508) 


equal  I 


^ 
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B2lf8.— Dividing  Equation  (499)  hy  Eqimtion  (500),  A-e  liave 

-—£;==  iti^;.     ....     (503) 

irhich  will  give  the  pressure  p  at  any  suction  ot    the  vessel. 

§299. — If  ihe  opening  CD  is  very  small  in  reference  to  A  B,  the 
Blocity  V,  will    become,  Equation    (501), 


..--sT^ 


(501) 


the  volume  of  fluid  discharged  in  a  unit  of  time  and  of  £ 
r  eqgal  to  that  pressing  upon  the  gauge, 


fvv/; 


2/'.l<igi 


(505) 


Ind  Equation  (50E 


logj 
logi 


■fjfr- 


p, 


%  300. — A  stream  flowing  through  &n  orifice  is  called  a  vtin.  In 
liymsting  the  quantity  of  fluid  discharged,  it  ia  supposed  that  there 
neither  within  nor  without  ihe  vessel  any  causes  to  ohalnict  the 
tM  And  continuous  flow ;  that  the  fluid  has  no  viscosity,  and  does 
an  adhere  to  the  sides  of  the  vessel  and  orifice;  that  the  particle* 
If  the  fluid  reach  the  upper  surfaco  with  a  common  velocity,  and  alau 

\\«  ihe  orifice  with  eqnal  and  parallel  velocities.  None  of  these 
Itmditious  are  fulfilled  in  practice,  and  the  theoretical  discharge  must, 
iereforc,  differ  from  the  actual.  Experience  teaches  that  the  former 
Iwaya  e.xceeds  the  lfttt«r.  If  we  take  water,  for  example,  which  it 
W  the   most    imporlant  of  the   liquids   in  a  practical    point  of  viex^ 

shall  find  it  to  a  certain  degree  visc^uis,  and   always    exhibiting  a 
bdency  to    adhere    lo    ununctuous    surfaces    wilh    which    it    may   Iw 

(ught    in    rtinluct.       When    water    flows    rhrongh    nn    opening,    ll 


Hi 
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adhosion  of  its  partjclea  to  the  sur&t^e  will  check  Oufir  modoniS 
the  viBooaity  of  the  fluid  will  transmit  this  effect  toward*  the  interior 
of  the  vein;  the  velocit}"  wi]!,  therefore,  be  greatest  a.  the  axis  of 
the  latter,  and  least  on  and  near  its  iiurface ;  the  inner  particles  thus 
flowiog  away  from  those  without,  the  vein  will  increase  in  length  and 
diminish  in  thickness,  till,  at  a  certain  distance  from  the  oriUce,  the 
velocity  becomes  the  same  throughout  the  same  cross-section,  which 
nsually  lakes  place  at  a  short  distance  from  the  aperture.  Tkii 
efTect  will  be  increased  by  the  crowding  of  the  particles,  arising  from 
the  convergence  of  the  paths  along  which  they  approach  the  aper- 
tare,  every  particle,  which  enters  near  the  edge,  tending  to  pasi 
obliquely  across  to  the  opposite  side.  His  diminution  of  the  fluid 
Vein  is  called  the  veinal  eontraclion.  The  quantity  of  fluid  discharged 
must  depend  upon  the  degree  of  veinal  contraction,  and  the  velocity 
of  the  particles  at  the  section  of  greatest  diminution ;  and  any  cnuno 
that  will  diminish  the  viscosity  and  cohesion,  and  draw  the  particle* 
in  the  direction  of  the  a\is  of  the  vein  aa  ihey  enter  the  aperture, 
will  increase  the  dischnrge. 

Experience  shows  that  the  greatest  contraction  takes  place  at  ■ 
distance  from  the  vessel  varying  from  a  half  to  once  the  greatest 
dimension  of  the  aperture,  and  that  the  amount  of  contraction  dis 
penda  somewhat  upon  the  shape  of  the  vessel  about  the  orifice 
Mid  tlie  head  of  fluid.  It  is  further  ftiund  by  experiment,  that  if  a 
tnbe  of  the  same  shape  and  size  as  the  vein,  from  tlie  side  of  the 
vessel  to  the  place  of  greatest  contraction,  lie  inserted  into  likt 
aperture,  the  actual  discharge  of  fluid  may  be  accurately  eompntod 
by  Equation  (478),  provided  the  smaller  base  of  the  tube  be  sub- 
atituted  for  the  area  of  the  aperture ;  and  that,  generally,  wiciioui 
the  use  of  the  tube,  the  actual  may  be  deduced  from  the  theorMioai 
discharge,  as  given  by  that  equation,  by  simply  multiplying  tlw 
theoretical  discharge  into  a  co-eflicient  whose  numerical  value  dependi 
upon  the  size  of  the  aperture  and  head  of  the  fluid.  Moreover, 
^1  other  circumstances  being  the  same.  It  is  ascertairjed  that  ibis 
eo-cfficient  remains  con.'itont,  whether  the  aperture  be  circular,  squafSi 
or  oblong,  which  embmm!  all  cases  of  practice,  provided 
comparing  rectangular  with  drciiliir  orifices,   we  compiv 
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or  tlie  lultur.    The  vahl 


^^Bttis.ou  of  the  furnic?r  with  tht> 

of  this   coefiicicRt   depends,   iheref 

the  same,    upon    tho    smnllest   dimension   of    Ihe    rectangular 

and    upun  the  diameter  of  iho   circle,  in  the  case  of  circular  c 

But   should   other   circiimstiiripvs,  sut'h   as   the   head  of  fluid,  u 
^JJMR  of  the   orifice,  in    respect   to  the  aides 
^^^Umttotii   of  the    ves-sel,    vary,   then    will 
^^^^Ppo-cflicient   also    rury.       When    the    (low 
^^ISg  place   through  tiiiu  pliitcs,  or   through 

oKficea  whwe  lips  are  bevelled  e»teriially, 

tliB  co-cflicicnt  corresponding  to  given  heads 

aod    orifices,  may   be   found    in    Table   V, 

provided    tho    orifices    be   remote    from    the 

iateral    faces    of    the  vessel.      Thin  table   is 

diduccd    from    the    experiments   of  Captain 

Lubros,  of  the  French  engineers,  ami  agrees 

wllh    the   previous  experiments   of  Bossiit,  Michetotti,  and  others. 
As    the    orifice    approaches    one    of    the 

lateral    fiu-cs   of    the   retiervoir,    the    eontrac- 

tioD    on    that    side    becomes    less    and    less, 

and  will  ullinialely  become  nothing,  and  the 

co-effiuicnt  will  be  greater  than  those  of  the 

table.     If  tho  orifice   be  near   two   of  these 
the    contraction    becomes    nothing   en 
•ides,    and    the  co-efiicient  will    be   still 


■   these  eireum stances,  we   have    ihe 
Blowing    rules : — Denote  by   C  the    tabular, 
and  by  C  the  true  co-efficient  corresponding 
kgtveii  aperture  and   head;   then,  if  tho 
^tion  be   nothing  on    one    aide,  will 
C  =   1,03  C; 
wo    sides, 
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mid  it  must  be  borne  id  mind,  that  these  results  and  ihose  ut  Um 
tabic  are  applicable  only  when  the  fluid  issues  through  holes  ia 
thin  plates,  or  through  apertures  to  bevelled  externally  that  the 
Iiarticles  may  not  be  drawn  aside  by  molecular  action  along  their 
tubular  ctmlour. 

§301. — When  the  discharge  is  through  Ihiek  plain  icilhout  btvd, 
or  through  cvlindrical  tubes  whose  lengths  are  from  two  to  three 
times  the  smaller  dimension  of  the  orifice,  the  expense  is  incrensed, 
the  mean  cocf&cicnt,  in  sach  cases,  augmeating,  according  to  experi- 
ment, to  ftbout  0,815  for  orifices  of  which  the  smaller  dimension 
varies  from  0,33  to  0,66  of  a  foot,  under  heads  which  give  a  coeffi. 
luent  0,C19  in  the  case  of  thin  plates.  The  cause  of  this  increase  Is 
obvious.  It  is  within  the  obaer\*ation  of  every  one,  that  water  will 
wet  most  surfaces  not  highly  polished  or  covered  with  an  uncluotLi 
coating— in  other  words,  that  there  exists  between  the  particles  of 
the  fluid  and  those  of  solids  on  affinity  which  will  cause  the  former 
to  spre.id  themselves  over  the  latter  and  adhere  with  considerable 
pertinacity.  This  affinity  becoming  efTeclivo  between  the  inner  sur- 
face of  the  tube  and  those  particles  of  the  fluid  which  enter  the 
orifice  near  its  edge,  the  latter  will  not  only  be  drawn  aside  from 
their  converging  directions,  but  will  take  with  them,  by  the  force  oi 
viscosity,  the  other  particles,  with  which  they  are  in  sensible  contact. 
The  fluid  fdanients  leading  through  the  tube  will,  therefore,  be  more 
nearly  parallel  than  in  the  case  of  criliees  through  ihln  plates,  the  coa- 
tractidn  of  the  vein  will  be  lesf  and  the  discharge  consequently 
greater. 


. — Tub  more  general  ei re utd stances  aUoiidirig  t 
Rrcn  npoii  bodies  of  sensible  magnitudes  liave  been  discussed,  'i'licy 
.  ixnttitQte  the  sabjoclB  of  Mechanics  of  Solids  and  of  Fluid?.  Those 
wlitch  result  from  the  action  of  forces  upon  the  elrmcnU  of  both  solidB 
•fld  tiuids  remain  to  be  considered.  Tbey  fonn  the  subject  of  J/i'- 
tkanir*  o/  Moleculet ;  which  comprehends  the  whole  theory  n^  Eltclrics, 
Ttitrmotitt,  Aeouilieit,  and   Ojiliet. 

It  has  been  seen,  that  jdl  bodies  are  built  up  of  elcmeutary  mole- 
eulci  in  neneiblc,  though  not  in  actual,  contact ;  tliat  the  relative  places 
of  Miiiiiibrium  6(  these  molecules  are  dcteroiined  by  the  molecular  forces, 
and  that  the  intensities  of  these  forces  are  some  function  of  the  dis- 
tance between  llio  acting  molecules.  A  displacement  of  a  single  inolu- 
cnle  from  its  position  of  relative  rest,  will  break  up  the  equilibrium  of 

mnding  forces,  and  give  rise  to  a  general  and  piogressive  dis- 
turbance throughout  the  body.  It  is  proposed  to  investigate  the  nature 
of  this  disturbance,  the  circumstances  of  its  progress,  and  the  conduct 
of  tlie  molecules  as  they  become  involved  in  it. 


g  303. — Molecular  motions  cannot,  like  the  initial  disturbances  which 
I  prodnce  them,  be  arbitrary ;    but  must  fulfil  certain  conditions  impowl 
by  the    phyaicnl    <^>[iiipetii'iia  which   "'liie  the   molinMiloB  inlo  a  sjsIciti, 
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These    motions  are,  go  to  Kpenlc,  constrainei]    lij'  ih'm   counection. 
the    L'ondilions    of    constraint    be    exprescd,   as    in    g  213,    Mceli.  of 
Solids,  by 

i  =  0 ;     i'  =  0 ;    i"  =  0 ;  &c (50ii) 

L,  L',  L",  kc,  being  functions  of  iho   co-ordinatc-a  of  ihe    uoluculiu 
Denote  by 

X,  V,Z\  X",  ¥',Z-\  Ac^ 
the  acccleralioua  impressed  upOD  the  molecules  whose  masses  aroi 
&Cf  in  the  directions  of  tliu  axes.  Equation  (313)  will  obtain  for  eadi 
molecule.  There  will  be  as  many  equations  as  molecules,  and  by  sddi- 
tioo,  wo  find,  by  inverting  the  terms, 

There  will  be  three  co-ordinates  for  each  moleculn.  Denote  llu' 
number  of  molecules  by  i;  the  number  of  Equations  (5O0)  of  conditiou 
by  m ;  then  will  3  t  —  »ft  =  ti,  bo  the  number  of  co-onlinatcs  whidi, 
being  given,  will  reduoe  the  number  of  unknown  co-ordinatu  to  tic 
number  of  cquation&  These  unknown  co-ordinates  may.  hence,  be  fonnil 
in  functions  of  the  known,  and  the  places  of  tlte  molecules  nt  aov  in- 
eUnt  determined. 

Denote  the  ra  co-ordinates  by  scyz,  x' y' £\  &c-q  aud  the  »  coofdl- 
nates  by  a-Qy,  tn'fi'y',  Ac;   then  we  may  write, 

x  =  ip.{aj3y  a',  &c.)  =  p. ; 
y  =  9,  (a  /3  y  «',  ic.)  =  p, ; 
a  =  if,(aSy  a',  &e.)  =  p. ; 
x'=ip,.{a(iya.',  &c.)  =  p^; 
&c.  =  &c.  =  (tc,; 


X  =  yp.{cil3yai',&c.)  =  P,; 
T  =  i>,i«l3y<t;&c.)=P,: 

z  =  V.(<.i5y»',4c.}  =  -P.; 

Ac.  =  ic.  =  &c,; 

1  p„  p^  9„  Jte.,  ^„  V»>  V«  &'-"i  denote  auy  functions  < 
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ordinates  a  ]3  y,  a'  &c^  which  result  from   the  conditions  of  Equations    . 
(506)  and  the  process  of  elimination. 
At  any  time  /,  suppose 

a  Q  and  y  to  become  a-f|i   P  +  ^y   y  +  f» 
a'  j3'  and  y'  to  become  a'+  f,  j3'-f  ^',  y'+  ^; 


and  suppose  the  increments  ^  fj  i,  f  r{  ^,  &c,j  to  continue  so  small 
during  the  entire  motion  as  to  justify  the  omission  of  all  termi*  into 
which  their  second  powers  and  products  enter;   then  will 


X  = 


y  = 


z  = 


S'z^ 


da 


dp 


dy 


(/a 


(//3 


dy 


f  +  &c^  «fec. 


f  +  &C.,  &c. 


A  +  ^-f  +  ^-'J  +  ^-^+Ac,  &c. 


da 


(iy 
dp. 


^^+i??-f'+if-'''+i7-^-*- *«-*'=•' 


.  (508) 


X=P.  +  ^ .  1  +  ^' . ,,  +  ff;^  .  f  +  &c,  &c^ 


F=P,+ 


c^  a 


dp 


dy 


^      dP^        .  dP,    V  .    ^       ^ 


Z  =P,  +  -3-^  •  f  +  -317  •  ^  +  -3^^  •  f  +  &C.,   &C. 


(^  a 


(^iS 


dy 


-r'=p^+ 


From  Equations  (508)  we  have 

d'x  =  ^'d*^+^'d'7l  +  ^.d*i+    &c.,   &C., 


da 


dp 


d^v^i^.d} 


d*Ti  + 


<p«  =  ^.d'f+^.d',+ 


rfy 
(f  y 


da 


(fi3         '   •    dy 


(Tf  +    &C.,  &c. 


(^^+      Jl^Cy     drC, 


(509) 


(610) 
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y_PL 


'y='-A-'^^%-'n^'ii-'^^^^^ 


■     (611) 


.if+- 


■'J<?  +  ^.«>f+  *c 


The  Equation  (607)  contaiDS  three  times  aa  many  terms  as  there 
are  molecules,  each  term  consisting  of  a  variation  with  its  coefiicienL 
Eliminate  from  this  equation  X,  T,  Z,  X',  Ac^  d} x,  tPy,  rf"*,  d'x',  Ac, 
and  da,  iJy,  6z,  6x',  Ac,  by  means  of  Equations  (609),  (510),  and  (51]); 
collect  the  coefficients  of  rf  f,  itj,  6  i,  6  f,  Ac, ;  the  number  of  terms 
will  reduce  to  n,  this  being  the  number  of  the  co-ordinates  a,  ^,  y,  b', 
ice.  These  variations  arc  independent  of  one  another,  since  the  co- 
ordinates a,  /3,  y,  a',  Ac,  are  so.  The  coefficients  of  these  variatioiu 
must,  therefore,  be  separately  equal  to  zero.  Performing  the  oiM-ration, 
iiinitting  all  the  terms  containing  products  and  powers  of  |,  r),  ^  f, 
iic,  liighcr  than  the  first,  there  will  result  n  equations  of  the  form, 


IB.-^+X 


'.^  +  2/'.^+2ff.f+I/r.i)+£^,;+J=0;(512) 


ill  wliich  J},  E,  F,  G,  H,  Ac^  arc  functions  of  the  differential  co-efficient* 
in  E^juations  (500),  (510),  and  (511);  and  A  consists  of  a  sciius  of  t«niii 
each  composed  of  two  factors,  one  of  which  is  cither  P,,  P,,  P„  or 
some  other  P  with  subscript  co-ordinate  accented. 

If  a  ^  y,  a',  Ac  give  the  places  of  rest  of  the  molecules,  then  nil] 
/*,  =  /•,  =  /',=  Ac.  =  0,  and  Equations  (512)  become 

Si).J|  +  2£.^'^-|-2f.~f-|-2G'.|-l-2^.7-|-2A'.f  =  0.{613) 
These  equations 


(»") 
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w!iii;ii  li  and  r  are  arUitrary  conslaDla,  aoj  p,  Jf    iV    jV    Ac^  are 
iDatanta  to  be  dctermiDod.      For,  aftt^r   two  difforeutiatioDs,  rcgardbg 
£  I],  ^  Ac,  and  I  rariabie,  wo  bavo 

^f=-J!.3',..i„(,v7-r)p. 

^  =  -«.Jf,.,;n(<V^-r)R 

\^  =  -Ji.X^..ini,V~e-r)f. 


•liicli,  Bubstiluled  in  Equations  (513),  give,  after  dividing  out  tbc  com- 

fttctor  ^  .  sin  (/  Vp  —  r), 
'^O.y  +XS.N  +XFA')p^lOJf  -XJI/i^  -DA'A'  =0.  (616) 

How,  Uiere  being  n  of  these  equations;  n  —  I  of  ihciu  will  give  tha 
08  of  Jf^,  Jf,  N',  4c.,  ID  icriiis  of  A'  ;  anJ  these  being  subBtiluted 
he  n"^  equation,  must,  Irom  the  form  of  the  equations,  give  a  resntt- 
equation  having  ^,  as  a  common  factor  and  of  the  n"'  degree  in  p. 
factor  JV  will  divide  out.  The  quantily  p  will  have  » 
Tlie  values  of  iV,  Jf,  N  &c^  will  be  rational  fractiona  of 
ie(B — 1)''  degree  in  p,  having  a  common  denoiiiinnlor,  and  each  multiplied 
f  JV^  which  is,  as  yet,  arbitrary.  Make  JV  equal  lo  thi!  common  dc- 
llDinator,  and  JV",  JV,  y  ,  Ac,  will  be  cJipresseii  in  symmetrical  fuuc- 
)ii8  of  p,  of  the  (n  —  1)"  degree.  Each  of  the  quantities  N ,  N' ,  N . 
E^  will  have  as  many  values  as  p;  and  each  of  the  incremunts 
V'  it  it  ^^T  "'"  "'so  have  n  values,  each  set  of  which  will  siitisfy 
jnaljons  (513). 

But  Equations  (513)  are  linear;  not  only,  therefore,  will  each  of 
«  values  of  f,  t),  (,  f,  Ac,  satisfy  them,  but  their  respective  sums  sub- 
itntfld  for  ^,  t;,  ^,  ^,  Ac,  will  also  aatisfy  them. 

Denoting  the  roots  of  the  n*^  equation  in  p  by  p,  p„  p„  Ac,  and 
nng  thv  subscript  figures  lo  designate  the  corresponding  values  for 
le  otbei'   letters,   the  gcntriil   solution   of  Equations   (513)  will  be 
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f=B.y^.tin{l.V7-'■)i•f<■\^M'■y/^<-'■<)fB,.^\^.'i>,it.^/J,-r^+&c. 
t  =  ffi..V.sin.r^/?-r)+JJ..A'.^.Bir,((V;r-r,)-i-ff,-A'^-6i"i(Vf;-'.l+Ao. 

H,  S„  &c^  and  r,  r,,  &c.,  are  arliitrsry  conslanta,  id  these  complete  in> 
t^^rals.  They  must  bo  found  in  Unna  of  the  initial  values  of  ^  t/,  d 
&e^  and  their  difiercntial  coeSicicnls.  Tl)L-y  ari'  small,  because  tiie  oR- 
j^inai  dislnrbance  is  supposed  smiUl. 

g  304.— If  all  the  quantities  Jt.  H,,  fl„  Al\  except  iho  first,  vinidi. 
Equations  (516)  Iobc  all  their  terms  in  the  SL-ooiid  members  except  tit 
firat,  and  Equations  (Q08)  become 


;Vj+...)«.«..(l.l/p-r),  J 


'■"■■■■H^^yiw'''*';^'  ■  ^i+  ■  ■■)«-"»('-W-'),  I 

§  305.— If  the  roots  p,  p„  p„  &c.,  be  real,  the  different  terms  in  tlie^ 
values  of  ^,  7),  C  *fcc.,  as  given  in  Eijuations  (518),  will  disappear  period—  | 
ically,  and  the  precise  times  of  diaappearancu  of  each  will  be  fonnd  bj" 
making 


f Vp-r^o 


tVp,- 


vr 


vw 


in  which  a  is  any  v 
itDce  will  bo 


(  V'p,  —  r,  =  o  IT ; 
-.     Tlic  intervals  of 


TT  +  r 

V7' 


vpT'     Vp, 


fonnd  b;f^ 
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blc,  thtn  will  $,  r],  ^,  &c., 


I'Vfhtn  these  intervals 
tlie  values  they  iiad  at  some  previous  tinic,  the  molecules  n'ill  return  to 
their  former  simultaneous  places,  the  movement  will  become  periodical, 
uid  tlie  period  will  be  equal  to  the  least  commoa  multiple  of  the  above 
intervals.  This  phenomenon  of  periodical  returns  of  molecules  to  their 
initinl  places,  is  called  the  prriodic'tly  of  molecular  eondition, 

§  306.— From  Equations  (516)  it  is  apparent  that  each  and  every 
iiiilividiial  of  a  system  of  molecules  in  which  the  connection  is  svich  ns 
to  lenve  n  of  their  co-ordinates  independent,  may,  when  slightly  die- 
turbed  from  rest  in  positions  of  stable  equilibrium,  assume  a  number  n 
,  of  oscillatory  movemenU,  and  that  all  or  any  number  of  these  may  take 
place  simultaneously.  And  conversely,  whatever  be  the  initial  derani^c- 
'  lucnt  of  such  a  system,  the  resulting  motions  of  each  molecule  may  be 
resolved  into  n  or  less  than  n  simple  components  parallel  to  each  of 
any  three  rectangular  sxvu.  Here  we  have,  under  a  different  form,  the 
pVincipIc  of  the  eoexUUnet  of  imall  moliont. 

§  307. — Again,  let  $„  ij,,  f„  Ac.,  be  the  values  of  |,  ij,  f,  At^,  when 
the  system  is  in  motion  by  the  action  of  one  set  of  forcea ;  ^„  t}„  ^„ 
ttc.,  when  onder  the  action  of  another  set,  and  so  on — the  initia!  con- 
dition being  determined  for  each  set  of  movements — then,  Equation 
(516)  being  linear,  will  the  resultant  values  of  f,  i?,  ^,  Ac,  be  given  by 

$  =  f,  +  f,  +  £,  +   &c, 

T]=r},  +  ri,+  r{,+   Ac, 

;  =  C, +4r.  +  f.+  Ac.; 
and  here  we  also  have  again  the  luperpotilion  of  small  motions.     That 
ia,  each  molecule  may  take  up  simultaneously  the  motions  due  to  each 
disturbing  cause  acting  separately  and  alone. 

g  SOe. — Equations  (513)  may  also  be  satisfied  by  making 


k 


^=R.N 


iVp- 


tV-p- 
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i.Vp- 


niii)  tlicee  Biilstittititi  in  Eq^imtions  (&13),  give  Kqaationa  (515),  vitli 
the  exceptions  of  the  signs  of  tbe  terms  nliick  aru  inilcpcnUi'iit  ofp- 
Uiit  with  tbie  Buliition  thpr«  would  be  no  limit  to  tlic  inurcBse  of 
f.  *J.  ^1  f  I  &Ci  which  is  cotiltary  lo  the  conditions  that  tlic  diatiirhnncw 
Jire  lo  contiuiie  small.  In  fact,  this  Ja»t  solution  tiippoacs  lie  moloculei 
to  be  moveJ  from  positions  of  unliable  tguiUbrium  ;  the  other,  which 
in  the  case  of  nature,  from  tlablt  e^ailibiiam. 


I    istrbtrfa     ' 


t 


g  309. — It   tbuB   appears    that    every  molecule,  subjected    lo    ett^rti 
conditions  of  a^regation,  may,  when  diatuvbed  ft'om  its  place  of  reU- 
live  rest,  Ueseribe,  under  the  action  of  surrounding  mok-cules,  n  clotted 
orliiL      The  disturbed  molecule  being  ucted  upon  by  its  neighbors,  will 
react  upon  the  tatter,  and  cause  them,  iu  turn,  to  take  up  their  appro- 
priate paths;  and  tie  same  being  true  of  the  next  molecules  in  order 
of  distance,  tbe  disturbance  will    be   progressive    and    in    all   directions. 
That  is,  an    initial  disturbance  of  a  molecule   at   one    lime    and    plactv 
becomes  a  cause  of  disturbance  of  another   molecule   at   another  time 
and    place.     While,  therefore,  any  molecule  A,  is  travelling    over    it* 
orbit,  the  disturbance  is  being  propagated  on  all  sides,  and  at  the  in- 
stant  the    former   completes    ita   circuit,  the  latter  will  have  rexclied  a^- 
molecule  A^  in  the  distance,  which  will  then,  for  the  first  time,  begins 
;    and    the    molecules  A,  and  A,  will,  thereafter,  always  be  at- 
fte  tame  relative  distance  from  their  rcapectivo  starting  points.     In  tli^ 

?,  a  molecule  A„  still    further    in    the  distance,  will 
firat  circuit  when  A,  bogins  ita  second  and  A,  its  third,  and  t 
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srs 


itid  A„  if- 
r  starting  points  itnd 
lETOiiB  und  sLnpes  nf 
)  expiiss  thu  ciinJi- 


Butwcen  the  laolcculea  A,  and  A„  hs  i 
Boleculca  will  be  found  at  all  distuncca  from  tbcir 
loving  in  all  tlircctione,  consistently  with  tho  dimcr 
heir    respective    orbits.      Tlie  teim  phase  is   used   U 
tioD  of  ft  molecule  with    respect    to  its  dinplacemi 'it    and    the  dirieiion 
f  itt  motiott. 

Molecules  are  said  to  be  in  similar  p/iamg,  \vlien  moving  in  piimllel 
«fbital  elements  slid  in  the  same  direction ;  and  in  opponite  pharc, 
ithcn  moving  in  paiallel  orbital  elements  &nd  in  opposite  directions. 

particular  form  of  aggregation  assumed  by  the  molcculca  bo- 
h'c'en  tho  nearest  two  concentric  surfaces  in  wbich  the  same  pliasHs 
piDultanooosty  exist  tliroiighont,  is  called  &  wavf, 

Burfttce  which  contjiins  molecules  only  in  similar  phases,  is 
kiled  a  aave  front.  This  hiUer  term  is  generally,  though  not  al- 
tays,  applied  to  the  surface  upon  which  the  molectilee  are  just  begin- 
hig  to  move.  The  velocity  of  a  wave  front  will  always  be  tbat  of 
ieturbance  propagation.  A  wavt  length  is  tlic  interval,  mcnsnred  in 
I  direction  of  wave  propagation,  between  two  consecutive  surfaces 
I  which  the  molecules  have  similar  phases. 


310.— Denote  the  n 
latcs  of 

m     by 


B  of  the  inolcciiles 


■nd  the  distance  betw 


i  +  At,      jf  +  Ay,      a  +  az, 

ir  +  a  J"',     y  +  a  y',     £  +  A  2', 

Ac,  Ac,  ACt 

en  any  two  molecules,  as  m  and  r 


r  =  ■/a^T'ay'  +  ai' 


.    .     .     (518) 

kt  /{r)  be  the  intensity  of  the  reciprocal  action  between  tn  and  m'\ 
)  which  /  denotes  any  function  whatever.  This  reciprocal  action  will 
«terTninG  the  elastic  force  of  the  body. 
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Before  the  Bystcm  is  disturbed,  there  icill  be  no  inertia  dc\elo]>cil, 
the  inertia  tcrma  in  Equations  {  A  )  will  disappear,  and  ve  &hall  have 
for  the  action  on  any  molecule  as  m, 


VM. 


Now  suppose  the  srstem  slightly  disturbed,  and  denote  the  displacemeni 
at  the  time  (  in  the  direction  of  the  axes  x,  y,  i.  respectively,  of  j 


by  f,           1- 

« 

-     f  +  Af,      Tj  +  ^ri, 

C+4S 

■    f+if,    ij  +  a,-. 

{+4r. 

4c          fa. 

&c. 

Hied,  denoting  the  change  in  r  by  Ar,  Equation  (618)  becomes 

r  +  ar=/(a*  +  a^)'+(ay  +  a»/)'+(a«  +  iO'  ■  (sac) 

sad  by  the  principle  of  the  snperposition   of  small    motions,  Equatjow 
\  A)  give  for  the  action  on  m. 


S/('  +  i') 


flj  +  AE 


J,_ 


Ay  +  a*) 
r  +  4r 


^^-/<— )4^^- 


r  +  ar 
whence,  n^leeting  the  jiowers  of  i  r  higher  than  ttie  firet. 


.im. 
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Squaring   EqaatioD    (&20),  neglecting  iLe  squares    of  At,  A  £,  At), 
Kid  A^,  and  subtracting  the  squaru  of  Equation  (616)  from  the  result, 


Ax.ag  +  ^y.aij+az.ag 


(622) 


Substitnting  tliis  above,  and  naaking 


.i/M     /('). 


I      Kqufttions  (521)  become 


-^  =  l\V{r),A^  +  ^{r){Ax.Al+Ay.A,,  +  A,.A^).Ax\ 
^^=X{<f{r).Af,  +  i,(r)(Ax.Al  +  Ay.Af,  +  Az.Al^).Ay] 


^. 


^\9{r).A^  +  AP{r){Ax.Al  +  Ay.All  +  Al.A^).Az 


FerfomuDg  the  multiplication  as  indicated  in  the  laat  terra  of  the  sec 
ood  members,  there  will  result  terms  of  the  form, 

lip(r).if).AX.Ai/;  £^{r).A^.Ax.At;  £\li{r) .  Al  .Ax .  Ay; 
i^l»{r),Ai}.Ay.At;      Xiplr)  .  A^.At  .Ay;      Zil>{r)  ,Al  .Ax  .Az\ 

and  it  may  be  shown  by  the  process  of  §  164,  to  prove  the  existence 
of  principal  aics,  that  the  co-ordinate  axes  may  be  so  taken  as  to  cause 
these  terms  1«  vanish.  Assuming  the  axes  to  satisly  these  condittomi, 
SqnatioDs  (524)  become 

_  ''*£ 


■rfC 


3S|^(r)+V.(r)A*')ig, 
=  l\<p(r)  +  ^{r)Ay'\A^. 
=  ^\^{r)+^(r)A,*\AX. 
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U&king 

mp-  =*(r)+t(r).Aj:'/ 

mp"  =  ip  (r)  +  V  {'■)  •  ^  y*. 

Equations  (525)  (akc  the  (otto, 

^^  V       '      At 


n  inilial  and  arbilrary  digplacoment  of  a  molecole  at  ona  tine 
I  knd  place,  becomes,  tbrough  a  acriua  of  actions  and  rcactiona  of 
molecular  forces  alone,  the  cause  of  displacement  of  anotber 
molucule,  at  another  time  atid  place.  In  this  latier  displacement, 
which  results  alone  from  the  molecular  forces,  the  molecular  motian 
must  take  place  in  the  direction  of  least  molecular  resistance.  Tliis 
I  direction  is  at  right  angles  to  that  of  ware  propagation ;  for,  tlic  force 
nhicli  resists  the  approach  of  any  two  strata  of  molecules  will  be  tnui^ 
greater  than  that  which  opposes  Uieir  sliding  the  one  hy  the  otiier. 
Indeed,  this  view  is  abundantly  confirmed  by  many  of  the  phenomon* 
that  result  from  wave  transmission  ;  and  it  will  be  taken  for  granted, 
without  further  remark,  that  the  molecular  orbita  are  in  planes  at  right 
angles  to  the  direction  of  wave  propagation. 

g  311.— The  first  of  Equations  [p-"^)  Hppcrtaina,  therefore,  to  want 
propagation  in  the  plane  ya,  the  second  in  the  plane  xz,  and  the  third 
in  the  plane  xy. 

The  integrations  of  Equations  (527)  are  given  by 


.    («M) 


c.- 

--■.). 

c.- 

'-',). 

c.- 

-'.). 
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whicb  V,,  V,,  and  V,  are  the  velocities  with  which  the  disturbaoM 
propagated  in  directions   perpendicular   to    the   axes  x,  y,  and  z,  re- 
spectively; A„  A^,  and  A,  tlic  shortest  distances,  in  the  samo  directions, 
betneen  the  places  of  rest  of  any  two  molecules  that  may  have  at  the 
3  inslaDt  the  same  phase;  r„  r,,  and  r,  the  diatancce  of  any  tnoln- 
'a  place  of  rest  from  that  of  primitive  disturbance,  estimated  io  the 
•nmc  directions.     This  being  nnderstood,  wc  have  the  relations, 


=  -^^  +  y:' 


~=K\ 


-V,=  n,;      VF.= 


K  ' 


imd  the  above  become 

{=...>m(...l-i..r.), 
,  =  a,.,in(..,.l-i,.r,), 
{=,.,. ■in(„,.l-i..,.). 


g  312.— To  Bhow  that  these  are  the  fioliitionx  of  Equations  (527),  it 
vill  be  autGcient  to  prove  that  tbcj  vill  eatisly  those  equations  with 
real  values  for  n,,  n,,  and  r,.  Differentiate  twice  with  respect  to  I, 
and  we  have 


ti- 
de 


J,_ 


.'.{. 


i-f 


.'■f 


(681) 


tGive  to  T,,  r,,  and  r,  the  increments  A  r,,  Ar,,  and  Ar,,  respectively; 
tfaa  corresponding  increments  of  f,  tj,  and  ^  are  A|,  At),  and  ^t^  »»4 
BqDatioDs  (630)  hecoitif 
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I  +  A  f  =  a, .  sin  {n. ,  (  —  i. .  r,  +  i, .  A  r,), 
T  +  Aj,  =  a,.Bm(n,.(-A,.r,  +  *,.ar,), 

f  +  A  ir  =  «,  -  8in  (n. .  (  -  *. .  r.  +  *, .  A  r.). 


i 


Developing  the  Bccoad  ntemberg,  regarding  n,.t~/c,.r,,  n, .  (  —  t, .  r, 
and  n,,t  —  i..r.  as  single  arcs ;  Bubtracting  Equations  (530)  in  onle< 
replacing    1  — cosi.Ar,,    1  —  cos  i,  Ar^,  and  1  —  cos  i.  A  r,  bj  thoi 

respective  values,  we  find  ^^^ 

Af  =  _  2f  .ain'^Ml^Vsin  (A.Ar.)  .a.  cos  („..  •  -  A..r,),H 

.Ml  —  —  ?  n  .  Bin'  !-! ?^  -I 


n(4,4r,)., 


»(»,.l-i,. 


.™.(5.^J 


,(>,»',) 


a<=-2f..m'>=i|^'  +  si.(i.Ar.).».»o.(.,.,-f..r,). 
Stibslitnting  these  in  the  second  members  of  Eqiiulions  (527),  wo 


In  the  Etato  of  cquilibriam  of  the  niolcculeB,  we  may  suppa 
Ibcir  massca  equal,  two  and  two,  and  symmetrically  disposed  • 
either  aide  of  that  whose  mass  is  m.  Indeed,  this  is  the  most  gcoeR 
way  in  which  wc  may  conceive  the  equilibrium  to  exist.  Then,  nn 
for  every  positive  arc  i. ,  A  r,  there  will  bo  an  i-qual  negative  u 
must  have 


S  p'    .  ain  (*. .  A  r,) .  a, .  cos  (n,  .  (  -  *, .  r.)  =  0, 
I  p"  .  sin  {k, .  A  r,) .  a, .  cos  (n, .  f  —  i, .  r,)  =  0, 
Xp'" .  sin  (*. .  a  r.) .  a. .  cos  (n. .  (  -  *, .  r.)  =  0, 
md  Ihcrefore, 


i 
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(Prj 

d7 


k      Ar     ^ 


=  —  2 1; .  2  ^    .  sin 


ff     _;_^j      f  *         F 


2       ' 


>-....     (535) 


2{:.S/".8iii'A^, 


oce,  Equations  (531)  and  (535), 


«.'=2  2p'.8in'^.— % 
«,'  =  2  2/'.8in'-^,— ', 
n,   =  2  i  j?     ,  sin    ^- , 


(530) 


;h  are,  Equations  (526)  and  (522),  real  values  for  n„  »,,  and  n.. 

313. — Substituting  the  values  of  i?„  n^,  n,,  and  A:,,  Ar^,  it,,  E<jua- 
i  (529),  there  will  result,  after  multiplying  the  first,  second,  and 
I  by  1  ==  -A  r/  -7-  A  r," ;  1  =  A  r/  —  A  r/ ;  1  =  A  r/  -r  A  r,*,  re- 
tively, 


F.«  =  iS/  .Ar.«. 


7r  A  r, 
sin'  — r — 


.  ,  ir  A  r, 

sin' r •' 


V;  =  ^Sp".^r'. 


V*^\-Lp"'.£.r*. 


.  ,  Tr  A  r, 
sin' — r — 


>  . 


.     .    (537) 
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WAVK   BXOnON. 

§  314. — ResumiDg  eitlier  of  Equations  (528),  sa;  the  first,  vis.: 

f  =  ^.i.l5(r..,-,.), 

it  ia  apparent  that  if  t  be  made  constant  and  r,  variable,  bo  as  to  read) 
in  succession  all  the  molecules  in  its  direction  between  tlie  limits 

r..t-l„   and  r,.t, 

the   displacement  {  nill    also    vary,    and    from    zero    to    zero,    pasnng 
between   these   limits   through    the    maximum  values  a,  and   minimam 
value  —  a, ;   thus  deter- 
mining the    curved    line 

CD,    of    the    ..rnxod         A   /'^yr'^'^cl/Lt^''    '■■ 
figure,  to   be   the   locus 
of  the  corresponding  dis- 
placed   molecules,  of  which  the  places  of  rest  are  on  the  straight  line 
AS,  coincident  in  direction  with  the   line  r,  in    the   plane  yz.      And 
it  is  also  apparent   that   if  the   above  value  of  (  receive  an  increment, 
making  the  time  equal  to  t',  and,  with  this  new  value  for  the  time,  r, 
lie  made  to  vary  between  the  limits 

F,.('  — A,,    and  V,.t', 

the  locus  of  the  corresponding  displaced  molecules  will  be  foond  tu 
have  shifted  its  place  to  C  D',  in  the  direction  towards  which  the  dis- 
tnrbance  is  propagated. 

This  peculiar  arrangement  of  a  series  of  consecutive  molecules,  b; 
which  the  latter  are  made  to  occupy  the  various  positions,  arranged  in 
the  order  of  continuity  about  their  places  of  rest,  is,  as  we  have  seen, 
§  305,  called  a  vavt,  and  the  functions.  Equations  (628),  from  which  a 
section  of  the  waves  may  be  constructed,  are  called  wnv*  /uncd'oiu. 

W4TB  VBLooirr. 

§  dlS. — From  either  of  Equations  (fiST),  say  the  first,  it  appetra 
that  the  velocity  of  wave  propagation  depcris  upon  the  ratio  betwen 
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the  arc  !^  and  ita  sine.    If  the  distance  Ar.,  between  the  n,oie 

cnles,  in  the  direction  of  r«,  have  any  appreciable  value  as  compared 
with  the  wave  length  A«,  this  ratio  will  be  less  than  unity;  and  in 
proportion  as  the  wave  length  increases,  in  the  same  medium,  will  the 
velocity  increase.  When  the  distance  Ar,  is  insignificant  in  compari- 
son with  the  wave  length  A,,  the  ratio  of  the  sine  to  the  arc  will  be 
unity,  and  that  factor  will  cease  to  appear. 

§  316. — If  the  medium  be  homogeneous,  then  will 

y  =  p"  =  y ' ;     Ar,z=Ar^^Ar,\ 

and,  therefore. 

That  is,  the  velocity  will  be  the  same  in  all  directions.  Denote  this 
velocity  by  V\   we  may  write 

. , n.Ar 
sm'  — -r — 

V*  =  ir. -— (538) 

in  which  the  two  factors  that  compose  the  second  member  have  such 
average  values  as  to  give  a  product  equal  to  the  sum  of  the  products 
which  make  up  the  second  members  of  either  of  Equations  (537). 

Supposing,  in  addition  to  the  existence  of  homogeneity,  that  the  in- 
terval between  the  molecules  is  insignificant  in  regard  to  the  wave 
length,  the  last  factor  of  Equations  (537)  reduces  to  unity,  and  taking 
the  axis  x  in  the  direction  of  the  velocity  to  be  estimated,  A  r  becomes 
AXj  and,  first  of  Equations  (537), 

replacing  p^  by  its  value.  Equations  (526)  and  (523), 

2m       L   r  \   dr       r*         r*/  J 

The  distances  between  the  molecules  being  very  small,  the  term  of 
which  AxMs  a  fiEU^tor  may  be  neglected  in  comparison  with  that  con- 
(ppipg  'A«^  and  the  above  may  be  written  ' 
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Now,  /(r)  .  —  IB  the  component  of  the  elastic  force  exerted  betwew 
two  molecules  whose  diatance  is  r,  in  the  direction  of  the  axis  x;  uA 
/(r). —  ,Ax  is  the  quantity  of  work  of  this  componeDt  acting 
through  a  distance  &t.     Making 

we  may,  hj  the  principle  of  parallel  forces,  write 

Z/(r).  — .ir  =  2«,*,; 

in  which  «,  is  the  sum  of  the  component  molecular  forces  which  act  on 
one  side  of  the  molecule  m,  in  the  direction  of  the  axis  x,  or,  which 
is  the  same  thing,  the  elastic  force  limited  to  a  single  molecule ;  and 
X,  the  path  orcr  which  this  force  would  perform  an  amount  of  work 
oqual  to  that  measured  by  the  first  member.     Substituting  this  above. 


Denote  by  t  the  nnmber  of  molecules  in  a  nnit  of  length,  and  multiply 
both  numerator  and  denominator  by  P;    we  have 


but  (*.«,  is  the  elastic  force  extended  to  a  unit  of  surface,  and  is  the 
meaaure  of  the  elastic  force  of  the  mediom;  call  this  e.  The  factor 
tx,  is  the  nnmber  of  molecules  in  the  distance  x/,  call  this  k.  The 
denominator  t*fn  is  tho  quantity  of  matter  in  a  unit  of  volume,  which 
ia  the  density;  call  this  A,  and  the  above  becomes 


.it       (SS9) 

Denote  by  e  the  ratio  which  the  contraction  produced  in  k  gmn  vol- 
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uino  of  the  Dieiiimn  by  tbe  pressure  of  a  Btandard  ati 
to  dm  rolume  nilbout  any  external  prcsanre;  then  wi 


363 

I!  A,  bcurs 


(540) 


in  which  ff  is  the  force  of  gravttj  and  £,,  the  density  of  mercury  at 
a  standard  temperature. 

In  the  case  of  gases,  c  is  sensibly  equal  to  unity ;  for  if  such  bodies 
were  relieved  from  tiicir  atmospheric  pressures  tbey  would  expand  in- 
definitely, thus  making  their  increments  of  volumes  sensibly  equal  to 
the  volumes  tbcy  would  ultimately  attain. 


BBLATIOH    OF    WAVE 


)    WAVE    LRNQTH. 


g  317. — Denote  the  resultaiit  displacement,  of  which  f,  i],  and  ^  are    < 
the  components,  by  tf;    and  the  angles  which  a  makes  with    the   axes 
K,  y,  and  ?,  by  a,  0,  and  y,  respectively ;  then  will 

which,  substituted  in  the  second  members  of  Equations  (531),  give 

''f      ,  ..  ... 


k 


j-?_ 


(541) 


Sqnaring,  adding,  Uting  square  root,  and  denoting  the  resultant  by  e„ 
ve  have 


'.=avc)v(S)--<. 


i'B+«'..«™>j-).  (Ma) 


The  firat  member  is  the  square  of  the  resultant  acceleration  dna  to  tie 
Biolecolar  action  developed  by  tbe  displacomctt  ff. 

Denote  bv  a,,  0,,  and  y,  the   angles   which    llic    direction   of  this 
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rMaltant   makea  with  the  ase«  x,  y,  and  (,  respoctinlj ;  and  hy  f 
the  inclination  of  tliia  direction  to  that  of  displacement     Then  will 

cos^  =  cosa.cosa, 4-cosj3.co«f3,  +  coe'}'.coe7,  .    .  (H3) 

Tlic  components  of  the  acceleration,  in  the  directioDS  of  the  azea  x,  f, 
HO  J  r,  uTv,  ruBpectively, 

^  cos  «, ;    e.  cos  /3, ;    e_  cos  y^ ; 
and,  therefore,  Equations  (541), 


-ff.B,'.COSa, 

-tf.V.eosA         . 

-(t.n.'.CMj. 

(f ,  n,* .  cos  a 

e. 

..V-cos/J 

e- 

*.n,*.co8y 

{6*4) 


Theae,  in  Equation  (C43),  give.  Equations  (531), 

e..cosV'  =  —  tf  .»i_'  =  —  (f.  (n,'.co«* «  +  «,'.  cos* /3  +  B,'.  cos' y)i 
and  replacing  ii^,  »,,  »,,  and  n„  bv  tlieir  values.  Equations  (520), 


'V 


y.' 


»v 


Itut,  lHv.tim>  tlie  ininilKT  of  waves,  in  a  unit  of  time,  arising  from  tfa< 
ntm|>oiietits  of  a  ruiiiuon  initial  disturbance  mnat  be  the  same,  tli< 
coeflicienta  of  the  cirviilar  functions  abore  moat  be  equal,  and  hence, 

(Mi) 


Whewv  the  wave  viJocil; 


I  pK^ortiooal  to  the  wan  haglk. 
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§  318. — Replacing,  in  Equations  (541),  n„  n,,  n,,  by  tliei 
in  Eqaations  (52S),  raiiltiplying  the  first  by  e.n  X,' .  m,  tht 
by  e.jrX^'.m,  and  the  third  by  e  .-tX^  .m,  we  Lave 


.i-n'.' 


«r- 


.    (546) 


Now,  TT .  X/,  TT .  Xy',  and  it  .  A/  are  llic  projcctionB  of  the  waves  arising 
from  the  component  diaplaccmenta  {,  tf,  and  ^,  on  tho  planes  yz,  xt, 
ind  z'j,  respectively ;  and  if  every  niolccale  in  each  of  thoao  waves  had 
the  same  acceleration,  the  first  members  would  measure  the  elastic  forces 
eierted  over  these  projections  by  making  c  equal  to  unity.  These  are, 
however,  not  equal ;  but  if  c  denote  a  proper  fractional  coefiiciont,  and 
,,  and  t,  llie  actual  elastic  forces  in  the  three  waves,  we  may  write, 

.,  =  -*.(-. f;.cos«,  1 

£,=  —  tf.f  ,  r/.  cosfl,    I (547) 

t.  =  —  rf  .  f  .  F.' ,  cos  y.  J 

in  which  f  =  4  e .  jt"  .  m.     Squaring,  adding,  taking  square  root  of  sum. 
denoting  the  resultant  by  e^. 


=  v^rr,, 


ff.r.-/"r.*.c, 


'<  +  r,*.i 


*  r; 


from  which  it  is  apparent  that  if  the  displacement  be  made  in  the 
direction  of  either  axis,  the  ela-itic  force  will  be  wholly  in  the  direction 
of  that  axis — a  property  possessed  by  these  particular  axes  in  conse- 
qoence  of  the  fact  that  they  were  assumed  in  directions  to  satisfy  the 
iditioDfi  of  symmetry  in  raolecular  arrangement,  which  caused  Equa- 
tions  (524)    to    reduce  to   Equations    (■''25).      The    dimlion)   of  tbestt 


M 
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speciftl  axea  are  called  oMt  of  tlattidly.      The  remlUnt  elutac  Sam 
will  not,  in  geoersl,  act  in  the  direction  of  the  displacemenL 

Denot«  the  aoglca  which  e^  nukes  with  the  aiea  of  elasticity  h^  ■„ 
d, ,  and  y^  and  the  auf^t  which  it  makes  with  the  displacement  b;  ^ 
then  will 

C08  if  =  cos  a .  cos  a,  +  cos /) .  COB /3,  +  cos  T .  cos  y^ , 
e^ .  cos  o,  =  e,  =3  —  tf .  5 .  F.' .  cos  «, 
e^ .  cos  ^,  =  e^=  —  * .  f .  F/ .  cos  ft 
e^ .  cos  y,  =  e,  =  —  if ,  f .  F,' .  cos  A. 


tf.f.r;.o 


cos  ft  = 


tf.f.r.'.cosy. 


(548) 


which  sabetitat«d  above,  give, 

B,.cos^=  —  <f.r.r'=  —  *.f(F,'.co8'a  +  r/.co8'^+r,'.cos'y); 

in  which  F_  is  the  velocity  perpendicular  to  the  displacement.    Making 

r^  =  r;      V.  =  a;      V,  =  b;      F,  =  e; 
we  have 

F=  Va*.  coa'a  +  f  .  cos* (J  +  c* .  cos'y    .     .     .     (M9) 

The  quantities  a,  b,  and  c  arc  called  dtfinitt  axes  of  tlatUaly,  in  con- 
tradistJnction  to  axes  of  elasticity  which  merely  give  direction.  Hu 
SDiface  of  which  the  above  is  the  equation,  is  called  the  sar&ce  <rf 
elasticity.  The  value  of  V  will  measure  the  velocity  of  any  point  on 
the  wave  surface  in  a  direction  normal  to  the  displacement,  and  being 
squared  and  multiplied  by  <r .  r  will  give  the  elasticity  develt^ied  io 
the  direction  of  tiu  displacement  itself. 
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Tlia  definite  axes  of  clasiiuitj'  are  tfau  geometrical  axes  of  figure  of 
tbe  Gnrface  of  elasticity;  Uie  general  axes  of  elasticity  are  directiocB 
panllet  to  these,  and  drawn  from  anj  point  in  tlie  medium  taken  at 
pleasure. 


WAVE  SUHPACK. 


31fl.— Tliia   is   llie    Iticiia   of  those    molecules   wliich    bsvc,  simulta 

neously,   tbe   same    jiIdikc,   §  30f) ;    and    wliatevcr    tliia    phase   may   be, 

the    particnliir  surfHce  characterized  I>y  it  will    be   concentric  with   that 

hioh  mark",  al   any  epoch,  the  cxttrior  limits  of  the  disturbance,  or 

n^wii  which  the  molecaU-s  are  beginning'  to   participate    in    the  disbirb- 

«  propHgation. 

It  IB  now  the  question  to  determine  the  equation  of  tins  latter 
surface ;  for  this  [lurpose,  assume  the  onKin  of  co-ordinates  at  the 
point  of  primitive  disturbnnce,  and  let 


Ix 


■ny  +N 


(550) 


t>e  the  equation  of  a  plane  tangent  to  the  wave  front  at  any  point, 
-and  at  (he  end  of  a  unit  of  lime.  The  coefficients  /,  m,  and  n,  will 
t>a  the  cosines  of  the  angles  which  the  normal  to  tliis  plane  mak:>s 
Kith  ibo  aies  j-yr,  respectively,  aud  iis  length  will  measure  the 
velocity  V,  of  wave  propagation  in  its  own  direction.  This  plane  must 
be  parallel  to  the  displacement  aud  its  normal  perpundicular  thereto; 
bence 

icosa  +  mcos/3  +  ncos-y  =  0     ....    (551); 


(a'y  = 


{S52). 


Eqnntions  (549),  (550),  (551),  and  (552)  must  exist  simultaneously 
br  n*\  values  of  the  cosines  o{  a,  fi,  and  y.  To  find  an  equation 
which  shall  express  tliis  condition,  square  Bq.  (548),  nnd  divid*  it  by 
F*  •  cm'  n,  it  l>ecomca 
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.    ,     ,        cut'  fl     .             WHfl  V 
Bt+4'.-— jT  +  El _i 

S^^ 2!LJ  = /BSt) 

Jiviiltj  Eq.  (531)  by  eosa,  we  hHve 

,  +  ,„.^+,.^  =  „ ,««, 

aiii]  Uiviilu  E<j.  (552)  by  cob'  a,  tbe  resait  is 

,  +  '£l£  +  !^'=-J_ („» 

Equations  (553)  and  (555)  give 

I    ,    cos'  3       enn'  y ciiB>  ■  eoi>  n 

wheDce  4 

r.-,+,K.-J.).^  +  ,r.-»).^;  =  o       ....    (>«> 
From  Equation  (554)  we  bare 

■  '+"-S-f 

which  ID  Equation  (5S6)  giro 

CM'-''"     (F»- *>)•'  + (r'-o*)*!* 'eoi.      ~(r> -*■)•• +  (K' -(•)«•' 
and  solving  with  respect  to ,  there  will  reaalt, 

cMf     (F'-«')....iT»%^-t(r'-a*K*^-t*)"*-ny*-«*kt^-«*>*Htr'-«*Kn-t*)»i 
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and  this  in  Equation  (554)  gives 

cot*y_     (|n,&i).n./±my~[(F»-rta)(F»-f>«)»«-Kr'-a«Kr'-c»)m«-Kr«~c«)(r«-6«)<»3 
i3^~"  (r»-6»)n«  +  (F*-c«)m« 

(558). 

For  any  assumed  displacement,  the  value  of  F,  Eq.  (549),  becomes 
known,  and  the  values  of  the  first  members  of  Eqs.  (557)  and  (558) 
must  be  real;  whence  /,  m,  and  n,  must,  in  addition  to  £q.  (549), 
also  satisfy  the.  condition 


Dividing  by 


(r«-a«)  (r*-6«)  (K«-c«), 


and  inverting  the  order  of  the  terms, 


m' 


n' 


r*  -  a«  "^  r*  -  6«  "*■  F«  -  c« 


=  0. 


(559) 


From  this  equation,  together  with  Equation  (550),  and  the  relation 


/•  +  wi*  +  n*  =  1, 


(560) 


we  have  all  the  conditions  necessary  to  find  the  equation  of  the  wavo 
snrface ;  this  is  done  by  eliminating  F,  th,  /,  and  n. 

For  this  purpose,  differentiate   each   of  these  equations  with  respect 
to  the  quantities  to  be  eliminated.     We  have,  from  Equation  (550), 


(1) 


xdl  +  ydm  +  zdn  =  dV\ 


from  Equation  (560), 


(2) 


Idl  +  mdm  +  ndn  =  0; 


and  from  Equation  (559), 


(«) 


Idl       ,     mdm  ndn    _  y^y /        f*  ,         n^        ,  fi«       \ 

K«-a«"^  F'-ft*"^  V^-f^''  V(F»-aV'^(F«-fti)«"^(r«-i»)«/' 


Multiply  the  first  by  A,  the  second  by  —  A,',  the  third  by  —  1,  and 
add  memben  to  members,  and  collect  the  coefficientF  of  Pke  differ- 
•ntiab;  there  will  result, 
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Taking  X  and  X'  of  Buch  values  as  to  make  the  coefficitsnts  of  dV  sai 
in  each  zero,  the  equation  wilt  reduce  to  the  first  two  terras;  and  u 
dm  and  dl  are  wholly  arbitrary,  Equation  (oGO),  hs  long  as  Jn  b 
undetermined,  we  may,  from  the  principle  of  indeterminate  coeffieienti, 
write, 


(<) 

(5) 

(») 

(')  •   >—r\ 


I 

V'-d 


iv-.-)'^^v-by^^v-cy\ 


Multiply  (4)  by  I,  (5)  by  m,  (6)   by  n,  add   and   reduce  by  Equa^oW 
(560),  (500),  and  (550);    we  b«ve 


Multiply  (4)  by  x,  (5)  by  y,  and  (6)  by  r;  add  and  reduce  by  1 
lion  (550)  and  the  relation  a*  +  y'  +  a*  =  r*;  we  have 

-■- ^•»'  +  W^.  +  T?^  +  T^ir?)  =o; 

snUtitnting  for  k'  its  value,  (8),  and  transposing. 


Ix 


(9)    .    .    AV-'-F*)  =  7r— ,  +  -7? 


y\-<i" 
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transposing  in  (4),  (5),  and  (6),  squaring  and  adding,  we  have 
substituting  for  X!*  its  value,  (8),  and  reducing  bj  (7),  we  have 


and,  therefore, 

(10)    ....     A  = 


;t«(,..-  n  =  i7; 


F  (r«  -  V) 


r«  -  F*' 


Substituting  these  in  (4),  wc  find 


V{i^ 


-  V)  Vr*  -  K*  ^   K«  -  a')  ' 


whence 


F/ 


r«  -  a"       V^'-'d 


i  9 


similarly. 


Fm 


r«  -  6«        F*  -  6 
2  Vn 


19 


i  ♦ 


r*  -  c«  ■"  F«  -  r 

multiply  the  first  by  rr,  the  second  by  y,  the  third  by  «,  add  and 
duce  by  (9)  and  (10) ;  we  have 


1 i 1 


r*-6*    '    r"-c« 


=  1 


(661 J 


From  this,  which  is  one  form  of  the  equation  of  the  wave  surface,  sub- 
tract 

«*  +  y*  +  2' 


and  we  have 


=  1, 


a^ii^  hW  c*2' 


which  IS  a  second  form  of  the  equation  of  the  wave  surface. 

Clearing  the  fractions,  it  becomes,  after  substituting  for  r*  its  Talae 
«^  +  y"  +  «", 
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-fi'C^  +  'Oy' 


(563) 


■DOCBLK   WAVX   TKLOOITT. 

§  320. — ^The  ndins  vector  r  measures  tie  velocity  of  the  point  ol 
JiQ  wavo  to  which  it  belongs;  and  denoting  by  l„  m,,  and  n^  tin 
soaincs  of  the  angles  which  r  makes  with  z,  y,  and  z,  respectivelj, 
we  have 

and  writing  V,  for  r,  wc  have,  by  subetitating  in  Eqaation  (563),  and 
dividing  by  F,' .  a* .  6' .  c', 

^.-[(s+s)'-'+(s+y-".'+(54)-"--]-^+£+5j+A-».<'»i 

a  trinomial  equation,  of  which  the  second  powere  of  the  equal  roots  tra 
and  in  which, 


(566) 


(567) 


If  o  >  fi  >  e,  the  values  of  A'  and  A"  will  be  real,  and  there  will,  io 
genera),  be  two  real  values  for  -=-,;  and  with  this  conditicxi,  Bqiudion 
(fi65)  will   give  two  pairs  of  real  and  equal  roota  with  contiw/  ngni> 
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The   positive  roots  give  two  velocities  in   any  one  direction,  and  the 
negative  in  a  direction  contrary  to  this. 

ThroDgh  the  origin,  conceive  two  lines  to  be  drawn,  making  with 
the  axis  o,  angles  whose  cosines  are  a^  and  a^^;  with  the  axis  6,  an- 
gles whose  cosines  are  j3^  and  P^^ ;  with  the  axis  c,  angles  whose  co- 
sines are  y^  and  y^^ ;  and  snch  that 


=  /^./  =  o;  y,  =  r//== 


;   (668) 


and  denote  the  angle  which  r  makes  with  the  first  of  these  lines  by 
u^  and  that  which  it  makes  with  the  second  by  u^^;  then  will 

-^'  =  ^/  */  +  »»/  -X  =  cos  v^, 
-4"  =  /^ a^  —  n^  y^    =  cos  v^^. 

Vl  —  A'*  =  sin  u^ ;     Vl  —  -4"*  =  sin  u^^ . 
These,  in  Equation  (565),  give  for  the  two  values  of  •=^, 

■j^t  =  i  (3  +  Ji)  +  i  (?  -  ^)  •  (^^'^  «'  •  COS  «y/  +  «n  «/  •  «n  «,/)  •  •  («6») 


^t  =  i(r*  +  a«)  +  i(?~e?)  •  (*=°*''' .  cos «„ -  sin «, .  sinuj  .  .  (570) 


and  br  sabtraction, 


^' 


-^i=(7«--t)«ntt,.8inu,,  .    .    .    .(671) 


Now, 


Y   ^^  Y 


are  the  retardations  of  wave  velocity.  As  long  as  a  and  e  differ,  the 
second  member  can  only  reduce  to  zero,  when  u^  or  u^^  is  zero ;  whence 
it  Bf/fean  that,  as  a  general  rule,  every  direction  except  two  is  distin- 


S74 
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gaishcd  by  traDsmitting  two  waves,  one  in  advaiLce  of  the  otber.  Hk 
two  directions  which  form  the  exceptions  are  in  the  pUne  of  the  uei 
of  greatest  and  least  elasticity,  and  make  with  these  axes  tb«  anglei 
itf  which  the  cosines  are  a,  and  y,,  a„  and  7,,,  EqnatioDS  (568).  Id 
these  directions  the  waves  will  travel  with  equal  velocities. 

Any  direction  along  whith  the  component  waves  travel  with  cqiwl 
velocities  is  called  an  axi»  of  equal  wave  velocity.  All  bodies  in 
which  the  elasticities  in  three  rectangular  directions  differ,  possess, 
Equation  (571),  two  of  these  axes,  and  are  called  biaxial  bodies.  The 
retardation  of  one  component  wave  over  that  of  the  other,  will  vary 
with  the  inclination  of  the  direction  of  its  motion  to  the  axis  of  eqiiil 
wave  velocity;  and  Equation  (571)  eliows  that  the  loci  of  equal  retaida- 
tioDs  will  be  arranged  in  the  form  of  ipherieat  lemntteatet  about  the 
poles  of  the  axes. 

§321. — The  form  of  the  wave  surface    and    its    properties    becoms 
better  known  from  its  principal  sections  and  singular  points. 
Its  sections  by  the  planes  yz,  xz,  and  xy  give,  respectively, 


ar  =  0;  (y*  +  a*  -  a')  (6' y' +  c"  z*  -  6' c*)  =  0, 
y=0;  (z'  +  i'-fc')(c'i!'+a'*'-c'a')  =  0, 
f  =  0;     (r'  +  y'-e*)(oV+6V-«'6')=  0. 


,   (5») 


If  a  be  greater,  and  c  less  than  b,  then  will  tbe  first  give  a  circl* 
and  an  ellipse,  the  latter  lying  wholly  within  the  former;  the  third 
will  give  the  same  kind  of  curves,  but  the  ellipse  will  wholly  envelop 
the  circle ;  the  second  wiU  give  the  same  kind  of  curves,  intersecting 
one  another  in  four  points.  This  last  is  the  most  important  It  is  tli* 
bection  parallel  lo  the  axet  of  greaiut  and  leatt  eUutieitiet, 


g  322.— If  b  =  e,  then,  Equations  (666), 
a,  =  1 ;     y,  =  0 ; 
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the  axes  will  coincide  with    one   another  and  with   the  axis  a,  that  is, 
with  x\   u^  will  equal  u^^,  and,  Equation  (571), 


1  1         /I         1\      .  , 


(573) 


Also,  Equation  (568), 

and  the  wave  surface  will  be  resolved  into  the  surface  of  a  sphere,  and 
that  of  an  ellipsoid  of  revolution.  Making  w^  =  0,  it  will  be  seen 
from  E<|nation  (571)  that  these  waves  travel  with  equal  velocities  in 
the  direction  of  the  axis  a.  For  any  other  value  for  w,  since  u^  =  ?/^  , 
cos  u^  cos  u^^  +  sin  u^  sin  u^^  =,  1,  Equations  (569)  and  (570)  become 

and  it  hence  appears,  that  the  velocity  of  one  of  the  component  waves 
will  be  constant  throughout  its  entire  extent,  while  that  of  the  other 
will  be  variable  from  one  point  to  another.  The  first  is  called  the  or- 
dinary^ the  second  the  extra-ordinary  wat^e. 

If  c  be  greater  than  a,  then  will  the  ellipsoid  be  prolate;  if  less 
than  a,  it  will  be  oblate.  There  is  -but  one  direction  which  will  make 
F, '  =  v.  K  and  that  is  coincident  with  the  axis  a.  Bodies  in  which 
this  is  true  have  but  one  axis  of  equal  wave  velocity,  and  are  called 
Uniaxial  bodies. 

From  Equation  (571)  it  appears  that  the  loci  of  equal    retardations 
are  concentric  surfaces,  of  which  the  common  axis  is  on  the  axis  of 
equal  wave  velocity,  and  common  vertex  at  the  origin. 

UMBILIO    POINTS. 

§  323. — Let  Z  =  0  represent  Equation  (563),  and  take 

^     dL  ^       \     dL  ^       \     dL         ,  ,  , 

coe  -4  =  —  •  -T— ;    cos  ^  =  —  •  -r— ;    cos  C7  =  —  •  -j— ;       (576) 

w     dz  to     dy  to     dx  ^       ' 

in  which  A^  B^  and  C  are  the  angles  irhich  a  tangent  plane  to  the  sar 
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&ce  makes  with   the  co-ordin&te  planes  xy,  xt,  and  yt,  respectivclf, 
and, 

J__ 1 

"^^^WUhW)  ■••••'"" 

Feiformiog  tho  operation  hero  indicated  on  ^nation  (663),  we  have 
dL 


dj, 
dy' 
dL 


:  2  «  (o'  **  +  6'  y'  +  «* «")  +  2  c"  z  («*  +  y*  +  a*  —  o*  —  6"). 
!2y(o'.'  +  SV  +  «''')  +  2»"y(a"  +  »'+a'-a'-«l; 
=  2is(a'a'  +  6'y'  +  £^a')+2o'r(a!'  +  y'  +  a'  —  6*  —  <^. 


Making  y  =  0,  bnnge  tlie  tangential  point  in  the  plana  a  e,  and  tlM 
above  become 


^=  2. (»•«■  +  <•  »')  +  2c'a(.-  +  a'- 


Jy  --■ 

^  =  2»(o'«"  +  c"i")+2o"«(i'+a'-J"-tl. 


(«») 


Ihe  second  of  which   shows  the  tangent  plane  to  be'  normal  to  lb* 
plane  a  c. 

But  y  =  0  gives,  Kqaations  (672), 

whence  we  have 


r?! 


(«•) 


for  the  co-ordinates  of  the  points  in  which  the  circle  and  elUp*  ii 
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,  aai  which  aro  real   as  Jong  as  a  >  &  >  r.      Substituting  llica 


EqnatioDB  (576),  (577),  and  (678),  we 


s^  =  - 


0' 


0 


COB  C  =  - 


nd   of    « 

wholly 


ritliiij    tha 


beoce  the  points  of  ioterBcclion  of  the  ellipse  and  circle  in  the  plane 
of  the  aiis  a  e,  are  the  vertieea  of  conoidal  cusps,  each  having  a  tan- 
gent cone.  If  a  line  t>c  drawn  tangent  both  to  tlic  ellipse  and  the 
tircle   in   the   place  ae,  the  tangential    points  will   belong  to   the   cir- 

ifcrence  of  a  circle  along  which  a  plane  through  this  line  may  be 
drawn  tangent  to  the  wave  surface.  This  circumference  is  in  f^ut  the 
tnaTgJD  of  the  conoidal  or  umbtlic  cusp,  determined  by  the  surface  of 
the  tangent  cone  reaching  its  limit  by  becoming  a  plane  in  tlie  grad- 
ual increase  of  the  inclination  of  its  elements,  as  the  tangential  cir- 
cDmfcrenco  recedes  from  the  cusp  point.  A  narrow  annular  plane 
wave,  starting  from  this  circle,  will  contract  to  a  point  in  one  direc- 
Uon ;  and,  conversely,  an  element  of  a  plane  wave  starting  in  the  op- 
posite direction  will  expand  into  a  ring. 

It  thns  appears  that  the  general  wave 
is  the  equation,  consists  of  two  nappts, 
other,  except  at  four  points,  where  they 
nnite,  and  at  each  of  which  they  form 
■  double  umbilie,  somewhat  after  the 
manner  of  the  opposite  nappes  of  a  \erv 
obtuse  cone.  The  figure  represents  a 
model  of  the  wave  surface,  so  cut,  h} 
three  rectangular  planes,  us  to  ^how  two 
of  the  umhilic  points,  as  well  as  the 
general  course  of  the  nappes,  by  the  re- 
moval of  a  pair  of  the  resulting  diedral 
<)uadrantal  fragments. 

MOLECULAR 

g  324.— Multiply  the  firet  of  Equations  (531)  by  2d^,  the  second 
by  Zrffj,  the  third  by  2rf^,  and  integrate;  there  will  result,  recollect- 
ing that  the  molecule  is  moved  from  it;  plrtcc  of  ti^aU 
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dir_ 


(580) 


df  ' 


whence  it  appears  that  the  velocity  of  a  molecule  in  the  direction  of 
either  axis  is  proportional  to  its  displacement  in  that  direction,  from 
its  place  of  rest.  The  place  of  rest  is  only  relative.  When  a  mole- 
cule is  in  a  position  such  that  its  neighbors  are  symmetrically  disposed 
around  it,  it  is  ia  its  place  of  rest,  and  its  displacement  therefrom  will 
be  directly  proportional  to  the  excess  of  condensation  on  one  side  over 
that  on  the  other.  This  excess  and  the  molecule's  motion  will  reduce 
to  zero  simultaneously,  and  a  single  displacement,  not  repeated,  can 
only  give  rise  to  what  is  called  a  puht. 

These    equations   also   show    that  the    living  /ores  of  the  moleeuU  it 
proportional  to  tke  squart  of  the  dUplaeeinent. 

MOLBCDLAB    ORBira. 


§  325. — The  molecular  orbits  are  on  the  wave  front  Suppose  the 
wave  due  to  the  displacement  g  to  be  superposed  apon  that  due  to  t), 
and  take  a  molecule  of  whicli  the  place  of  rest  is  on  the  axis  x. 
The  first  and  second  of  Equations  (5S8),  will  be  sufficient  to  find  the 
orbit  of  this  molecule  under  the  simultaneous  action  of  both  waves. 
From  these  two  equations  we  find,  after  writing  z  for  r,  and  r,. 


(!)■ 


in 


V.,t~ 


(2). 
(0). 


.(P,.l-z)  = 


.(F..(-r)  =co8~y  1 


'.(r,.i-«)  =  co.-Yi 
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Subtracting  (2)  from  (1), 


'( 


V^.t  —  z      v,.t  —  zy 


—  Z\  .-if  .    _i    ^ 

1  =  am sin     ~ ; 


in  which  V,.t  —  z,  is  the  distance  of  the  wave  front  due  to^  g  from 
the  molecule's  place  of  rest,  and  V^.t^z,  that  of  the  wave  front  due 
to  7j  from  the  same  point.    Make 


tg  =  time  required  for  the  wave  front  due  to  f  to  travel  over  K, .  t 
T.  = 


t( 


(( 


u 


-2; 

A,5 


L  = 


T.  = 


U 


a 
u 


ti 
u 


u 


u 


u 


v,.t- 


«; 


^; 


then  will 


V,>t-z  _  Fy .  <  -  g  _  ii  _  ^  _  /,  .  Ty  -  <y .  T,  ^  jf^  ^ 

A,  //y  T,  Ty  T,     .     Ty  T^ 

which  substituted  above  ^ves,  after  taking  cosine  of  both  members, 


cos  2 


T.  a  J  a  J       a.     a. 


Clearing  the  radical  and  reducing. 


&» 


il  +  -^,  -  2  cos  2  7r  — ^  .  — .  -^  -  sin'  2  7r  — ^  =  0  .    .     (582) 
aj       a/  T,    a.     a,  T, 

which  is  the  equation  of  an  ellipse  referred  to  its  centre. 

§  326. — To  find  the  position  of  the  transverse  axis,  take  the  usual 
formulas  for  the  transformation  of  co-ordinates  from  one  set,  which  are 
rectangular,  to  another,  also  rectangular.    They  are, 

f  =  ^  cos  (p  —  7/'  sin  9, 


Z' 


iy  =  f '  sin  9  +  ^'  COS  9 ; 


in  which  9  is  the  angle  which  the  axis  ^  makes  with  that  of  f. 
Sabetiiating  these  values  of  ^  and  97  in  .^uatici  (582),  collects 
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tbe  cocfficienta,  and  placing  that  of  the   rectangle  |'  t]',  cqaal  to  mki^ 
we  have 

2  sin  9  .  cos  f  (a,*  —  ttf)  —  2  (ain'  ip  —  coa'  ^),  a,.  «,.qm  2  it  —  =0; 

Kiid  becaaae 

Bin'  9  —  cos'  p  =  cos  2  9, 
2  sin  9  .  cos  9  =  sin  2  9, 
the  above  becomes, 

tan  2  9  =  2  .     ,*'*', .  cos  2  TT .  —     .     ,     .     .     (683) 


§  327, — Now,  if  the  successive  pairs  of  component  waves  which  dis- 
turb the  molecule,  reach  it  with  a  variable  difference  of  phase,  then 
will  cos  2  ff  —  b(!  variable,  and  the  transverse  axis  of  the  elliptical  or- 
bit be  continually  shifting  its  place.  A  wave  in  which  the  molecular 
motions  fuliil  this  condition  is  called  a  common  wave;  being  far  tlie 
most  frequent  in  nature.  When  the  successive  pairs  of  component 
waves  are  such  as  to  make  the  second  member  of  Equation  (ses)  con- 
stant, the  transverse  axes  of  the  molecular  orbits  will  retain  the  same 
direction,  and  the  wave  is  said  to  be  tUipticallt/  polarized. 

g  328. — If  —  eqnal  J,  or  any  odd  multiple  of  \,  and  a.,  =  n^  then 
will.  Equation  (562), 

f '  4-  -7'  -  a,*  =  0, (684) 

and  the  orbit  bccomca  a  circle.      When  this  happens,  the  wave  is  uud 
lo  be  rircttlarly  polarized. 


§  329.— If  —  be  equal  to  any  even  multiple  of  ^  then  will 


coe2n 
ud,  Equation  (582), 


(«") 
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id  the  orbit  is  a  straight  line  tliroiigh  the  molecule's  plutc  of  rest 
se  motion  of  the  inoluuulc  wil  tako  place  in  a  plane  normal  to  tliu 
Wtive  front,  and  tba  wavo  is  said  to  he  plant  poiarited ;  nnd  n  plane 
normal  to  the  wave  front  and  in  iho  molecular  patlis,  is  culled  the 
plant  of  poiaritalion. 

g  330. — Referring    the    cunc    to    the    new    axes,  and   omitting   the 
CKita  from  ^  and  ^',  Equation  (582)  may  bo  written, 


i-  +  -i._8in'27T.^  =  0, (686) 

I  which  a,  and  a,  will  tukc  new   values. 

BIFLBXION    AND    REFRACTION    OF    WAVBB. 

§  831. — The  elastic  force  which  the  molecules  in  the  Burface  of  one 
odf  exert  upon  those  in  the  surface  of  another,  in  sennible  contact, 
tonat,  when  the  molecules  are  at  relative  rest,  be  t-qual  to  that  exerted 
r  the  molecules  in  the  interior  of  either  body ;  else  these  surface 
iiotitciiles  would  be  urgcil  in  opposite  directions  b/  unequal  forces,  and 
tlatiTe  repose  would  be  impossible.  But,  for  equal  displaccmcnta,  the 
Isstic  forces  developed  in  different  bodies  are  in  general  unequal,  and 
lis  IB  one  of  the  most  common  of  the  causes  that  produce  a  resolu- 
bn  of  primitive  into  Recondaiy  or  uomponent  waves. 

The  velocity  of  a  wave  molecule  varies,  Equations  (580),  directly  as 
be  moleenle's  distance  from  its  place  of  rest  If,  therefore,  a  wove,  in 
»  progress  through  any  medium,  meet  with  a  constitutional  change  of 
Iwticity  or  density,  the  elastic  force  developed  at  the  place  of  change 
krill  either  be  greater  or  less  than  that  which  determined  tbc  places  of 

t  ID  tbc  interior  of  cither  body.  In  the  first  ca-te,  the  coudcnsation 
ti  f^ont  cannot,  by  tlie  forvtard  movement,  reduce  to  an  equality  witli 

I  behind;  the  surface  molecules  will  Urst  be  checked,  and  then  partly 
|ri*en  back  upon  those  behind,  and  a  return  and  an  onward  pulse  will 
Doeed  in  opposite  directions  from  tlio  suri'ace  which  murks  the  change 
f  ttmctiirc,  as  from  a  primitive  disturbance.  In  the  second  case,  the 
wlecules,  meeting  with  less  opposition,  will    go  beyond    their  neutral 
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limita  with  reference  to  those  behind,  the  latter  will  close  up  in  site 
cession,  and  thus  a  return  and  transmitttd  pulse  will  arise  aa  before, 
bat  with  this  difference,  viz. :  in  the  latter  case,  the  molecular  rk^ob* 
in    the    return    pulse   will    continue    in    the   same    direction    as    before, 

whereas,  in  the  former  ciutc,  those  motions  will  be  reversed.  The  return 
pulse  is  said  to  be  tfjlected ;  that  transntittcd,  re/rafttd.  The  primitive 
pulse,  and  of  which  these  are  the  components,  is  called  the  incidtnl 
pulse.  A  change  of  density  or  of  ehteticity  will,  Equation  (537),  pro- 
duce a  change  in  the  leiocity  of  wave  propagation.  A  surface  which 
is  the  locus  of  a  change  of  density  or  of  elasticity,  is  called  a  deviating 
turfaet.  Two  plants  which  are  tangent,  the  one  to  the  deviating  sur 
face,  the  other  to  the  wave  front,  at  a  point  common  to  both,  will 
intersect  in  a  line  parallel  to  that  of  the  nodes  of  the  molecular  orbiU, 
which  are  in  the  devinting  surface  and  near  the  common  tangential 
point.  This  line  of  intersection  is  called  the  line  of  nodes.  A  plane 
through  the  tangential  point  and  perpendicular  to  the  line  of  nodes,  ii 
called  the  plane  of  iticidence.  The  medium  through  which  the  wavo 
moves  before  it  meets  the  deviating  surface,  is  called  the  medium  of 
incidence;  tliat  into  which  it  enters  on  passing  this  auriace,  the  medium 
of  iairomiltanee, 

g  332. — Let  A  he  a  point 
common  Loth  to  the  wave  and 
deviating  surface.  A  C  &  lin- 
ear clement  of  the  former,  and 
A  B  &  like  element  of  the  lat- 
ter, both  lying  in  the  plane 
of  incidence.  Denote  by  V 
and  k  the  velocity  and  length 

of  the  wave  in  the  medium  of  incidence ;  by  V^  and  A,  the  same  in  tlst 
of  intromittance ;  and  by  (  the  time.  Now,  supposing  the  wave  to  proceed 
in  ihe  direction  CB,  and  taking  AB  =  de,  wo  have  CB  =  V,dL 

But  while  the  point  C,  in  the  incident  wave  front,  is  moving  iTwn 
C  to  B,  the  reflected  pulse,  proceeding  from  wj  as  a  centre  of  distaib- 
ance,  will  move  over  a  distance  equal  io  V  dt  la  the  medimn  of  vaa- 
dence;  the  refracted  pulse  over  a  distance  equal  XoV^.dt   in   tbit  <A 
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intromittance.    With  >1  as  a  centre,  and  radius  F.  d  f,  describe  the  arc 

ae,  and  with  the  radius  V^di,  the  arc  a'c';  and  from  B  draw  the  tangents 

B  J)  and  B  D' ;  the  first  will  be  the  frdnt  of  the  new  wave  element  in  the 

medium  of  incidepce,  the  second  in  that  of  intromittance. 

§  333.— Denote  the  angle  C  AB^ABD\i^  ^\  the  angle  A  B  D'  hy 

9';  then  will 

ds  .sin  :p  =  Vdi;     ds  ,sm(p' =z  V^dt  ,     ,     .     .     {5S1) 

and  by  division,  denoting  the  ratio  of  the  velocities  by  w, 

sin  q>        V  .       . 

-. ,  =  -r^r  =  ;/i (588) 

sin  ^         Vj  ^       ' 

whence  sin  9  =  /w  sin  9' (589) 

The  angle  9  measures  the  inclination  of  the  incident,  and  ©'  that  of  the 
refracted  wave  to  the  deviating  surface.  These  arc  equal,  respectively,  to 
the  angles  which  the  normals  to  the  incident  and  refracted  waves  make 
with  the  normal  to  the  deviating  surface,  at  the  point  of  incidence.  The 
first  is  called  the  angle  of  incidence,  the  second  the  angle  of  refraction. 
The  inclination  of  the  reflected  wave  to  the  deviating  surface,  is  called  the 
angle  of  reflexion.  The  normals  to  the  incident  and  reflected  waves  fall  on 
opposite  sides  of  the  normal  to  the  deviating  surface ;  and  because  the  ve- 
locity of  the  reflected  wave  is  equal  to  that  of  the  incident,  with  contrary 
sign,  Equation  (589)  becomes  applicable  to  the  reflected  wave,  by  making 
m  =  -—  1. 

LIVING    FORCE    AND    QUANTITY    OF    MOTION    IN    A    PLANE    POLARIZED    WAVE, 

§  334. — Take  either  of  Equations  (528),  say  the  first,  and  which  relates 
to  a  wave  plane  polarized,  the  plane  of  polarization  being  perpendicular  to 
the  co-ordinate  plane  yz,  differentiate  with  respect  to  g  and  /,  dropping 
the  subscripts — we  get 

-^=a.F.cos—  (Vt-r)  — . 

Denote  the  density  of  the  medium  by  ^,  and  the  area  of  any  portio;i 
of  the  wave-front  by  a,  then  will  the  mass  between  two  consecutive  posi- 
tions of  this  area  be  a.A,dr,  and  the  living  force  within  a  quarter  of  a 
wave-length  be 

*  (MO) 


-'.  «*. 
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Dividing  by  the  voliimo  a.T,  ani  recalling  th&t  -r  and  ~  are  coiuUov 
wc  stjall  find  tliat  tlio  qufLDtity  of  living  force  in  a  unit  of  volumo  of  tho 
medium  will  vary  directly  as  tbc  product  of  the  density  and  ecjunru  of  the 
groatosl  displacement ;  and  tlic  rolalion  of  these  products,  in  the  can:  c^ 
any  two  waves,  will  deterniine  the  relation  of  the  effects  of  thte 
upon  the  organs  ofacnso  upon  whieh  they  act 

Agnin,  the  quantity  of  motion  in  this  quarter  of  wave-Iengtli  « 


^vl-f)■^d 


f  HOTION,  BV  I 


r  thesoJU|^3 

■ 
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§  336. — Take  the  eo-ordinat£  plane  xz  in  the  plane  of  incidence,  and 
the  aiis  s  in  the  direction  of  the  normal  to  the  incident  wave,  tho  aiU  y 
will  t'c  paralloi  lo  the  line  of  tho  nodes  of  the  molucnlar  orbit  in  the  devi- 
ating, surface,  at  the  place  of  incidence.  Tlien,  preserving  tho  notatiou  of 
§  3-13,  will  the  clement  of  the  deviating  surface  at  the  place  of  incidenoe 
be  di.dy,  and  its  projections  upon  the  incident,  reflected  and  refracted 
wave-fronts,  respectively, be  ds.rly.cos^,  d» .dy  cos 9,  and  d» .dy  .0099', 
These  will  lake  the  place  ofii  in  Equations  (500)  and  (501).  in  computing 
the  living  force  and  quantity  of  motion  in  the  incident,  reflected  and  re- 
fracted waves.  The  living  force  in  the  incident  must  bo  equal  to  the  ram 
of  the  living  forces  of  its  reflected  and  refracted  components.  Firrt  take 
tho  wave  in  which  the  molecular  motions  are  parallel  lo  the  axis  t,  and 
employ  the  subscripts  1,  r  and  I  to  denote  the  incident,  rcflcctod  and  re- 
fracted' or  transmitted  waves,  respectively.  The  living  force  in  a  quartet 
of  each  of  these  waves  will,  omitting  the  common  factors,  Equutiont  (U^^ 
(545)  and  (500),  give  ^^| 

A.cmf.V.  a'.,  +  A^ .  coa  9' .  t^, .  n'„  —  A  .  cos  ?  .  F.  a',,  =  0 ;    ^^H 
or.  Equations  (588)  and  (689), 

A    cosip    sinj»  ^       ' 

In  which  a  and  ^^  are  the  densities  of  the  medium  of  incidence  and  of 
intromittance. 

The  molecular  motions  aro  all  parallel  to  the  plane  of  incidence,  and  it 
the  same  time  norm&i  to  the  ditcitUotia  of  their  respective  nave  1; 
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they,  therefore,  make  with  one  another  angles  equal  to  those  made  by  the 
directions  of  these  latter  motions,  and  we  obtain  two  more  equations  from 
the  rehitions  of  Equations  (50)  for  the  resolution  and  composition  of  ob- 
lique forces.  The  angles  made  by  the  direction  of  the  motion  in  the  inci- 
dent with  the  directions  of  the  motions  in  the  reflected  and  refracted 
waves,  are  180°—  2^  and  360°  —  ((p  —  9'),  respectively;  and  the  angles 
nniier  which  the  directions  of  the  motions  in  the  latter  waves  are  inclined 
to  one  another,  is  180°  —  {(p-^-p').    Whence 

i^.cos9.K.a,,=  —  A. cos 9. r. a,...  .    '     - — j{; 

sm  (9  +  9  ) 

,  TT  T^  sin  2  9 

i^,.co89  .F,.a„=A.cos9.r.a„-.         ^       ; 

sm  (9  +  9  ) 

'^'''  «    -       «      sin  (9  -  9^  ,.o«x 

Sin  (9  4-  9  ) 
_         A    cos  9    sin  9        sin  2  9  ,       . 

A^   COS  9    sm9    sm  (9  4- 9  ) 
Substituting  these  in  Equation  (592),  we  readily  find, 

A  __  4  cos*  9' .  sin*  9'  __  cos*  9' .  sin*  9'  ^ 

A^  sin*  29         ~  cos*  9  .  sin*  9  ' 

whence, 

J —        /—  sin  2  9         _    /—    cos  9.  sin  9  ,.^..v 

2  cos  9  .  sm  9  cos  9  .  sm  9  ^ 

Sabstitnting  the  above  ratio  of  the  densities  in  the  equation  just  preced- 
ing, we  get 

2  cos  9'.  sin  9'  /^^«v 

sm(9-h9) 
multiplying  this  by  Equation  (595),  member  by  member,  and  the  equa- 
tion giving  the  value  of  a.,  by  V^A,  and  taking 

we  find 

„=_?!^^ (697) 

sm  (9  4-  9  ) 

sin  2  9  /i^A«\ 

sm  (9  +  9') 

Tq  which  may  be  added  the  relations.  Equation  (56(6), 

9=-—;     0089  =y  1 ^r 

25 
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Transposing  the  term  of  wbicb  a.,,  is  a  factor  to  the  second  member  io 
Equation  (692),  subtracting  Equation  (693)  from  a„  =  a^,  dividii^  th« 
first  resalt  by  the  second,  and  multiplying  the  quotient  bj  Equation  (593)', 
wc  readily  find 

^+i.=_^^ ,5„) 

cos  f  CQS  f 

That  is,  the  projection  in  the  direction  of  wave  propagation  and  on  the 
deviating  ssrface,  of  ttie  greatest  displacement  in  tlie  incident,  increaaed 
by  that  in  the  reflected  wave,  is  equal  to  like  projection  of  the  greatwt 
displacement  in  the  refracted  wave. 

Next,  take  the  wave  in  which  the  molecular  motions  nre  parallel  to  the 
axis  y;  these  are  parallel  to  the  deviating  sniface.  The  motions  in  the 
incident,  reflected  and  rclracted  waves  arc  parallel  to  one  another,  and,  bj 
the  principles  of  parallel  forces,  the  sum  of  the  motions  in  the  reflected 
and  refracted  waves  must  be  equal  to  that  in  tlie  incident.  The  equation 
for  the  living  force  will  be  the  same  as  before.  Whence  Equations  (52»!, 
(545)  and  (590),  omitting  the  common  factors, 

A.cosqj.K.  tt'„  +  i_.cosip'.  K,  .n'„—  A.cosif.V.a\i  =  0; 

A.cos(p.K.a^,  +  A,.cos?i'.K,.a„  — ii.co9ip.r.a,<=0  .  (600) 
In  which  S  and  A^  arc,  as  before,  the  densities  of  the  medium  of  incideim 
and  of  intromittance,  respectively ;  or,  Equations  (588)  and  (589), 


'       A    Binp    coaip      '         ''  \     ' 

Transposing  the  terms  containing  a,,  and  a,,  to  the  second  memben,  tni 
dividing  the  first  by  the  second,  we  find 

«,,  +  «,,  =  «„ (00!) 

That  is,  the  greatest  displacement  in  the  refracted  is  equal  to  the  sddi  of 
the  greatest  displacements  in  the  incident  and  reflected  waves. 

Substituting  the  wine  of  — ,  as  given  by  Equation  '697),  in  EqusticKi 
(601),  we  have 

•       Biaip'.cos*'     '         '  ' 
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btistitiiting 

in  this  fir«t  tho  va 

ue  of  I.,,,  and  tliM 

of  a„,  Judoot 

Sijonlion  (C02),  wo  readily  get 

tan  (?.  -  «.') . 

«„=  «,i 

4c-os,)'.sin5' 
sin  2  ?  + sin  2?' 

luiliplying 

be  firet  of  tiicso  by 

^^,  nnd   llie  sec 

nd  by  Eitiation 

uU  niHkiijg 

^'A.a,,^!;      %^ 

i.  =„=,.-;     v^S, 

..„=.'! 

Ibcrc  wiU  ro 

.,11, 

Un  (5  -  if') 

<an(^  +  *-')      ■ 

"(M 


Tr.:r^jz:V)  ■  ■  ■  ■  ("o" 

§  336.— Divide  Equation  (598)  by  Equation  (507), and  Equation  (607) 
by  Equatiun  ((i06),  replauu  i',  u,  v'  and  u'  by  their  values,  and  stibatitutc  for 
ratio  of  tile  square  roots  of  the  densities  its  value  as  given  in  Eqimlion 
'695),  we  find 


(008) 


o.,,coB()  cos^    sin((p  — 9')' 

a„  _  ein  2  ip' 

«,,  ~  Bin  {f  -  p')  .  cos  (p  +  :j>') 
ut  a,,  .cos 9'  and  a,, .cos 9,  &ru  the  components  parallel  to  tlie  deviating 
irface  of  tlic  disploccnientH  which  are  in  the  piano  of  incidence ;  a,,  and 
„are  already  parallel  to  the  deviating  surface;  whence,  as  long  a3^>(>', 
hat  is,  as  long  as  tlie  velocity  of  wave-motion  in  the  medium  of  incidi.'iicu 
jkceeds  that  in  the'medium  of  introraittaiicc,  the  molcculfir  phases  in  the 
vfracted  and  reflect-od  waves  will  be  opposite,  and  conversely. 

§  337. — Denote  the  living  force  in  the  original  incident  wave,  sup- 
loscd  common,  by  nnity ;  that  in  each  of  its  two  original  components 
vill  be  denoted  by  one  half  of  unity,  and  the  total  living  force  of  the 
nflectfid  wave  will,  Equations  (597),  (606),  be 

_  J    gin'  (a  -  If')  tan'  (y  -  p') 

'  «n'{9  +  f-)'^^   tan' (*+?') 
that  of  tile  refracted, 

..  J. ./.  - 1  ^  _  '^i:  -j">\  ^yl.    '■"' '» -  "'H 


,■'  + «' 


.    .    (009) 


»■•  I,  ^ 


=  )/ 


>n'(j  +  «'l/ 


(610) 


ELtMKSTS     OF 


AL    UKCUAKIC8. 


I  338. — Tlio  first  lenn  in  llio  Bocoiid  mcniLur  of  Equulion  {90 
measures  l!ie  living  force  in  tltul  portion  of  ilie  reflectnl  wavn  wliicii 
i/  tJiii!  lo  vilirations  pamllel  to  the  plane  of  iuciiluiice ;  tlio  Kcoitd.  tliat 
duo  to  vibratious  perpendicular  to  tbis  plnne.  Tlie  forniBr  cxcoedt  tliu 
latter.  Tbese  living  forces  being  proportional  to  ihe  s<]uan;e  of  tiw 
greatest  diaplacemcnts,  the  former  laiiy  bv  repruseiit«)I  by  >/,  antl  the 
latter  by  a,*,  in  Equaiion  (582),  The  factor  ■^,  in  tliis  equation,  de- 
termines the  diSurenoe  of  phase  simultaneously  impressed  by  bolb 
I  have  passed  from 
only  upon  the  «»■ 


ffyrenoe 

same  molecule,  and  when  the  wi 
another,  its  value  wiil    depend  i 


waves  upon 
one  medium 

lure  of  both  media,  but  also  upon  tile  action  to  whicli  the  vravtm  maf 
have  been  snbjccted  while  crossing  the  space  wherein  the  physicil 
changes  occur  that  constitute  tlie  transition  from  one  mediuin  to  u- 
other.  The  amount  of  this  action,  in  any  partictdar  case,  can  only  U 
known  from  experience.  The  resultant  waves,  both  in  tht:  iiiodiuin  of 
incidence  and  of  introraittance,  will  be  elliptically  polarised. 

When  ip  +  ip'  =  90°,  then,  Equation  (689),  will  sin  ip'  =  cos  9,  and 


-  tan  ip ;  . 


(.11) 


the  second  terra  of  Equation  (609)  will  disappear,  and  the.  reflected 
wave  will  be  wholly  polarized  in  the  plane  of  incidence.  This  angle, 
of  which  the  tangent  is  equal  to  the  index  of  retViiction,  is  called  tli< 
polarizi/tff  ani/le. 

The  index  of  refraction  varies  with  the  wave  length,  Eqs.  (S8fl).(W), 
Bi:d  it  wilt,  therefore,  he  impossible  wholly  to  polarixe,  by  ■  ainglo  n- 
Acxion,  a  wave  eompounded  of  several  components,  having  diftereUt 
wave  lengths. 

Of  the  terms  of  ttc  second  member  of  Equation  (CIO),  tho  1b«1  ■ 
tho  greater,  because 


i'  {V  -  f')  _  tan'(q 


-<P') 


-«'). 


sin*  t*  +  9')       tan'  (9  +  p')    cos'  (9  +  a')  * 
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pid  the  oxceaa  will  muufiurc  the  preponderance  of  tliat  part  of  llio  ro- 
Wtetcil  wave  tluu  lo  vibrutiona  perpendicular  over  tbnt  due  to  vibra- 
tions purullel  to  ibe  plane  of  incidence.  Tiiie  exci'ss  in  exactly  c<]ual 
lo  tlie  excets  in  tlie  reflected  nn\e  whiub  arisus  from  vibrations  par- 
■pel  over  those  pcrpoDditiiilar  to  tbe  plane  of  incidence. 

g  888'.— If  tht  wave  velocity  in  the  medium  of  incidence  be  less 
ittn  in  that  of  iiitromittance,  then  will  tit  be  Iism  than  nnity,  and  the 
ivlaes  of  V  and  v'  become  imaginary  for  all  angles  of  incidence  gteHt«r 
Quui  that  whose  sine  is  equal  to  m,  and  at  this  limit  the  problem 
fes  its  nature.  In  fact,  this  is  the  limit  of  refraction,  according 
lo  the  law  of  ibo  sines,  Equation  (580),  and  for  any  incrcaac  of  ths 
^l«  of  incidence  beyond  this,  ibe  wave  will  be  wholly  reflected. 

§  339. — If  the  wave  be  plane  polarized,  and  its  plane  of  polarization 
'iitclincd  to  that  of  incidence,  under  any  angle  denoted  by  a,  then  will 
ruflecti-'d  component  displacements  parallel  and  perpendicular  lo  tlie 
jlane  of  incidence  be,  reBpcctivcly,   Equations  (507)   and   (tl06). 


n  (ip  +  9  ) 


:,  and 


P  +  P') ' 


The  component  waves  due  to  tliese  displacements  will  proceed  onwarils. 

md  may  satisfy  the  condition  of  —  being  an  evun  multiple  of  \ ; 
1  which  case  the  resultant  will,  Equation  (585),  be  a  plane  polarized 
rave.      Denote  the  inclination    of  its    plane  of  polarization    to    thai  of 

nflcuon  by  a',  then  will 

tan  (y  —  y')     . 

lima'  =  '-'=^''i"+^:i"'""''  =  ^g^4.tana.    (012) 
IP        sm  {v  ~  <(,■)    ^^^  ^       cos  (()  -  9  ) 

sin  (9  +  ip') ' 

It  9  +  P'  =  90',  then   will    a'  ^  0°,  whatever    be    a  ;    also   if   a  =  0", 
liien  will  a'  =  0°;    finally,  if  (j>  =  0",  then    will    ip'  =  0,    and    o'  =  a. 
liat  is,  when  a  plane  polariicd  wave  is  incident    under   the  polarizing 
igle,  it  is  reflected  polarized  in  tlio  pUne  of  reflexion.     Where  ha  in- 
dent wave  is  polarized  in  'hp  nlanc  of    incidence,  the   reflected    wave 
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presenea  iu  plaae  of  polarization  unchanged  under  all  angles  of  ina 
dence.  Fioally,  under  a  perpendicular  incidence,  the  plane  of  polaritt- 
tion  of  the  incident  and  that  of  the  reflected  wave  coincide. 

Equation  (612)  shows  that  a'  is  always  leoa  than  a,  and  that  iba 
{ilsne  of  polarizatioQ  approaches  that  of  incidence  at  each  reflexion,  idJ 
may  be  made,  by  a  sufficient  number  of  reflexions,  ultimately  to  coin- 
cide with  it. 

g  340. — Still,  supposing  the  velocity  of  the  wave  leas  in  the  tnedimi 
of  incidence  than  in  that  of  intromictance,  or  fi'  >  9 ,  let  the  wave  ba 
plane  polarized,  and  its  plane  of  polarization  inclined  to  that  of  inci- 
deuce.  Tlie  vibrations  will  bo  resolved  into  their  components,  respec- 
tively parallel  and  perpendicular  to  this  latter  plane;    and    as  long  » 

sin  9  <  m,  two  components  will  be  reflected  and  two  refracted.     If  — 

be  any  even  multiple  of  |,  in  both  sets  of  components,  the  reflected 
and  intromitted  resultant  waves  will  be  plane  polarized. 

The  inclinations,  denoted  by  a'  and  a,,  of  the  planes  of  polorin- 
tion  of  the  reflected  and  refracted  waves,  respectively,  to  the  plane  d 
■ncidenco,  will  be  given  by 

tan  a'  =  -  •  tan  a ;     tan  a,  =  —  •  tan  a ; 

V  '       u 

in  which  V,  v',  u  and  u',  are  to  be  found  by  Equations  {591),  (eOB), 
(596),  and  (607). 

If  a  =  45°  and  sin  (p  =  m,  then  will 

tan  o'  =  —  1,  and  tan  a^  =  — , 

At  this  limit,  the  refracted  wave  takes  the  direction  of  the  deviatin  S 
surface.  An  infinitesimHl  increment  to  9  will  cause  this  wave  to  b^ 
reflected  and  make  m  =  —  1,  tan  a,  =:  —  1,  and  give  to  tan  a'  tt^ 
form  of  indetermination.  But,  retaining  the  limiting  -'alue  of  tbia  fan -^ 
tion  above,  we  have, 

1  +Un(i'.tan<7,  =  1  -  l  =  Oj 
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md  since  the  planes  of  polnrizntion  pass  through  the  itme  line,  viz, 
%  Doimsl  to  the  wRve  front,  thuy  will  make  with  one  another  an  angle 
>f  90°,  and  the  whole  reflected  wave  will  be  compounded  of  two  equal 
zomponenta  polarized  in  planes  at  right  angles  to  each  other.  If  these 
vaves  reach  the  molecules   in   their  common  path,  so  as  to  satisfy  the 


xindition  that  ~  shall  be   an    e 

will  be  plane  polarizoil ;    if  an  •: 
md  if  between  these  limits,  thei 


lultiple  of  {,  the 


iultant 


id  multiple,  then  circularly  [Xilarizcd ; 

elliptically  polarized. 

§  341. — If  the  polarization    be    circular,  then  will  a,  :=  a^  ^  a^,  be 

equal   to   the    radius  vector   of   the    circular  orbit      Denote   tlie    angle 

which  this  radius  makes  with   tho    axis  x,  at  any  instant,  by  6 ;  then 

wiU 


Denote  the  time  required  for  the  fir«t  wave  to  describe  F,.t  —  z,  by  l„ 
that  for  the  second  to  describe  y,.l  —  z  by  f,,  and  the  periodic  time 
of  a  molecule  in  both  waves  by  r ;  then,  because  the  wave  velocity 
is  constant,  and  the  wave  length  and  orbit  are  described  in  the  same 
time, 


V,.t- 


I.  _ 


V,.l- 


■rliich,  in  the  above,  give. 


and  making 

t,=  t.±t', (813) 

in  which  t'  denotes  the   time  the    wave  dne  to   vibrations  parallel  to 
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one  axis  is  in  advance  of  that  dne  to  tbxe  p«rallel  to  the  other;  w« 
have, 


cm  0  =  BID  2  TT  — ; 


Bin  fl  =  Bin  2  JT  ( —  ±  — ). 

Piffercntiating,  regarding  —  as  constant,  ve  find, 


dl,        T  ■  COS  6 

and,  developing  the  last  &cIor, 

A.. 


'(^-v)^ 


di.' 


T.COSfl 


(' 


Kin- 


king  -  =  }. 

^  d6  2 

co9fl.^  =  T- 

Differontiating  (614),  wc  find, 


(Oil) 
(81S) 


'ii- 


(«>•) 


(617> 


Squaring,  adding  to  the   square  of  Eqaation  (616),  and  taking  sqnaro 
root, 


dl.' 


(618) 


whence  the  velocity  is  constant. 

The  first  member  of  Equation  (616)  is  the  velocity  in  the  direction 
of  the  axis  y,  and  Equation  (617)  in  the  direction  of  the  axis  z,  and 
these  equations  show  that  the  upper  sign  must  be  taken  in  Equation 
(618)  when  f  is  positive  in  Equation  (013),  and  the  lower  when  f'ia 
negative.  Whence  it  appears,  that  two  naves  plane  polarized  will,  by 
their  simultaneous  action  upron  a  molecule,  cause  it  to  move  nnifonnlv 
in  a  circle,  provided  they  be  of  the  same  length,  and  one  wave  lag, 
■■  tt  wore,  behind  the  other,  hv   a  (  stance  equal  to  ^  of  a   wavg 
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lei^;th ;  And  the  moUon  will  be  from  rijrfat  to  left,  or  the  convene,  bo 
cording  to  nave  precedence. 

Two  waves  distinguished  by  tht-sc  pecnliaritieB  are  said  to  be  (^>po- 
nlely  polarized.  The  plane  perpendicular  to  the  wave  front,  and 
through  that  diameter  of  the  orbit  into  which  tbe  molecule  wo;ild  be 
brought  at  the  same  instant  by  the  separate  action  of  the  two  wavei, 
is  called  the  plant  of  crotdng. 

§  342.— Let 

(1) a,cosff  =  f  =  a,8ia2Jr-^, 


(2) a,sinfl  =  j;  =  a,8in  |2Tr. -^  +  — y 

(3) a,co.e  =  |=a,sin(2,r.^-+i^). 

(4) tt>n  fi  =  »j  =  a,  sin  2  w  -^i 

be  the  displacements  in  two  oppositely  circularly  polarized  waves.  The 
union  of  (1)  and  (4)  gives  a  resultant  wave  plane  polarized ;  that  of 
(2)  and  (3)  also  a  wave  plane  polarized,  the  equation  of  the  path 
being 

{=1 

in  the  plane  of  crossing.  It  thus  appears  that  the  union  of  two  circo- 
larly  polarized  waves,  polarized  in  opposite  directions,  gives  a  plane 
polarized  wave,  of  which  the  intensity  is  double  of  either.  Conversely, 
a  wave  plane  polarized  may  be  resolved  into  two  components  of  equal 
intensity,  circularly  polarized  in  opposite  directions. 

g  343.^ — Because  the  time  of  describing  the  wave  length  is  equal  to 
the  molecular  periodic  tiite,  we  have,  denoting  the  velocity  of  wave 
propagation  by  V, 

X=Vr, 
vhoncs 
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which,   in    Equation   (616),  givcSt  after   multipying  bj  (,  and  dividing 

by  2n, 


The  first  member  is  the  arc,  expressed  in  circumferences,  described  b; 
the  molecule  while  the  wave  is  moving  through  a  thickness  F .  (,  o( 
the  medium.  So  that  a  wave,  compounded  of  many  components  hav 
ing  different  wave  lengths,  but  all  polarized,  on  entering  a  medium, 
may  emerge  with  the  planes  of  polarization  of  its  several  compooenU 
BO  twisted  through  different  angles  as  to  diverge  from  a  common  line 
perpendicular  to  the  wave  fronL  The  department  of  optics  furnishes 
some  fine  examples  of  this.  A  piece  of  quartz,  of  a  peculiar  kind,  ii 
known  to  twist  the  extreme  red  wave  through  an  angle  of  17°  20'  47', 
and  the  extreme  violet,  44°  04'  68",  for  each  millimetre  of  thicknesE. 


§  344. — The  living  force  of  any  molecule  whos 
locity  f, ,  is 


and  denoting  by  n  the    number   of  molecules  on  a  superficial    unit  of 
the  wave  front,  the  living  force  on  this  unit  will  be 


and  on  the  surface  of  a  spheie  of  which  the  radius  is  r,, 

and  for  another  sphere,  of  which  the  radius  is  r,,,  and  molecular  velo- 
city "(ji 

If  these  spherical  surfaces  occupy  the  same  relative  positions  in  a  di- 
verging wave,  in  any  two  of  its  positions,  their  molecalar  living  foi>»» 
must  be  equal ;  whence,  suppressing  the  common  factors, 


(p) 
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The  molecules  describe  elliptical  <rbits,  and  under  the  action  of  molec- 
ular forces  directed  to  the  centres  of  these  curves.  The  periodic  time 
will,  therefore,  §  207,  Equation  (286),  be  constant,  however  the  dimen- 
sions of  these  orbits  may  vary ;  and  the  average  velocities  of  the  mole- 
cules will  be  proportional  to  the  lengths  of  their  respective  orbits,  or, 
in  similar  orbits,  to  any  homologous  dimensions  of  the  same — as  their 
transverse  axes  or  greatest  molecular  displacements.  Denoting  the  latter 
by  c'  and  c"  in  the  two  waves,  then  will 

which  I  with  Equation  (620),  gives 

c"r^^=r,  c'r^ (621) 

\yheDce  it  appears,  thai  the  living  force  of  the  molecules  of  any  wave 
varies  inversely  as  the  second^  and  the  greatest  displacement  inversely  as 
the  first  power  of  the  distance  to  which  the  wave  has  been  propagated 
from  its  place  of  primitive  disturbance. 


INTERFBRSNOS. 

§  345. — Resuming  Equation  (586),  viz., 

(*       rf  t 

—^ -{'—.-  sin*  2  7r  -  =  0  ; 

denote  the  radius  vector  of  the  molecular  orbit  by  p',  and  the  angle  it 
makes  with  the  axis  of  I  by  6\  then  will 

f  =  p\  cos  ^' ;    fy  =  p\  sin  B' ; 

which,  in  the  above,  give 

p'=— ^^^^^^  .mngtr.i; 

Va^/  cos*  B'  +  a/  sin*  B'  '^ 


and  making 


^i  •  **//  _  ^t 


Va,/.coB*^  +  a/.tin*^ 
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we  have 

fi'  =  e'  .tiB2ir.-       (622) 

In  this  equation,  p'  is  the  actu&l  diepl&oement  of  the  molecule  trom  id 

place  of  reat,  and  becomes  a  maximatn  when  -  is  any  odd  mulliplo  of 

i.    If,  however,  there  be  added  to  the  arc  2  t  -,  an  arbitrarr  arc  a', 

tliis  latter  may  be  so  taken  as  to  make  the  maximum  or  any  other 
•.lisplacement  occur  at  such  time  and  place  as  wc  pkase,  and,  there- 
fore, to  give  to  the  molecule  any  particulnr  phase  at  pleasure,  at  the 
time  (,     We  may  write,  then,  generally. 


p'  =  c'. Bin(2:T.i  +  a'); 
and  for  a  second  resultant  wave, 

p"  =  t" ,  sin  1 2  TT .  -  +  a"j  ; 


(623) 


(624) 


and  if  these  waves  act  simultaneously  upon  the  same  molecules,  the  re- 
sultant displacement,  denoted  by  p,  will,  g  300,  be  given  bv 

p  =  p'  +  p"  ==  e' .  sin  ^2  TT .  -  +  a')  +  e"  .  sin  (2  7r .  ^  +  «"). 

Developing    the    circular   fliiictions  aid  collecting  the  coefficients  of 
like  factors, 

p  =  (c'cos<,'  +  c"cosa").sin2  7r;^  +  (.'aina'  +  e"sina").cos2irii 

and  making 

c  cos  a  =  c' .  cos  a'  -f  c"  cos  a",) 

[ (62B) 


p  =  e.cona.sin2fr.-  +  csina.coe27r.- 
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or. 


p  =  c  sin  /2  TT .  -  +  a). 


(G26) 


Squaring  Equations  (625),  and  adding, 


c«  =  c'*  +  c"«  +  2  c' c"  cos  (a' -  a"),       .     .     .     (627) 


and  dividing  the  second  by  the  first, 


tan  a  = 


c' .  sin  a'  +  <?" .  sin  « 
c'  cos  a'  4-  c"  cos  a' 


(628) 


From  Equation  (626)  we  see  that  the  resultant  wave  is  of  the  same 
length  as  that  of  the  component  waves  to  which  Equations  (623)  and 
(624)  appertain ;  the  length  being  determined  by  the  molecular  periodic 
time  t;  but  the  value  of  a  in  that  equation  differing  from  a'  and  a" 
in  Equations  (623)  and  (624),  shows  that  the  maximum  displacement  of 
a  given  molecule  does  not  take  place  in  the  resultant  wave  at  the  same 
time  as  in  either  of  its  components. 

§  346. — The  maximum  displacement  in  the  resultant  wave  is  given  by 


c  =  Vc'"  +  c""  +  2  c'  c" .  cos  (a'  -  a")  ;    .     .     .     (629) 

which  will  be  the  greatest  possible  when  a'  —  a"  =  0,  and  least  pos- 
sible when  a'  —  a"  =  180° ;  the  maximum  in  the  former  case  being 
given  by 


c  =  r'  -f-  c" 


and  the  minimum,  by 


c  =  c'  -  c". 


In  the  first  case,  Equation  (628), 

(c' +  c")  .  sin  a'      ^       , 

tan  a  =  j-j— — ^r ;  =  tan  a\ 

(c  -h  c  )  .  cos  a' 

Whence  a  =:  a'  =^  a'\  and   the   maximum   displacement  will   occnr   at 
tlie  same  place  and  time  in  the  resultant  and  c  mponent  waves. 
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In  the  second  case,  Equation  (628),  if  we  make  o'  =  180°  +  a", 


(=' 


-")  ■  ■ 


=  tan  (a'  —  180")  =  tan  a' ; 


that  is,  a  will  be  equal  to  one  at  least  of  the  arcs  a'  and  a",  and  the 
greatest  displacement  will    occur   at    the    same    time    and    place  in  Ha 
resultant  wave  as  in  one  of  its  components. 
If  e'  =  c",  then.  Equation  (629), 

c  =  cVs^l+co.  ,«'-«">]; 


l+cos(«'-«")  =  a 
e  =  2  c' .  cos  - 


and,  Equation  (628), 

tana  = 


(630) 


(631) 


\t,  while  e'  and  c"  continue  equal,  we  also  have  a'  —  a"  ^  180°,  then, 
Equation  (630), 

e  =  0. 

Thus  it  appears  that  two  equal  waves  may  reach  the  sanie  molccnles 
in  such  relative  condition  as  to  keep  thorn  in  their  places  of  rest ;  in 
other  words,  two  equal  waves  may  destroy  one  another. 

§  347. — To  ascertain  the  precise    relation  of  two   waves    which  will 
cause  this  mutual  destrnc^on,  make,  in  Equation  (028), 


and  that  equation  becomes, 

,      .    /„      (    ,     „  .  2jr.T\ 

f'  =  e.  sm  12 ir =—  ■■■  a    I;     . 


(M») 
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IrElcS  t<econios  iJontic&l   with  Equation   (S24)   by   making 


(  ^  (  ±  i  T. (633) 

Now,    iLo    same   value   for    (,    in    Kqiiations    (6^3)  atnl   (624),  will,  for   \ 
equHl  vnlucs  of  the  arbilmry  arcs  a'  and  «",  dctormino  ihn  ccmporient    i 
waves    to   give   to   n   molecule  sulijectuii   lo   tltelr  simultaneous  action,    | 
nmilar  phasra ;    ant]  a  vitlue  for  t,  in  ttic  one,  which  differs    from  that   I 
in    the   other,  tiy    one-half,    or   any    odd    multiple    of  one-half,    of  the  i 
molecular  periodic  time,  opponile  phautt.      And,  because  the  waves  pro-  I 
gross  by  a  wave   length    during   each    molocnlar   revolution,  the   above  J 
rennlt   shows    that,    when    two    teaves    meet,    o/ter    hming    travelled    ovir 
Toutfit,  tulimalfd  j'fmn  points  at  leAie/i  Ikrir  molecalaf  pliOMts  are  ai. 
lar,  and  ahich    rouUa    differ    hi/  half,    or    any    odd   multiple  of  }talf  a    ' 
vave  len'jlh,   theij  will  destroy  one  another,  provided  tht  waves   have    lh» 
aume  length  and  equal  maximum  moUeitlar  difplaeementi.     This  act,  by 
which  one  wave  destroys  anotiier,  is  called  wave  i'ller/erence. 

The    saniQ   process   of  coiiihiniilion    will    ecjnally  apply   to   three   or 
more  wave  funetiotu  in  which  t  is  the  same  in  all;  that  is,  wherein  the    | 


wave  IciifClhs  are  the  same ;  for,  i 


that  c 


n  2  7r .  -    and    cos  3  it 


being   common    facton*,  after  developing  each  function   i 
multanl  displacement  p  becomes, 


p=e.iin(2Tr-  +  a), 


IliDB  making  the  resultant  wave  of  the    same  length    tie    that  of  either   ' 
of  its  components. 


«>0 
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But,  if  the  component  travea  be  not  of  eqoal  lengUu,  the  snm  of 
the  corresponding  funotiona  cAonot  redaco  to  the  form  of  Equation 
(634),  becauBo  of  the 
itbscnce  of  common 
factors,  arising  from  a  A  -J^^ 
change  in  the  valao 
of  T  from  one  com- 
ponent to  aoothor.     Sach  components  can  never  destroy  one  anoUm. 


INFLKXtOB. 

—Make,   in   Eqaation  (621),   r"  =  1,   and   that   equation   bf 


and  this  valae  being  siibetituted  for  e',  m  Equation  (622),  givea, 


and  making 


we  have,  omitting  all  the  accents, 


n  27r- 


(636) 


which  is  of  the  same  form  as  Equations  (528),  and  in  wliich  V  is 
the  velocity  of  wave  propagation ;  I,  ibe  lime  of  ils  motion  from 
primitive  disturbance;  A,  the  wave  length;  -,  the  maximum  displace- 
ment of  a  molecule  of  which  the  distance  of  the  place  of  rest  from 
the  point  of  primitive  disturbance  is  r ;  and  p  the  actual  displaccmeoi, 
at  the  time  I,  of  this  same  molecule.  And  from  which  it  is  apparent 
that  the  displacements  will  always  be  the  same  for  equal  distancea, 
Yt  —  r,  behind  the  wave  front. 

Every  dislurbaooa  of  a  molecule,  at  one  time,  becMoee  «  oanM  of 
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dbtnrbance  to  another  molecule  at  Bomc  subseijuent  time.  All  the 
molecules  in  a  wave  front,  when  they  first  begin  to  move,  hecome, 
therefore,  centres  of  disturbance  for  every  molecule  in  advance;  and 
if  the  primitive  disturbance  be  kept  up,  secondary  waves  procccdini; 
from  these  centres  will  reach  a  molecujo  in  advance  Bimultaneously, 
and  determine,  §307,  at  any  instant  t,  its  displacemeDt  Ip. 

Suppose  a  wave,  whose 
centre  of  disturbaoce  is  C,  to 
have  reached  the  position  AB, 
so  remote  from  C  that  a  small 
portion,  AJi,  may  be  regarded 
ss  sensibly  plane:  What  ia 
the  diEplacement  of  a  molecule  at  0,  produced  by  iho  simultaneous 
action  of  the  secondary  waves  proceeding  from  the  molecules  in  any 
portion,  as  ^£,  of  a  section  of  this  wave  front)  Draw  the  normal 
CD2f,  through  the  middle  of /*  § ;  denote  the  variable  distance  DQ 
by  2,  and  Q  0  hj  r.  The  displacement  of  the  molecule  0,  by  the 
secondary  waves  trom  the  arc  AB  ^2h,  will,  Eq,  (635),  be  given  by 


if 


'/:>'-/:, 


VI- 


(636) 


Here  r  and  z  are  variable.  To  eliminate  the  former,  join  0  with  the 
middle  o(  AB  by  the  line  D  0,  and  denote  its  length  by  /,  and  the 
angle   Q  D  O,  which  it  makes  with  the  wave  front,  by  8.      Then  will 


and  by  Maclaurin's  formula, 


=  /  — cose.z  + 


2/ 


(687) 


If  the  greatest  value  of  z  be  small  as  compared  to  ^  we  may  take 

r  =  /  -  cos  5 . 2,  (CaS) 

and  regard  thn  displacements  of  the  molecule  0,  by  the  partiiJ  wavea 
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from  r  to  be   equal.      Whence,  sobstitutiDg  the   value  of  r,  with  ihh 
restriction,  in  Equation  (636),  we  have, 

and,  perfonning  the  tntegratioQ  without  regard  to  limits, 

and  between  the  limits  —  b  and  +  6, 

^"=57X1^9- [="t<'''-'-»'»'«)-''<»t('"-'+'-"1} 


SO  tliat  the  function  whose  value  gives  the  resultant  displacement,  ia  of 
the  same  fonn  as  tliut  of  the  function  which  determines  either  of  tht 
partial  displaccmcnU. 

The  maximum  value  of  the  resultant  displacement  is  given  by 

eA  .    2Tr.6.cosfl  ,  .-., 

^'"ffTTc^-"' 1 •      •    ■    •   <""' 

and  this  will  become  zero  for  such  values  of  9  as  make  (  .  cos  0  eqosl 
to  either  of  the  following  values,  viz, 

J  A,    S  A,    J  J,    J  A,  te 

Conceiving  the  figure  to  be  revolved  about  the  normal  CJV,  and  *■ 
the  wave  except  the  circular  portion  whose  diameter  is  2b  =  AB,^ 
be  intercepted,  the  space  in  advance  of  the  wave  will,  when  the  shofe 
values  obtain,  find  itself  divided  by  the  secondary  waves  into  a  s""^ 
of  concentric  cone-iikc  zones  around  the  normal  CjV,  as  an  aro  »■* 
of  which  the  alternate  ones,  beginning  with  that  immediately  about  tbe 
axis,  will  be  filled  with  molecules  in  motion,  wLile  the  molecules  in  ''" 
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Others  will  be  at  rest  A  section  in  advance  of  the  primitive  wave 
will  cut  from  these  zones  a  series  of  concentric  circular  rings  distin- 
guished by  the  same  peculiarities. 

But  if  A.  be  very  groat  as  compared  with  b,  then  will  tho  arc 

2  TT .  i  ■  cos  fl 
A 

be  so  small  as  to  justify  the  substitution  of  the  arc  for  its  sine  jind  tor 
the  maximum  value  of  resultant  displacement, 


Prt,  =  = 


■  («") 


and  this  result  being  independent  of  d,  the  conic  zones  cannot  exist, 
and  the  effect  of  the  secondary  waves  will  be  diffused  in  all  directions 
to  the  front  This  lateral  action  of  secondary  waves  proceeding  from 
a  small  portion  of  a  primitive  wave,  is  called  tnave  injltction. 

When  9  approaches  nearly  to  90°,  cos  9  will  be  exceedingly  small, 
ind  the  arc 

2ff.6.cos(? 


may  again  be  substituted  for  its  sine;  again  Equation  (641)  suita  the 
case,  and  determines  the  maximum  displacement  immediately  about  the 
normal. 

Hie   maximum   of  the    maxima  displacements  will    occur  when,  in 
Equation  (640), 

2Tr.6.. 


=  ±1; 


and  which  would  reduce  that  equation  to 
/     ,  "A 

■nd  as  the  living  forces  are  proportional  to  the  squares  of  tho  greatest 
&|iUG«menta,  we  have 

,  ,         4^  c'A' 

"''"'"'''"'"      P      ■  JT* .  f  cos'  fl  ■ 
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*  4  AT*  6' .  cos*  6 


If") 


in  which  v,  ts  the  velocity  of  tbe  molecule  on  the  normal,  and  f„ 
that  at  the  angular  distance  $  from  it.  When  the  waves  are  vetr 
short,  as  compared  with  (,  it  U  obvious  that  the  living  force  of  the 
molecules  would  be  sensibly  nothing,  eicept  immediately  about  tLt 
normal.  When  the  waves  ore  long,  as  compared  wiib  b,  the  liviog 
force  will  be  appreciable  for  every  value  of  0,  and,  therefore,  in  eretj 
direction  in  front  of  the  priniitive  wave.  The  importance  of  tbit 
ditCDiaioE  will  ie  apparent  in  the  subjects  of  sound  aud  light. 


BvAPPLICATION   OF   THE    PRECEDING   PBIHOIPLES   TO 
SIltPLB  MACHINES,   PUUPS,  ETC. 


§  348. — Any  device  by  which  the  action  of  a  force  may  be  received 
tt  one  place  and  transmitted  to  another  is  called  a  Mae/iine. 

There  are  usually  seven  elementary  machines  discussed  in  jtfie- 
ehiinici ;  viz.,  the  Cord,  Lever,  Inclined  Plane,  Pulley,  Screw,  Wheel  and 
Arte,  and  Wedge.  The  Cord,  Lever,  and  Inclined  Plane  are  called 
Simple  Machines;  the  olhers,  being  combinations  of  these,  are  called 
Compound  Machines. 

§  360. — In  Machines,  as  in  all  othci-  bodies,  every  action  is  ao- 
companied  by  an  equal  and  contrary  reaction.  A  forc«  which  acta 
upon  a  Machine  to  impress  or  preserve  motion  is  called  a  Power. 
A  force  which  reacts  to  prevent  or  destroy  motion,  is  called  a 
Jietistanee.  The  Agent  which  is  the  source  of  power,  is,  §38,  called 
B  Motor. 

§351. — Resuming  Equation  (30),  and  supposing  the  displacement, 
\rhich  in  that  equation  was  wholly  arbitrary,  to  conform  in  every 
i-eapect  to  that  caused  by  ihe  powers  and  resistances,  wo  shall  have 
S  M  =^  dt,  »  being  the  piUh  described  by  tiie  elementary  mass  fn; 
&nd  hence, 


\^ 


XP5,-^,..^.d 


-  0; 


=  }i(.' 


I/'lj)  ~  JZm.d(t,')  =  0. 
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DenotiDg  by  Q,  Q',  Stc  the  resiaUncea,  by  i*,  P',  iic  the  pmr 
ers,  Sq,  inc.  and  Sp,  &c.  the  projections  of  thdr  respective  virtuil 
velocities ;  the  first  term,  which  embraces  all  the  forces  e»cep« 
inertia  in  action  on  the  machine,  may  be  replaced  by  Z  PSp  —  1 Q Jj, 
and  we  have 

SP5p  —  SQSq  =  ^Sm.dv".    ....    (m] 
Integrating, 

fxPSp  -  fsQSq  =  ^Im^  +  C; 

and   denoting   by  v,  the   initial   velocity,    and   taking   the   integral  m 
as  to   vanish  when   (  =  0, 

f^PSp  -  fnQiq  =  Jimi.*  -  ^Imv,'.    ■  ■  ■  (SH) 

The  products  PSp  and  QSq  are  the  elementary  quantities  of 
worlt  performed  by  a  power  and  a  resistance  respectively,  lo 
the  element  of  time  dl;  the  product  imdv"  is  the  elemenUrr 
quantity  of  work  performed  by  the  inertia,  or  one  half  the  incw 
nicnt  of  living  force  of  the  mass  m  in  this  time.  And  Equation 
(645)  shows  that  in  any  machine,  in  motion,  the  increment  of  ihe 
half  sum  of  the  living  forces  of  all  its  parts  is  always  equal  tc 
the  excess  of  the  work  of  (he  powers  or  motors  over  that  of  lh9 
resistances 

§352. — If  the  machine   start  from   rest,  Equation  (645)  becomen 

flPSp  -  flQSq  =  ^2mv\  ■     ■     •     ■     (6*6> 

and  as  the  second  member  is  essentially  positive,  the  work  of  th<* 
motors  must  exceed  that  of  ihe  resistances  embraced  in  the  temttf 
jXQSq;  in  other  words,  the  inertia  will  oppose  the  motor  ani^ 
act  as  a  resistance.  When  the  motion  becomes  uniform,  the  seconi^ 
member  will  be  constant;  from  that  instant  inertia  will  cease  tc: 
act,  and  the  subsequent  work  of  the  motor  will  be  equal  to  tiiar" 
of  the  resistances  as  long  as  this  motion  continues.  If  the  motion 
be  now  retarded,  the  second  member  will  decrease,  the  inertU  viff 
set  with  the   power,  and  ito  'kvW  cotvVwiM%  till  the  mwbinn  own^ 


to  rest,  and  liiB  excess  (f  work  ot  the  Retitlaute  during  rclardat 
will  bo  exactly  «!<]uul  tu  that  of  ibo  Pumtr  during  aci-cl^^niliun. 
Gunerully,  then,  when  a  machine  is  at  rest  ur  is  moving  iitiifurriily, 
ioeirtia  does  not  act ;  when  the  motion  is  vnrrahle, 
opposes  or  aids  the  iiiotur  according  aa  the  motion  is  a<'ccK'i-nled 
ur  retarded. 

8358.— The  essential  ijarls  of  every  irHihine  arc  tliose  «hit-h 
nodve  erectly  the  action  of  ihc  motor,  those  which  act  directly 
ipon  the  body  to  be  moved  or  transformed,  and  (hose  which  servo 
0  transmit  the  action.  Tbo  arrangemeuC  of  the  latter  is  oflva  a 
)urce  of  resistance,  arising  from  Frielion,  Adhetioii,  Sl'-ffueii  of 
Uorelttfft,    Sec,    whoso    work    enters    largely    into    the    generiil    term 


§354. — When  two  bodies  are  pressed    together,  experience   shows 

it  a  certw'n  effort  is  always  required  to  can^e  one  to  roll  or  slide 
the  other.  This  arises  ulnuist  entirely  from  the  inequalities  iu 
le  surface*  of  contact  interlocking  with  each  other,  thus  rendering 
necessary,  when  motion  takes  place,  either  to  break  them  ofT,  eoni- 
resa  ihem,  or  force  the  bodies  to  separate  far  enough  to  allc^w  them 
I  pws  each  other.  This  cause  of  resistance  to  motion  is  called  frie- 
m,  or  which  we  diatinguish  two  kinds,  according  as  it  accompanies 
sliding  or  rolling  motion.  The  first  is  denominated  ilitling,  and 
le  second  roUinp  J'rietioit.  They  are  governed  by  the  same  hiw^; 
10  former  is  much  greater  in  amount  than  the  latter  iindiT  given 
ilrcumstancc!!,  and  being  of  more  imporlance  in  machines,  will  priti. 
finlly  occupy  our  attention. 

Tlw  intensity  of  friction,  in    any  given   case,  is   measured    by  the 
tree  exerted   in    the  direction  of  the    surface  of  contact,  which   will 
the  bodies  in  a  condition    to   resi.st,  during  a  cliange   of    stale, 
ipect  to  motion  or  rest,  only  by   their  inertia. 


§3fi5,— The  friction  between  IW( 
y  means  of  the  spring  balunec. 


bodies 
For  til 


v\m 
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C  £>  af  f>i\t   of  the    bodies  M  be    made   perftctly  level,  e 

other  body  M\  when  laid 

upon    it,  may  press    with 

its  entire  weight.  To  some 

point,  Am  £\  of  ihe   Ixidy 

JW,  attach  a  cord  wiili  a 

spring     balunce     in     the 

manner  indicated  in  the  figure,  and  apply  to  the  Utter  a  force  /"of 

rach  intensirj-  aa  to  produce  in  the  body  AT  a  uniform  motfou.     71k 

motion    being    uniform,  the  accelerating  and  retarding  forces  must  be 

equal    and    contrary;    that  is  to  say,  the  friction    must  he  equal  and 

contrary  to    the  force  F,  of  which    the    iiilensity  is    indicated    by  the 

balance. 

The  experiments  on  friction  which  seem  most  entitled  to  oonf 
dence  are  those  performed  at  Metz  by  M.  Morin,  under  the  ordci 
of  the  French  goYemment,  in  the  years  1831,  1832,  and  1833.  'They 
were  made  by  the  aid  of  a  contrivance,  first  suggested  by  M.  Pon- 
celet,  which  is  ono  of  the  most  beautiful  and  valuable  contributions 
that  theory  has  ever  made  li>  practical  mechanioe.  Its  details  are 
given  in  a  work  by  M.  Morin,  entitled  "  Nourellti  Expirienets  nr  U 
Fn/llerntnl."     Paris,  1833. 

ITic    following    conclusions    have   been    drawn    from    these  experi^ 

The  friction  of  two  surfaces  which  have  been  for  a  oonsidenU^ 
time  in  c-ontact  and  at  rest  is  not  only  different  in  amount,  but  als(^ 
in  nature,  from  the  friction  of  surfaces  in  continuous  motion ;  espe— 
oially  in  this,  that  the  friction  of  quiescence  is  subjected  to  cauaea  of 
^ariatio^  and  uncertainty  from  which  the  friction  during  motion  far 
exempt.  This  variation  does  not  appear  to  depend  upon  the  txtmf 
of  the  surface  of  contact ;  for,  with  diflcrent  pressures,  the  ratio  of 
the  friction  to  the  pressure  varied  greatly,  although  the  surfac«*  of 
contact  were  the  same. 

The  slightest  jnr  or  shock,  producing  the  most  tmpereepttblt 
movement  uf  the  surfaces  of  cojitaet,  causes  the  friction  of  quiefr 
cence  to  pass  lo  that  which  accompanies  molion.  As  every  madrint 
may  bn  regarded   us  being  subject  to  slight  shocks,  produdng  tnpcc 
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etpiEblu  motions  in  the  suriiicea  of  cimtin't,  tlic  kind  u:    Iriciion  Ui  be 
implofed  in  all   questions  of  equilibrium,  as  well  aa  of  niotiuns  of 
paachluca,    should    obviously    be   this    last    meotioned,   or    that    which 
inies  continuous  motion. 

The    LAWS   of  friction    which    uccornpunics    continui'  us    motion   are 
iORDirkubly  unijbrni  and  drfinilt.     Tht^se  laws  are: 

1st.  Friclw-n  accomgian)  iiig  ciinlinuous  motion  of  two  surfacea,  J 
Wtveen  which  no  unguent  is  intL'rposcd,  btuirs  a  constaut  proportion  J 
;>  the  toTO  by  which  those  surfaces  arc  pressed  Icigcther,  whatever  ' 
«  the  intensity  of  the  furce. 

Sd.  i'riclion  is  wholly  independent  i.f  ihe  e^lcnl  of  thu  surluces  in 
ODtaot, 

3d.-Where  unyuenU  aru  interposed,  a  distinction  is  [u  liu  made 
etwcL'n  the  citsu  in  which  the  surliices  arc  simply  uiieluum  and  in 
DtiDialti  uontjict  with  etidi  other,  and  that  in  which  tlic  suifuccs  ore  i 
•rhnlly  trparated  rrotii  une  another  by  un  iiilerpoml  ttralam  of  ihe 
WffutnU  Tliu  friction  in  these  two  cases  is  not  the  same  in  amount 
xaAtT  the  sumo  pressure,  although  the  law  of  the  independence  of 
Ottent  of  surface  obtains  in  each.  When  the  pressure  la  increased 
ufficicntly  to  prns  tiut  ihu  unguent  sii  as  to  bring    the  unctuous  sur- 

es    in   contact,  the  latter  of  these  eases  passes  into  the  fir=l;    and 

)  feci  may  give  rise  to  an  appamit  exception  to  ihu  law  of  the 
idependencc  of  the  extent  of  surface,  since  &  diminution  of  the  sur- 
ice  of  contact  may  so  concentrate  a  given  pressure  as  to  remove  the 
agueot  from  between  the  surfaces.  The  etoeption  is,  however,  but 
pporcnt,  and  occurs  at  the  passage  from  one  of  the  cases  above- 
med  to  the  other.  To  this  extent,  the  law  of  independence  of  the 
Uitent  of  surface  is,  therefore,  to  be  received  with  restriction. 

There    are,  then,   three    conditions    in    respect    to    friction,  under 
ihich  the  surfaces  of  bodies   in   contact  may  be  considered  to  exist, 

.,:    Iftt,  thai   in  which  no   unguent  Is   present;    2d,  that   in    which 

I   surfaces  arc  simply    unetaoar;    3d,    that    in  which    there    Is    on 

niOTpoiwd  stratum  of  the  unguent.     Tlironghoul  each  of  these  states 

I  Action  which  accompanies  motion  is  alwnys  pmportionnl  to    the 

gsBorc,    but    for    the    same    pressure    in     each,    very   dilTerent    in 
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4lh.  Thi 
ent  of  The 
thi'  surfat'i 
grease,  glu 

The  vai 
and   the  acci 
them,  may  I 


ich   accompanies   motion   is  alwuvs  indepC 

lelocily  with  which  ihe   bodies   move;    and    this,   wheihcT 
be   without    unguents    or    lubricated   with    water,   oils, 

nous  liquids,  svrups,  pitch,  &c.,  &c. 

:ty  or  the   circtimslaiiceE    under  which    these  laws  obtain. 

iirac}-  with  which  the  phenomena  of  motion  accord  witA 
inferml  from  a  single  example  taken  from  llie  fint 
set  of  Morin's  experiments  upon  the  friction  of  Burfaces  of  oak, 
whose  fibres  were  parallel  to  the  direction  of  the  motion.  Th«  sur- 
faces of  contact  were  made  to  vary  in  extent  from  I  to  84;  the 
forces  which  pressed  them  leather  from  88  lo  2205  pounds ;  and 
the  velocities  from  the  slowest  perceptible  motion  to  9,8  feet  a 
second,  causing  them  to  be  at  one  time  acceleraled,  at  Another 
uniform,  &nd  «t  another  retarded;  yet,  throughout  aii  tbis  wide 
range  of  variation,  in  no  instjince  did  tl)e  ratio  of  the  frictioa  to 
the  pressure  Uitfer  from  its  mean  value  of  0,478  b_v  more  tlkan  ^ 
of  this  sitnie  fraction. 

£)enole  the  constant  ratio  of  the  entire  friction  f,  lo  the  norma) 
prwsum  /',  by  /;  then  will  the  firet  law  of  friction  be  expressed  bv 
the  following  eijnatian. 


=  /; 


(047) 


This  constant  ratio  /  is  called  the  n-r^iml  of  friction,  because:, 
when  multiplied  bjr  the  total  normal  pressure,  the  product  £<**) 
the   entire  friction. 

Assuming  the  first  law  of  &ic- 
lion,  the  co-efficient  of-firietion  may 
ea^ly  Iw  obtained  bv  means  of  the 
inclined  plane,  L*t  W  denota  the 
weight  of   niijr  body   placed  upon 

lh«    in,li,,tj     plan*    AB.       Resold 

111  G  C      into  two  compo- 

■      ff  it         pCT^1^3^^^MW      V(» 


APPLICATIONa. 


in| 


die!    to   it.      Because  the   iingles    G'OM  and    BAC  are    eijinl 
fim   of  ihcse   comporents  will  bo 

GM  =  IT.  cos  J, 
un<I    the   second, 

GN  =  W.smA, 
tn  which  A   denotes    the   angle  BA  C. 

The  first  of  these  eompunents  determines  the  total  pressure  uiionJ 
the   plane,  and   the   friction  duo   to    tliis  pressure  will    bo 

/•=/.  IT  cos  J. 

The   second   component  ui'ges  the   body  to  move  down  the  pl&ne.  \ 
If  the  inclination  of  the   plnno  be  gradually  increased    till    the   bodjr 
move   with   uniform    motion,    the    total    friction    and    this   component  1 
must   be   equal   and   ofi[iosed ;    hence. 


f.W.^ 


-.  W.i 


We,  therefore,    i 
between   any    two   i 


;o  delude, 
surfaces, 
which  one  of  the  surfaces 
that   the   other  may    slide  < 


that  the  «ni'i  or  co-efficient  of  friction 
is  equal  to  the  tangent  of  the  angle 
must  make  with  tlie  horizon  in  ordei 
iver  it  with   a  uniform    motion,  the  body 


lurface   belongs  being  acted   upon  by  ita  own 
gle   is   called    the  angle  of  friction  or  limiting 


lo  which  the  moving  t 
weight  alone.  This  an 
angle  of  reiiilattet. 

The  values  of  the  uniV  of  friction  and  of  the  limiting  angleg  for 
many  of  the  various  substances  employed  in  the  art  of  construction, 
are  given  in  Tables  VI,  VH    and  VIII. 

The  distinction  between  the  friction  of  surfaoes  to  which  no  un 
guent  is  applied,  those  which  are  merely  unctuous,  and  those  between 
which  a  uniform  stratum  of  the  unguent  is  interposed,  appears  first 
lo  have  been  remarked  by  M.  Morin ;  it  has  suggested  to  him 
what  appears  lo  be  the  true  explonafiun  of  the  dilTerence  between 
his  results  and   those    of  Coulomb.      l\o    concewft*.  \.\«).\.  N 


412  ELEMENTS    OF    AHALTTJCAL    MECHANICS. 

perimenU  uf  this  celebrated  Engineer,  the  requisite  precautions  kiJ 
not  been  taken  to  exclude  unguents  from  the  eurfaccs  of  contact. 
The  slightest  unctuosity,  such  as  might  present  itself  accidentally, 
unless  expressly  guarded  against — such,  for  instiince,  as  might  have 
been  led  by  the  hands  of  the  workman  who  hod  given  the  last 
polish  to  the  surfaces  of  contact — is  sufRcieiit  materially  to  affect 
the  co-efficient  of  friction. 

Thus,  for  instance,  surfaces  of  oak  having  been  rubbed  with  hard 
dry  soap,  and  then  thoroughly  wiped,  so  as  to  show  no  traces 
whatever  of  the  unguent,  were  found  by  its  presence  to  have  lost 
J*'  of  their  friction,  the  co-efficient  having  passed  from  0,478 
to  0,164. 

This  effect  of  the  unguent  upon  the  friction  of  the  surfuces  may 
be  traced  to  the  fact,  that  their  motion  upon  one  another  without 
unguents  was  alniiys  f.mnd  to  be  attended  by  a  wearing  of  both  the 
surfices;  small  particles  of  a  diirk  color  continually  separated  from 
iliein,  which  it  was  found  from  time  to  time  necessary  to  romove, 
ind  which  manifestly  influenced  the  friction  :  now,  with  the  presence 
of  an  unguent  the  formation  of  these  particles,  and  the  consequent 
Wear  of  the  surfaces,  completely  cciscd.  Instead  of  a  new  surtitce 
of  contact  being  continually  presented  by  tiie  wear,  the  same  surfate 
remained,  reccivii:g    by  the  motion  continually  a  more  perfect  poli^ 

A  comparison  of  the  results  enumerated  in  Table  VlII,  leads  to 
the  fi)llowing  remarkable  conclusion,  easily  fixing  itself  in  the  memory, 
thai  with  Vie  ungtunts,  hogs'  lard  and  olive  oil  inlerpoiied  in  a  con- 
tiiiaova  itratum  belweea  them,  mr/aees  of  wood  on  metal,  wood  on 
wiHid,  inebil  on  tpood^  and  metal  on  metal,  wlitu  in  motion,  have  all 
of  Ikein  very  nearly  the  same  co-efficient  of  friction,  the  value  of  thai 
co-efficient  being  in  all  cases  included  between  0,07  and  0,08,  ttnrf  the 
limiting  angle  of  resistance  therefore  between  4°  and  4°  35', 

For  the  unguent  tallow  the  co-efficient  is  the  same  as  the  above  m 
tvery  case,  except  in  that  of  metals  upon  metals;  this  unguent  teems 
less  suited  lo  metallic  surfaces  than  the  others,  and  gives  for  tht 
mean  vulue  of  itt  eoeffieienl  0,10,  and  for  ilt  limiting  angle  of  re- 
sitlance  5°  43'. 


APPLICATIONS, 

3JG, — BeMiies  friction,  there   is  another   causo  iif  t 
motion    of  bodies  when  moving   over  one   another.     The  same  furoes  j 
which   huld   the   elements  of  bodies   together,  also  tend    to    keep  the  J 
Lodius  themselves  together,  whi^n  brought  into  sensible  contact.     Tha  J 
elTort  by  which  two    bodies   nre   thus   imited,  is   called    the    fiircc  i 
Adhmon. 

Familiar    iljuslrationa   of  the  existence  of  this   furue  are  furnished  I 
hy    tho   pertinacity    with    which   sealing-wax,    wafers,    ink,    chnlk     and*) 
black-load    cleave    to   paper,   dust    lo    articles   of  dress,   paint   to   the 
earface   of  wood,  whitewasli  lo   the   waJIs   of  buildings,  and  the  like. 

The   intensity  of  this   force,  arising   as    it   does   from    the  affinity 
of  the  elements  of  matter  for   eai/h  other,  must  vary  with  the  num-  j 
ber  iif  attracting  elements,  and   therefore    with   the  fxfeni  of  the   sur- 
fuee  of  wnlael. 

This  law  is  beat  verified,  and    the    actual    amount  of  ndliesion   be- 
tween different   substances   determined,  by  means 
of  a  delicate   spring- balance.     For    this    purpose,  /f^^^'^ 

the  surfaces  of    solids   are    reduced    to    polished  (l        )| 

planea,  and  pressed  together  to  exclude  the  air, 
and  the  effurts  necessary  to  separate  them  noted 
Ity  means  of  this  instrument.  The  experiment 
being  olivn  repeated  with  the  same  substances, 
saving  different  extent  of  surfaces  in  contact,  it 
h  found  that  the  effort  necessary  to  produce 
tttt  eepHratlon  divided  by  the  area  of  the  surface 
^ves  a  constant  ratio.  Thus,  let  S  denote  the  . 
trea  of  this  surfaces  of  contact  expressed  in  square 
feet,  aquupe  inches,  or  any  other  superficial  unit; 
A    the   effort   reijuired    lo   separate  them,    and    a 

I   couBtam  ratio  in  question,  then  will 


-  =  «. 


A  =a 
I    called    the    unit    i 
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viously  expresites  tha  value  of  adhesion  ou  each  unit. of  i 
tiiakiog 


To  find  the  adhesion  between  solids  and  liquids,  suspend  die  nlH 
fconi    the   balance,  with  its  polished  surface  downward  and  in  a  hori- 
zontal position  ;    note   the   weight  of  the   solid, 
then    bring   it    in    contact   with    the    horizontal 
surface  of  the  fluid  and   note   the  indication  of 
the  balance    when   the    separation   takes  place, 
on  drawing   the  balance  up;    the  difference  be- 
tween   this  indication    and    that  of   the   weight 
will   give   the    adhesion;    and    thia  divided    by 
the  extent  of  surface,  will  give,  as   before,  the 
cu-efhcient    a.      But    in     this    experiment    two 
opposite    conditions    must    he    carefully    noted, 
else  the  ouhesion  of  the  clemetts  of  the  liquid         k_ 
for  each  other  may  bo   mistaken  for   the  adhe-  V'-"' 

sion  of  the  snlid  fiir  the  fluid.  If  the  solid 
on  being  removed  lake  with  it  a  layer  of  the 
fluid ;    in   other    words,   if    the   solid    has  been 

vet  by  the  fluid,  then  the  attraction  of  the  elements  of  the  solid 
for  those  of  the  liiiuid  is  stronger  than  that  of  the  elemeots  of  iha 
liquid  for  each  o(her,  and  a  will  be  the  unit  of  adhesion  of  two 
surfaces  of  the  fluid.  If,  on  the  contrary,  the  solid  on  leaving  th« 
fluid  be  perft-ctly  dry,  the  elements  of  the  fluid  will  attract  e«^ 
other  more  powerfully  than  they  will  those  of  the  solid,  and  a  wQl 
denote   the    unit   of  adhesion  of  the   solid    for   the   liquid. 

It  is  easy  to  multiply  instances  of  this  diversity  in  the  actios  of 
stdids  and  fluids  upon  each  other.  A  drop  of  water  or  spirits  of 
wine,  placed  upon  a  wooden  table  or  piece  of  glass,  loses  ita  gliibu- 
lar  form  and  spreads  itself  over  the  surface  of  the  solid  ;  a  drop  of 
mercury  will  not  do  su.  Immerse  the  finger  in  water,  it  become* 
wet ;    in    quicksilver,  it   remains    dry.     A   tallow  candle,  or  a  Aiatiier 
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from  any  species  of  water-fowl,  remains  dry  the  igh  dipped  in  water. 
Gold,  silver,  tin,  lead,  dec.,  become  moist  on  being  immersed  in 
quicksilver,  but  iron  and  platinum  do  not.  Quicksilver  when  poured 
into  a  gauze  bag  will  not  run  through ;  water  will :  place  the  gauze 
containing  the  quicksilver  in  contact  with  water,  and  the  metal  will 
also  flow  through. 

It  is  difficult  to  ascertain  the  precise  value  of  the  force  of  adhe 
sion  between  the  rubbing  surfaces  of  machinery,  apart  from  that  of 
friction.  But  this  is  attended  with  little  practical  inconvenience,  as 
long  as  a  machine  is  in  motion.  The  experiments  of  which  the 
results  are  given  in  Tables  VI,  VII  and  VIII,  and  which  are  applicable 
to  machinery,  were  made  under  considerable  pressures,  such  as  those 
with  which  the  parts  of  the  larger  machines  are  accustomed  to  move 
upon  one  another.  Under  such  pressures,  the  adhesion  of  unguents 
to  the  surfaces  of  contact,  and  the  opposition  to  motion  presented 
by  their  viscosity,  are  causes  whose  influence  may  be  safely  disre 
garded  as  compared  with  that  of  friction.  In  the  cases  of  lighter 
machinery,  however,  such  as  watches,  clocks,  and  the  like,  these 
considerations  rise   into   importance,  and   cannot  be   neglected. 


STIFFNESS    OF    CORDAGE. 

§  357. — Conceive     a    wheel     turning 
freely  about   an    axle   or   trunnion,  and 
having  in  its  circumference  a  groove  to 
receive  a  cord  or  rope.     A  weight   W, 
being   suspended   from   one  end  of  the 
rope,  while  a  force  F,  is  applied  to  the 
other    extremity   to    draw    it    up,    the 
latter   will    experience    a    resistance  in 
consequence  of  the  rigidity  of  the  rope, 
which   opposes   every  effi>rt  to   bend  it 
around  the  wheel.     This  resistance  must, 
of  necessity,  consume  a  portion  of  the 
work  of  the  force  F,     The  measure  of 
the  resistance  due  to  the  rigidity  of  cordage    has    been 


made   the 
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subject  of  experiment  by  Coulomb ;  and,  according  to  him,  it 
reiiults  that  for  the  same  cord  and  same  wheel,  this  measure  it 
composed  of  two  parts,  of  which  one  remains  constant,  while  the 
other  varies  with  the  weight  W,  and  is  directly  proportional  to  it; 
so  that,  designating  the  constant  part  by  AT,  and  the  ratio  of  the 
variable  part  ta  the  weight  W  by  /,  the  measure  will  be  given  by 
the  expression 

K+  I.  W; 

in  which  JC  represents  the  stiffness  arising  from  the  natural  torsion 
or  tension  of  the  threads,  and  /  the  stiffness  of  the  same  cord  due  to 
a  tension  resulting  from  one  unit  of  weight  j  for,  making  W^  1,  the 
above  becomes 

£  +  1. 

Coulomb  also  found  that  on  changing  the  wheel,  the  stiffness  varied 
in  the  inverse  ratio  of  its  diameter ;  so  that  if 


be  the  measure  of  the  stiffness  for  a  wheel  of  one  foot  diamct«r,  then 
will 

X+  I.  W 
2Ji 

be  the  measure  when  the  wheel  has  a  diameter  of  ft  R.  A  table 
giving  the  values  of  JC  and  /  for  all  ropes  and  cords  employed  in 
practice,  v-lmn  wound  around  a  wheel  of  one  foot  diameter,  and  sub- 
jected to  a  tension  arising  from  a  unit  of  weight,  would,  therefore, 
enable  us  to  lind  the  stiffness  answering  to  any  other  wheel  auJ 
weight  whatever. 

But  as  it  would  be  impossible  to  anticipate  all  the  dilTeront  size< 
of  ropes  used  under  the  various  circumstances  of  practici-.  Coulomb 
also  ascertained  the  law  which  connects  the  stiffness  with  ihe  diame- 
ter of  the  cross-section  of  the  rope.  To  express  this  law  in  all  cases, 
he  found  it  necessary  to  distinguish,  Ist,  new  white  rope,  either  drv 
or  moist;  2d,  vikite  ropel  partly  teorn,  cither  dry  or  moist;  3d,  tarred 
ropft ;  4th,  paclelkread.  The  stiffness  of  the  first  class  he  found  nearly 
proportional  to  the  square  of  the  diameter  of  the  cross-section ;    thtt 
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of  tbe  KCODd,  to  the  square  root  of  the  cube  of  this  diameter,  nearly ; 
that  of  the  third,  to  the  number  of  yarns  in  the  rope;  and  that  of 
the  fourth,  to  the  diameter  of  the  cross-sectjon  So  that,  if  S  denote 
the  resistance  due  to  the  stifihess  of  an;  given  rope;  J  the  ratio  of 
its  diameter  to  that  of  the  table ;  and  n  the  ratio  of  the  numbet  of 
yarns  in  any  tarred  rope  to  that  of  the  table,  we  shall  have  for 

JtTte  wkitt  rtff,  drf  *r  m*\aU 
Btlf  aini  ■*■'(•  T^.  ity  *r  mtUL 

s  =  »-^i^ (™' 

PtlilkrtU. 

S  =  d.^±^.    ......     (651) 

For  packthread,  it  will  always  bo  sufficient  to  use  the  tabular 
values  given,  corresponding  to  the  least  tabular  diameters,  and  substi- 
tute them  in  Equation  (651).  An  example  or  two  will  be  sufficient 
to  illustrate  the  use  of  these  Uble^ 

Example  lit.  Required  the  resistance  due  to  the  stiffness  of  a  new 
dry  white  rope,  whose  diameter  is  1,18  inches,  when  loaded  with 
a  weight  of  883  pounds,  and  wound  about  a  wheel  1,64  feet  in 
diameter. 

Seeic  in  No.  1,  Tabic  X,  the  diameter  nearest  that  of  the  givMi 
rope  ;    it  is  0,79  ;    hence, 

and  frr.ni  the  table  at  the  aide, 

<P  =  2,25. 
From  No.   1,  opposite  0,70,  we  find 

A'  =  1,6097, 
/  =  0,03195; 
27 
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A 
which,  together    with    the    weight   TT  =  882  Iba.,  and  3  A  =  I,H 

su)iBtituted  in  Ei^uation  (648),  give 


1,64 

which    is    the    true    resistance  due  to  the  Btifihess  of  the  rope  in 
question. 

Example  Zd.  Wfa&t  is  the  resistance  due  to  the  stiffness  of  > 
white  rope,  half  worn  and  moistened  with  water,  having  a  diam- 
eter equal  to  1,97  inches,  wound  about  a  wheel  0,83  of  a  &ot  in 
diameter,  and   loaded  with  a  weight  of  SS05  pounds  t 

The  tabular  diameter  in  No.  4,  Table  X,  next  less  tluut  1,9T, 
is  1,57,  and  hence, 

the  square  root  of  the  cube  of  which  is,  hj  the  table  at  the  side, 

rfi  =  1,482. 
In  No.  4  we  find,  opposite  1,57, 

^=6,4324, 

/    =  0,06387 ; 
which    values,   together    with    W  =  2205  lbs.,  and  2  iJ  =  0,82,  b 
Equation  (649),  give 


0,82 
which  is  the  required  resistance. 

trample  dd.  What  is  the  resistance  due  to  the  Btiffness  of  ■ 
tarred  rope  of  22  yams,  when  subjected  to  the  action  of  a  weight 
equal  to  4212  pounds,  and  wound  about  a  wheel  1,3  feet  diameter, 
the  weight  of  one  runnitg  foot  of  the  rope  being  about  0,6  of  ■ 
pound! 

By  referring  to  No.  5,  Table   X,  we  find  the  tabular  number  of 
^ams  next  less  than  22  to  be  15,  and  hence, 
22 

"  =  r5  = 


:  1,466  nearly. 
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:   find 


e,  opposite 

K  =  0,70ft4, 
/    =  0,01»879; 

*iLh   W  =  4212,  mA  2  R  = 


1,3,  in  Equiition  (650), 


:  1,486 


0,7664  +  0.019879  x  4212 
1,3 


:  05,198. 


Example  4th.  Required  the  resistance  due  to  the  stiffness  of  a 
white  packthread,  whose  diameter  is  0,196  inches,  when  moist- 
ned  or  wet  with  water,  wound  about  a  wheel  0,5  of  a  foot  in 
b'ameter,  and  loaded  with  a  weight  of  275  pounds. 

The   lowest  tabular   diameter  is  0,39  of  an    inch,  and    hence 


d  = 
No.  2,  Table    X,  w 


which,  with    TT  -  275, 
Eqil&tiuD  (651), 


o;39o  =  '*■'  "'="'^- 

e  find,  opposite  0,30, 

K  =  0,8048, 
/  =  0,00798 ; 
12^  =  0,5,  we  find,  after   substituting  i 


=  0,5 


0,8048  +  O.OOTOe  X  275 
0,5 


g  358. — The  resistance  just  found 
expressed  in  pounds,  and  is  the 
amount  of  weight  which  would  be 
Mary  to  bend  any  given  rope 
bround  a  vertical  wheel,  bo  that 
the  portion  A  E,  between  the  first 
point  of  contact  A,  and  the  point 
E,  where  the  rope  is  attached  to 
'the  weight,  shall  be  perfectly  straight. 
'^Die  entire  process  of  bending  takes 
'plaoe  at  this  first  or  tangential 
ipoiat    A ;    for,  if  motion    be  com- 
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rnuiiirated  to  the  wlieel  in  the  direction  iDdicated  by  the  ^ 
heai],  the  rope,  supposed  not  to  slidu,  will,  at  tliis  point,  iak«  find 
rrtain  ihc  constant  curvature  of  the  wheel,  till  it  puses  ftum  th« 
Utter  on  the  side  of  the  power  f.  When,  thereflire,  bv  tlio  mob'un 
of  the  wheel,  the  point  m  of  the  rope,  now  Ht  the  tangenliftl  pcinl, 
pusses  to  »i',  the  wurking  point  of  the  force  S  will  hayo  ilcsciiM 
in  its  own  direction  the  distance  AD.  Denoting  llw  arc  deacrihnd 
h/  a  point  at  the  unit's  distanue  from  the  centre  of  the  ' 
b}  ^, ,  nnd  the    radius  of  the   wheel    by  It,  we    ahull    have 

AD=  Jtt,; 

and  representing   the   quantity  of  work  of 


^  Shy  l. 


i 


replacing  S  by  its  vnlue  in  Eqt 


ins  (648)  to  (861), 
K+  I.W 


.     .     .     (033) 
EqualioNB  (046) 


2A 

in  which  d^  represents  the  quantity  iP,  rf',  n,  or  c 
to  (651),  oceording   to   the   nature  of  the    rope. 

Exutnph. — Taking  the  2d  example  of  g3B7,  and  supposing  a  por- 
tion of  the  rope,  equal  to  30  feet  in  length,  lo  have  been  bruu^ 
in  contact  with   the    wheel,  after    the   motion   begins,  we  shall  have 

i  =  20  X  206,109  =  5322,19   units  of  work; 

that  is,  the  quantity  of  work  consumed  by  the  resistance  dw!  to 
the  stilfuess  of  the  rope,  white  the  latter  is  moving  over  a  distanc* 
of  20  feet,  would  be  suffieient  to  raise  a  weight  of  632'2,18  puuiidi 
tli.-ough   a  vertical   height  of  one  f'xit. 


FRICTIOS   ON   riVOTB,   AND  TBtntldOtlS. 

§359, — All  rotating  pieces,  such  as  wheels  supported  upim  i 
pieceo,  give  rise  by  their  motion  to  friction.  This  is  on  important 
eli^mGnt  in  nil  computations  relating  to  the  perfiirrnanco  of  machioery. 
J[   seems    W    be   dillerent    according   as    the    roiatii^   pieces  At*   k«fl 
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tmnnions  or  by 
pivoU,  By  IrunnioH)  &re  meant 
eylindtiuil  projections  a  a  from 
llie  ends  of  the  arbor  A  S  of  a 
wheel.  The  trunnions  rest  on  the 
concave  surfaces  of  cylindrical 
boxea  CJ),  with  which  they  usu- 
slTy  have  a  small  surface  of 
contact  m,  the  linear  elements 
of  Loth  being  parallel.  PinoU 
are  shaped  like  the  trunniona, 
but  support  the  weight  of  the 
wheel  and  its  arbor  upon  their 
circular  end,  which  rests  against 
the  bottom  of  cylindrical  aoek- 
.  FOUI. 


n ; 


Let  iV  denote   tiie   force,  in   the   direction   of   the   oxis,  by   which 
a  pivot  is  pressed   against  the 


Jttom  of  the  socket 
ity    be    regarded 


This  force 
OS  passing 
of  the  cir- 


hrough  the 
ular  end  of  the  pivot,  and  as 
iie  resifltont  of  the  partial  pres- 
nres  exerted  upon  all  the  ele- 
lentary  surfaces  of  which  this 
irola  is  composed.  Denote  by 
1  the  area  of  the  entire  circle, 
lien  will  the  pressure  sustained 
by  each  <init  of  surface  be 


the   pressure  c 
L  (rt>?i0UBly  be 


iny  small  portion  of  the  surface  denoted  by  a, 
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uicl  the  friction  on  llui  same  will  be 

/.  g .  .y 

A  • 
This  friction  mhj  bo  regarded  as  applied  to  the  centre  of  the  el» 
mentary  surface  a;  it  is  opposed  to  the  motion,  and  the  directiun  of 
its  action  is  tangent  to  the  circle  described  by  the  centro  of  Um 
element  Denote  the  radius  of  this  circle  by  x,  then  will  the  mo- 
ment of  the  friction  be 


Now,  if  f  denote  the  length  of  way  variable  portion  of  the 
enee  at  the  unit's  distance  from  the  centre  C.  then  will 


1  =  X  .  dt .  dx; 


which  substituted  above  give 


/•JV. 


end  by  integration, 


(663) 


whence  we  conclude,  that,  in  the  fric- 
tion of  a  pivot,  Kt  may  regard  the 
ukolt  friction  due  to  the  preuure  at 
acting  in  a  single  point,  and  at  a  dis- 
tance from  the  centre  of  motion  equal 
to  tieo-lhirds  of  the  radius  of  the  base 
of  Ike  pivot.  This  distance  is  called 
the  mean  lever  of  friction. 

g  360. — If  the  extremity  of  the  pivot, 
iiistcad  of  rubbing  upon  an  entire  circle, 
i^  only  in  contact  with  a  ring  or  sur- 
face comprised    between  two  concentric 
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circles,  as  when   the   irbor  of  a  wheel   is  urged  in  the  direction  of 
its  length  by  the  force  iV  against  a  shoulder  dcba;    then  will 

and  the  integration  will  give 


/•N 


fl'"''f! 


ds 


=  f/-^ 


R^  -  E'^ 
i2»  -  i2'2  ' 


*{R^  -  R^) 

in    which  R   denotes    the   radius    of    the    larger,  and  R'  that   of  the 
smaller  circle. 

Finally,  denote  by  I  the  breadth  of  the  ring,  that  is,  the  dis- 
tance  A'  A ;  by  r,  its  mean  radius  or  distance  from  (7  to  a  point 
half  way  between  A'  and  A^  and  m'C  shall  have 

R   =  r  +  i  /, 
substituting  these  values  above  and  reducing,  we  have 


/.  iV^  X   [r  +  ^y  .  -]  ; 


•     •     • 


(654) 


and  making 


r  + 


12r 


=  r 


I  > 


we  obtain,  for  the  moment  of  the  friction  on  the  entire  ring, 

/.iVT.r, (665) 

ITie  quantity  r^  is  called  the  mean  lever  of  friction  for  a  ring.     Since 
the   whole   friction  fN  may   be    considered    as    applied    at  a    point 

/2 


whose   distance  from   the   centre   is  }jR,  or  r^  =  r  + 


12  r 


according 


as  the  friction  is  exerted  over  an  entire  circle  or  over  a  ring, 
and  since  the  path  described  by  this  point  lies  always  in  the  di- 
rection in  which  the  friction  acts,  the  quantity  of  work  consumed 
by  it  will  be  equal  t5  the  product  of  its  intensity  fN  into  this 
path.  Designating  the  length  of  the  arc  described  at  the  unites 
distance  from  (7  by  «^ ,  the  path  in  q  lestion  will  be  either 

}/?«,,    or     f,i,\ 
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■od  the   quantity  «f  work  either 

is.,,.f.ir 

for  on   entire  iurcle,  or 

for  a  ring.  Let  Q  denote  the  quantity  of  ffork  consumed  by  fiio 
Uon  in  the  unit  of  time,  and  n  the  number  of  revolutions  performed 
by  the  pivot  in  the   some   time ;   then  will 

*,  =:  8«-  X  n; 
and  we  ehatl  have 

<l  =  i^.R./.N., 
for   the  circle,  and 


'■/•^- ('  +  ■!;) 


(6S6) 
(657) 


either  of  tl 

'T  vm. 


12  r- 
for   a  ring ;  in  which  <■  =  3,1416. 

The   co-efficient  of  friction  /,  when  employed  ii 
going  cases,  niuat  be   taken  from  Table  VI,  VII, 

Example. — Required  the  moment  of  the  fHction  on  a  pivot  of 
cast  iron,  working  into  a  socket  of  brass,  and  which  supports  ■ 
weight  of  1784  pounds,  the  diameter  of  the  circular  end  of  the 
pivot  being  6  iuches.    Here 

B  =  %  =  Z  =  0,25, 
JV  =  1784,  ' 
/  =  0,147 ; 
which,  substituted    in  Equation  (653),  gives 

0,147  X  1784  X  J  X  0,25  =  43,708. 

And  to  obtain  the  quantity  of  work  in  one  unit  of  time,  say  ■ 
minute,  there  being  30  revolutions  in  this  unit,  we  make  n  =  20^ 
and  «  =  3,141S  in  Equation  (656),  and  find 

C  =  J  X  3,1416  X  0,25  X  0,147  x  1784  X  20  =  6492,80; 
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.that  is  to  say,  during  each  unit  of  lime,  ihere  is  a  quantity  of 
work  lost  whirh  would  be  sufficient  to  ralss  a  weight  of  5492,80 
jMunds  through   a  vertical   distance  of  one  foot. 

Eiampte. — Required  the  nioment  of  friction,  when  the  pivot  sup- 
-forts  a  weight  of  3046  pounds,  and  works  upon  a  shoulder  whose 
exterior  and  interior  diamiiters  ore  respectively  6  and  4  inches;  the 
pivot  and   socket  being   of  east   iron,  wiih  water    interposed. 


1=  - 


-.  1  i 


-  0,5  - 


=  2,5  + 


(])= 


12  X  2,5 
JV  =  2046  pounds, 
/  =  0,314 ; 
«hich,  substituted  in  Expression  (055),  gi' 


inches, 

=  2,5333  - 


a  for  the  moment  of  frictio: 


0,314  X  2&lti  X  0,3111  =  135,62. 

The  quantily  of  work  consumed  in  one  minute,  there  being  sup- 
posed 10  revolutions  in  that  unit,  will  be  found  by  making  in 
Equation  (057),  *  =  3,1410  and  n  =  10, 

g  =  2  X  3,1416  X  0,314  X  2046  X  0.211  X  10  =  8517,24; 

thnt  is  to  say,  friction  will,  in  one  unit  of  time,  consume  a  quantity 

\  of  work  which  would   raise    8517,24  pounds    through  a   vertical    dis- 

f  one    foot.      The   quantity  of  work  consumed   in  any  given 

(time  would  result  from   multiplying   the  work    above   found,   by    the 

I   reduced   to    . 


TRHNifioira. 

—The   friction   on    trunnions   and  aides,  which   we  now  pro- 
I  wed  to  con.sider,  gives  a  considerably  less  co-c(Iicient  than  that  which 
companies   the   kinds   of    motion   referred    to   in   1 353.     This  will 
Iftppear  frora  Table  IX,  which  is  the  result  of  careftjl   experiment. 
The  contact  of  ihu    trunnion   with    its   Ikix    is    along   ii    liiicnr  el» 
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Dient,  comrnon  to  the  surfaces  of  both.  A  section  perpendiculu  to 
its  length  would  cut  from  the  trunnion  and  its  box,  two  eirclos  lu- 
gent  to  each  other  internally.  The  trunnion  being  act«d  on  onlj-  hj 
its  weight,  would,  when  at  rest,  give  this  tangetiliu]  point  at  o,  tiis 
lowest  point  of  the  section  poq  oi  the  bos.  If  the  trunnion  bo  put 
in  niotioii  by  the  applJcution  of  a  force,  it  would  turn  aroui 
point  of  contact  and  roll 
indefinitely  along  the  sur- 
face of  the  box,  if  the 
latter  were  level ;  but  this 
not  being  the  case,  it  will 
ascend  along  the  inclined 
surface  op  to  some  point 
OS  tn,  where  the  inclina- 
tion of  the  tnngent  u  m  v 
is  such,  that  the  friction 
is  just  sufficient  16  pre- 
vent the  trunnion  from  sliding.  Here  let  the  trunnion  be  i 
brio.  But  the  equitibriuni  requires  that  the  rcsultatit  of  t 
forces  which  act,  friction  included,  shall  pass  through  the  ] 
and  be  normal  to  the  surface  of  the  trunnion  at  that  point.  I 
friction  is  applied  at  the  point  m ;  hence  the  resultant  JV  of  K 
other  forces  must  pass  through  m  in  some  direction  as  md;  tlu 
friction  acts  in  the  direction  of  the  tangent ;  and  hcriee,  in  order 
that  the  resultant  of  the  friction  and  the  force  i\'^  shall  be  uonnAl  lu 
the  surface,  the  tangential  component  of  the  latter  must,  when  tlu 
other  component  is  normal,  be  equal  and  directly  opposed  to  the 
friction. 

Take  upon  the  direction  of  the  force  N  the  distance  m  d  \Q 
represent  its  intensity,  and  form  the  rectangle  adbm,  of  which 
the  aide  mb  shall  coincide  with  the  tangent,  then,  denoting  tb« 
angle  dm  a 'by  ip,  will  the  component  of  J/  perpendicular  to  tlM  '{t 
gent  be 


n  equili* 


Uid  tlie  tViction  due  to  thii 


JF.co., 
pressure  i 
/.A^.eos 


iilar  to  tlM  ■jtM^j 
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The  component  of  N^  in  the  direction  of  the  tangent,  will  be 

i\r ,  sin  9 ; 

and  08  this  must  be  equal  to  the  friction,  we  have 

/ .  iV .  0O8  9  =  iV .  sin  9  ; (658) 

whence, 

/=  tan(p; 

that  18  to  say,  the  ratio  of  the  friction   to   the  ^pressure  on  the   trun- 
nion Je  equal  to   the   tangent  of  the  angle   which   the  direction  of  the 
resultant  N^  of  all  the  forcee  except  the  friction^  makee  with   the  nor* 
mal   to   tlie  surface   of   the   trunnion    at 
the  point  of  contact.     This  gives  an  easy 
method  of   finding    the    point    of  con- 
tact.     For  this  purpose,   we   have  but 
to  di*aw   through    the  centre   A  a  line 
A  Z,   parallel    to    the  direction    of   Nj 
and   through  A   the    line  Am,  making 
with  A  Z  an  angle  of  which    the   tan- 
gent is  /;    the  point  m,  in  which   this 
line    cuts    the    circular    section  of  the  / 

trunnion,  will  be  the  point  of  contact. 

Because  madb,  last  figure,  is  a  rectangle,  we  have 

IP  z=  IPcos'^(p  4-  i^^8in»9; 

and,  substituting  for  N^  sin'  9  its  equal  /*  If^  cos'  9,  we  have 


JV^  =  iV^co8'9  4-/*i^cos'9  =  iV2cos»9  (1  +/*); 


whence, 


iVcos  9  =  iV  X 


1 


VT+p' 


and  multiplying  both  members  by  /, 

/.  N .  00S9  =  i\r 


/ 


(659) 


but  the  first  member  is  the    total  firiction  ;   whence  we    oonclude 
that  to  find  the  friction  upon  a  ^nntan^  we  have  but  to  multiply  tk$ 
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retullant  of  the  foreet  tnhiek  act  upon  it  hg  th»  unit  of  /nethn,  jituai 
m  Table  IX,  and  divide  this  product  bjf  the  tquare  root  of  the  tquan 
of  thit  tame  vnil  inereaied  hi/  unity. 

This  friction  aaing  at  the  eitremity  of  the  radius  R  of  (he  tnui- 
tiion  and  in  the  direction  of  the  tangent,  its  moment  will  be 

/ 


N- 


V~^+p 


X  R. 


(660) 


And   the  path  described  by  the   point  of  application  of    the   friction 
being  denoted   by  R»,,  the  quantity  of  work  of  the  friction  will  be 


(MI) 


in  which  «,  denotes  the  path  described  by  a  point  at  the  unit's  dis- 
tance from  the  centre  of  the  trunnion.  Denoting,  as  in  the  case  of 
the  pivot,  the  number  of  revolutions  performed  by  the  trunnion  in 
a  unit  of  time,  say  a  minute,  by  n;  the  quantity  of  work  performed 
by  friction  in  this  timo  by  Q, ;    and  making  *  =  3,1416,  we  have 


Q.  -- 


.N. 


(662) 


When    the   trunnion    remains  Axed   and   does    not   form  part  of   the 

rotating   liody,  the    latter  will    turn   about   the   trunnion,    which   now 

becomes    an    axle,   having    the   centra  of 

motion  at  A,  the   centre    of   ihe    eye  of 

ihe  wheel ;  in  this  case,  ihe  lever  of  fric- 

lion    becomes   the  radius   of    the   eye  of 

the    wheel.      As    the    quantity   of   work 

consumed    by    fi'iction     is     the     greater. 

Equation     (66^),    in    proportion    as    this 

radius   is   greater,   and   as  the    radius   of 

the   eye   of   the  wheel  ■  must    be    greater 

than  that  of  the  axle,  the  trunnion  has  t 

«ver  the  axle. 


)  advantage,  in  thia  respeet 
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The  value  of  the  quantity  of  work  consumed  bj  friction  is  whoUj 
independent  of  the  length  of  the  trunnion  or  axle,  and  no  advantage 
is  therefore  gained  by  making  it  shorter  or  longer. 


THE   CORD. 

§  362. — The  cord  and  its  properties  have  been  considered  in  part 
at  §58.  It  is  now  proposed  to  discuss  its  action  under  the  opera* 
tion  of  forces  applied  to  it  in  any  mcmner  whatever. 

Let  the  points  A\  A*\  A*'\  be  connected  with  each  other  by 
means  of  two  perfectly  flex- 
ible and  inextensible  cords 
A'  A*\  A'' A'",  the  first 
point  being  acted  upon  by 
the  forces  P',  P",  &c. ;  the 
second  by  the  forces  Q',  Q'\ 
6ic, ;  and  the  third  by  the 
forces  5',  5",  &c. ;  and  sup- 
pose these  forces  to  be  in 
equilibrio.  Denote  the  co- 
ordinates of  A'  by  X*  y'  z\ 
^"bya?"/'z",  and^'"by 
x'"  y'"  z'".     Also,  the  alge- 

braic  sum  of  the  components  of  the  forces  acting  at  A'  in  the  direc- 
tion of  xyz,  by  X'  T  Z\  at  ^"  by  -T'  F"  Z",  and  at  A'''  by 
JT"  F'"  Z'".     Then  will,  §  101, 

X'    6x'    ^  r    6y'    +  Z'   dz'    ^ 
+  X"  ^ar"   +  F"  ^y"   +  Z"  ^r"    1=0..     .     (663) 
+  jr"^a:'"  +  Y"'dy"'  +  Z'"6z'"  J 

Denote  the  length  A'  A''  by  /,  and  A"  A'"  by  g ;   then  will 


=/-  V(^''  - ^'  )^  +  (y"  - y'  )*  +  (^"  -«')«  =  0;  \ 

^ >     .     (664) 


The   displacement   by  which  we  obtain   the   virtual   velocities  whose 
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projectioDfl  are  Sx",  iy",  St\  &c,  is  not  wholly  arbitrary^  but  Bait 
be  made  so  as  to  utisfy  the  condition 

S/=0    aad     Sff  =  0. (68S) 

DifTerentiating    Equations   (664),   and   writing    for   dx',    dy",   i^, 
Sx',  Sy',  iz',  &c.,  we  find 
{;r"  -  x-)(Sx"  -  S^')  +  (y"  -  y')(Jy"  -  iy')  +  (z"  -  ^•){Sz"  ~  Sz')  ^  ^_ 

{x-"-x"){Sx"'~Sx")+{y-"~!f")(Sy"'-Ss")  +  {'"'-0{S'"'-S'")     „ 


These  being  multiplied  respectively  by  V  and  X'",  and  added  to 
Equation  (663),  we  obtain  by  reduction,  and  by  the  principle  of 
indeterminate  co-cfHoienta,  exactly  as  in  §213, 


X'  +  X' 
r"  +  X' 
Z"  +  X' 


X' 

-X'. 

y 

-X'.' 

s 

—  X'-' 

x' 

-  x' 

/ 

y 

-y' 

/ 

=  0; 


/ 
X"'  +  X'" 


9 

9 

—  X'" .  - — ^^ 
9 

'"'  ~'"  =  Q; 
9 

y"'-y"  =  o. 

9 


(«•') 


(eos) 


Taking  from   each  group  ite  first  equation  at  d  adding,  and  doing 
e  Game  for   the  second   and   third,  we  liave 


X'  +X"  +X'"  =  0;' 

r  +  r"  +  r"  =  o 


(IN) 
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Tb&t  is,   the  conditions   of   equilibrium  of   the  forces  are,   §80,   the 
same   as  though  they  had   been   applied  to   a  single  point. 

To  find  the  position  of  the  points,  eliminate  the  factors  X'  and 
X'",  and  for  this  purpose  add  the  first,  second  and  third  equations 
of  group  (667)  to  the  corresponding  equations  of  group  (668),  and 
there  will  result 


X"  +  -r^'H-  —  (x"  -x')  =  0; 


Z"  +  Z'"  +  j{z 


-  «')  =  0. 


irom  which  we  find  by  elimination, 


r'  +  F"'  - 


Z"  +  Z'"  — 


y"  -  y' 


«"   -  X 


,  (X"  +  -3r'")  =  0  ; 


z"  -  z' 


x"  -  X 


-  (X"  +  JT")  =  0. 


(670) 


From  group  (666),  by  eliminating  X', 


r  - 


Z'  - 


y"-tf' 


x"  -  X 


,X'  =  0; 


«"  -  z' 


x"  -  X 


;jr  =  0; 


(671) 


and   finally  from   group  (668)  we  obtain,  by   eliminating  X'", 


xrff/  


Z'"  — 


a;'"  -  x" 


x'"  -  x" 


.X'"=:  0; 


.JT" 


=  0. 


•         •         • 


(672) 


Equations  (669),  (670),  (671)  and  672),  involve  all  the  conditions 
necessary  to  the  equilibrium,  and  the  last  three  groups,  in  connection 
with  group  (664),  determine  the  positions  of  the  points  A\  A'* 
and  A*'\  in  space. 


§863.— The  reactions  in  the  system   which  impose  oonditions  on 
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the  dispiacemeDt  will    be    made   known  by  Equation  (331),  irlil<^ 
because 

[i(."-y)J  +  [,*(,"-,■)]  ■''LSF^'Tj]  =  ' ' 
U(i"'-.")J  ^U(y'"-y")J     U(«"'-«")J        ' 

becomes  for  tbe  cord  A'  A",    1 

and  for  the  cord  A"  A'", 

\"'  =  N"' ; 

from  which  we  conclude,  that  X'  and  X'"  are  respectirely  the  t«n- 
■ioDB  of  the   cords  A'  A"  and  A"  A'". 

This   ia   also    manifest  from   Equations  (606)    and  (66S) ;    for,  by 
transposing,  squaring,  adding  and  redudng  by  tbe  relations. 


K 


-  «')'  +  (>"  -  ?•)■  +  ('" 


5^  =  1 


(y  -  .")■  +  (/-'  -  y")'  +  (,-  -  ,")« 


■  1. 


X'  =  yjr'^  +  y^  +  z''   =  R', 
V"  =  ^X"'  +  Y""  +  z""  =  R"; 


(»») 

acting    upon 


in  which  R'    and  R'"  are   the    resultants  of    tl 
tJie  points  A'-  and  A'"  respectively. 

Substituting   these  values  in  Equations  (666)  and  (66S),  we  have 


JT 


R'"  ff       '    R"'  g        '   R'"  ■  g        ' 

whence  the  resultants  of  the  forces  applied  at  the  pointa  A'  and  A'", 
act  in  the  directions  of  the  cords  connecting  these  points  with  the 
point  A",  and  will  be  equal  to,  indeed  determine  the  tenuona  i£ 
these  cords. 


'  • 
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§364. — From  Equations  (660),   we  have  by  transposition, 

Squaring,   adding  and  denoting  the  resultant  of   the  forces  applied 
at  A*'  by  R\  we  have 

R'  =  Vl^"  +  ^y  +  kX"'  +  Y'f  +  (Z'"  +  Z'f  .  .  (674) 
and   diriding  each  of  the  above  equations  by  this  one 


EL 
R' 

TL 
R' 

Z" 
R' 


X'"  +  X'  /] 

J2" 

9 

T"'  + 

T 

R" 

f       * 

Z'"  + 

Z' 

R" 

(676) 


whence,  Equation  (674),  the  resultaiit  of  the  forces  applied  at  A"  is 
equal  and  immediately  opposed  to  the  resultant  of  all  the  forces 
applied  both  at  A'  and  A'^' 

If,  therefore,  from  the  point 
A",  distances  A^'m  and  A"n 
be  taken  proportional  to  R'  and 
/2'"  respectively,  and  a  paral- 
lelogram ^"  m  Cn  be  constructed, 
A''  C  will  represent  the  value  of 
R\  If  A' A'' A'''  be  a  contin- 
uous cord,  and  the  point  A'' 
capable  of  sliding  thereon,  the 
tension  of  the  cord  would  be 
the  same  throughout,  in  which 
case  /2'  would  be  equal  to  R''\ 
and  the  direction'  of  R"  would 
bisect  the  angle  A'  A"  A'". 

The   same   result  is  shown  lif 

instead  of   making  Sf=0  and 

i  ff  sz  0    separately,    we    make 

28 
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i  if  \-  S)  =  0,    multiply   b;  a    singla     iadetermiasts    quuilitj  li, 
Mid  proceed   as  before. 

g  ses. — Had  there  been  four 
poiDls,  A',  A",  A"'  and  ^'', 
connected  bj  the  oame  means, 
the  general  equation  of  equili- 
brium would  become,  by  call- 
ing A  the  distance  between  tbe 
points,  A'"  and  A", 

X'ix'  +  X"Sx"  +  ^"Sx"'  +  jr"5t" 
+  riy'+  y"Sy"  +  r"'Sy"'  +  Y^-Sy" 
+  Z'  St'  +  Z"S  t"  +  Z'"  5  «'"  +  2''  S  e<' 
+  \'  S/  +  X"Sff    +  \"'ih 

and    from  which,  by  substituting    the  values  of  S/,  S  g    and  J  A,  th* 
fbllcwing  equations  will  result,  viz. : 


{67() 


^  -  X' .  —j-^  =  0, 

r     x'.»"-!''_o, 
E-      v.''-/     0, 

y  +  x 

""-•■   ,„  '■■'- 

-  =  o. 

/     ^     J 

I"'+  X 

y"-y'     ,„  /"-! 

-  =  o, 

■     /                   y 

Z"  +  x 

«"  -  •'     ,„  '"'  - 

^  =  0, 

/J 

JT"  +  X" 

•"■-'"     ,,„'"-'"•     „ 

s                    '• 

r"  +  X" 

»■"  -  y"     ^,„  y"  -  y-     „ 

y                    *       -»■ 

E"'  +  X" 

■•"'"'"-V"-— ^— ..0. 

(671) 


(eJ8) 
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^T  +  V" r- =  0, 


yir  _  y'f 


z«^  +  X 


/// 


A 


k  •  •  •  • 


=  0, 


(679) 


Eliminating  the  indeterminate  quantities  X(  X''  and  X'",  we  obtain 
nght  equations,  from  which,  and  the  three  equations  of  conditions 
expressive  of  the  lengths  of  ^  y,  and  A,  the  position  of  the  points  A\ 
A'\  -4'",  and  A^"  may  be  determined. 

If  there  be  n  points,  connected  in  the  same  way  and  acted  upon 
by  any  forces,  the  law  which  is  manifest  in  the  formation  of  Equa- 
ion&  (676),  (677),  (678),  and  (679),  plainly  indicates  the  following 
I  equations  of  equilibrium : 


X'  ■ 

-X'. 

T  - 

-X'. 

^  =  0. 

»        • 

•         • 

Z'  ■ 

-X'. 

*"  -  ''  -  0 

/    -  'J 

x" 

-a?' 

,.r    *'"-*" 

=  0, 

/ 

9 

Y"  +  X' .  ^ 

/ 

X"  .  ^           ^     = 

=  0,   . 

-i' 

=  0, 

£t       -f-   A    • 

/ 

^ 

X"'  +  X" . 

-  x'* 
9 

■        v„    «--«'" 

=  0. 

^ 

^             A 

T"'  +  X"  .  ^ 

-y" 

9 

=  0, 

► 

Z'"  +  X"  . 

-  z" 
9 

•     • 

-X'".'      / 

=  0, 

•       • 

• 

(680) 


(^•n) 


(682) 
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7^' 

,     -                «.-,     -    »,_.            .                «.-«.-! 

-.    IX.-,             4                *^-'  ■  .      / 

r.  +  x..,.!irJi=i  =  o, 

■'  =  0,  y  {mi 


(«8<) 


Iti   wfiich  X,  with  its  parUoular    aocent,  denotes  the  tension  of  tbt 
oord  into  t^  difference  of   whose  extreme  coordinates  it  is  multi- 
Adding  blether  the  equations  containing  the  components  of  the 
forces  parallel  to  the  same  axis,  there  will  result 


X'  +  X"  +  X"'  +  JP' 
3"  +  r"  +  T"'  +  r*' 
Z'  +  Z"  +  Z'"  +  Z" 


0,-1 


y.  =  0, 
Z.  =0, 


(665) 


from   which  we    infer,  that    the    conditions  of    equilibrium  are  thi 
same  as  though  the  farces  were  all  applied  to  a  ^ngle  point. 

From   group  (680),  we   find   hj  transposing,  squaring,  adding  sod 
extracting  square   root, 


^X'^  +  !"»  +  Z"  =  X'  =  ^' 

and  dividing  each  of  the  equations  found  after  transposing  in  group 
(680)  by  this  on;, 

£;  _  «"-«' 
«-       f        ' 

T-  y" - y' . 
If-     f     ' 

£  _  «"-  "^ 
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Treating   the   equations  of   group   (684)   in    the    same   way,  we 
have 


X. 


/ 


whence,  the  resultants 

of  the  forces  applied 

to  the  extreme  points 

A'  and  ^. ,  act  in  the 

direction  of  the  extreme  cords.     And  from  Equations  (685)  it  appears 

that  the  resultant  of  these  two  resultants  is  equal  and  contrary  to 

that  of  all  the  forces  applied  to  the  other  points. 


§366.— If  the  extreme  points  be  fixed,  X\  T\  Z'  and  JT,,  F,,  Z.i 
will  be  the  components  of  the  resistances  of  these  points  in  the 
directions  of  the  axes ;  these  resistances  will  be  equal  to  the  ten- 
sions X'  and  X.  of  the  cords  which  terminate  in  them.  Taking  the 
sum  of  the  equations  in  groups  (680)  to  (684),  stopping  at  the  point 
whose  co-ordinates  are  a;»_«,  y»-^,  2»-^,  we  have 


JT  +  SJT  — 


T  +  SF  — 


Z'  +  1Z  -^ 


x^^  —  X, 


-1' 


/. 


/. 


-1 


-I 


=  0; 


=  0; 


=  0; 


►  •         • 


(686) 


hi  which  2  X,  2  F,  2  Z,  denote  the  algebraic  sums  of  the  components 
in  the  directions  of  the  axes  of  the  active  forces;  X,»._,^ thetension 
on  the  side  of  which  the  extreme  co-ordinates  are  :r.^,  y».H»9  '•-«} 
and  g,  ,  I )  y»-^».n  'a-^-ii  ^^^  '»-•  ^®  length  of  this  side. 


§869. — ^NoWy  aoppose  the    length  of   the    sides   diminished    and 


43S 
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tbeir   number   increased    indafinitaly ;    tha   pojjrgon  will    beoonN  ■ 
curve }   ftlso,  msluDg  K^__,=f,  we   h&re 

**--  —  ».-— I  =  *!', 

y^-  -  y.— I  =  rfyi 


c 


=  <'*. 


(  being  any  lengUi  of  the   curve ;  and  Equati 
X"  +  2X-  '-^  =  0 

r  +  ir-/-^  =  0 

Z'  +  2Z- 1.^  =  0 


ions  (686)  beooma 


(MI) 


which  wi]l  give  the  curved  locus  of  a  rope  or  chain,  fastened  it 
its  ends,  and  acted  upon  by  any  forces  whatever,  as  iu  own  weight, 
the  weight  of  other  raaterials,  the  pressure  of  winds,  curreDts  of 
water,  &c.,  Ate. 

This  arrangement  of  several  points,  connected  by  means  of  flexi- 
ble cords,  and  subjected  to  the  action  of  forces,  u  called-  a  Fuiu- 
tular  Macliine. 

§368, — If  the  only  forces  acting  be  pressure  from  weights,  we 
have,  by  taking   the   axis   of  z  vertical, 

X"  =  X'"  =  X'&c.  =  0;     r"  =;  r"'&c  =0; 
and   from   Equations  (6B0)  to  (684), 


/ 


•  K-, 


whence,  the  tensions  on  all  the  cords,  estimated  in  a  lioritoal^ 
direction,  are  equal  to  one  another.  Moreover,  we  obtain  from  ths 
iame  equations,    by  division, 

y"  -  s'  _  y'"  -  y"  _ y-  -  y^-i. 

x"  —  r        *"'  —  x"  M,  —  ii;_i 
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lliese  are  the  tangents  of  the  angles  which  the  projections  of  the 
sides  on  the  plane  xy  make  with  the  axis  x.  The  polygon  is 
therefore  contained  in  a  vertical  plane.  ' 


THE  OATENASY. 


§369. — If  a  single  rope  or  chain  cable  be  taken,  and  subjected 
only  to  the  action  of  its  own  weight,  it  will  assume  a  curvilinear 
shape  called  the  Catenary  curve.  It  will  lie  in  a  vertical  plane. 
Take  the  axes  z  and  x  in  this  plane,  and  z  positive  upwards,  then 
will 

in   which   W  denotes  the  weight  of  the   cable,  and    Equations  (687). 
become 


dx 

dz 
de 


(688) 


% 


These  are  the  differential  equations  of  the  curve.  The  origin 
may  be  taken  at  any  point. 
Let  it  be  at  the  bottom  point 
of  the  curve.  The  curve 
being  at  rest,  will  not  be 
disturbed  by  taking  any  one 
of  its  points  fixed  at  pleas- 
ure. Suppose  the  lowest 
point  for  a  moment  to  be- 
come  fixed.      As   the   curve 

is  here  horizontal,  Z'  =  0,  §  366,  and  from  the  second  of  Equations 
(688),  we  have 


(689) 


whence,  the  vertical  component  of  the  tension  at  any  point  as  0  of 
the  curve,  is  equal  to  the  weight  of  that  part  of  the  cable  between 
this  point  and  the  lowest  point    The  first  of  Equations  (688)  shows 


uo 
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that  Uie  faorizoatdl  iwmponent  ''f  the  tension  at  0  is  equal  to  tba 
tension  at  the  lowest  poiDt,  as  it  should  be,  since  the  horizontal 
tensions   are  equal  throughout. 

Taking  the  unit  of  length  of  the  cable  to  give  a  unit  of  weight, 
which  would  give  tHe  common  catenarjr,  we  have  W  =  t;  and,  de- 
noting   the   tension  at  the  lowest  point  by  <;,  we  hare 


and  from  Equation  ( 


d.  =  =f- 


»-di 


Tukinf];   the   positive    sign,   because    z   and   (   increase    together,    inte- 
grating,   and    finding    the    constant    of    integration    such    that   when 


i  +  c 


whence, 


«»  =  z"  +  Sci. 
Also,  dividing  the  first  of  Equations  (688)  by  Equation  (689), 
dx  _    e_  _  e 

and   integrating,  and   taking   the   constant  such   that  x  and   s  v 
a:  =  c  ■  log 


^  +  c  +  -y/g'  +  2c 


(690) 


uliitrh   is   the    equation  of  the  catenary. 

This   equation   may  be  put    under    another   form. 
write    itie  above. 


Cf  =t  +  C  +  y/(%  +  C)  »  . 

[Imposing  £  +  c  and   squaring. 


■  +  «  =  *«  r +<"•)• 


(Ml) 


■i 
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Also^ 

and  by  substitution, 

«  =  i  c .  (e^  —  e" •). (692) 

§370. — If  the  length  of  the  portion  of  the  cable  which  gives  a 
unit  of  weight  were  to  vary,  the  variation  might  be  made  such  as 
to  cause  the  area  of  the  cross  section  to  be  proportional  to  the 
tension  at  the  point  where  the  section  is  made.  The  general  Equa- 
tions (688)  will   give   the   solution   for   every  possible  case. 


FBICnON   BETWEEN   CORDS   AND   CYLINDRICAL   SOLIDS. 


§  371. — When  a  cord  is  wrapped  around  a  solid  cylinder,  and 
motion  is  communicated  by  applying  the  power  F  at  one  end 
^  while  a  resistance  W  acts  at  the  other,  a  pressure  is  exerted  by 
the  cord  upon  the  cylinder ;  this  pressure  produces  friction,  and  this 
acts  as  a  resistance.  To  estimate  its  amount,  denote  the  radius 
of  the  cylinder  by  i?,  the  arc  of  contact  by  »,  the  tension  of  the 
cord   at   any  point  by  t. 

The  tension  t  being  the  same 
throughout  the  length  ds  =  a  t^ 
of  the  cord,  this  element  will  be 
pressed  against  the  cylinder  by 
two  forces  each  equal  to  /,  and 
applied  at  its  extremities  a  and  /^ , 
the  first  acting  from  ^  a  towards 
IF,  the  second  from  t^  towards  b\ 
Denoting  by  6  the  angle  abt^, 
and  by  p  the  resultant  6  m  of 
these  forces,  which  is  obviously 
the   pressure  ofds  against  the  cylinder,  we  have.  Equation  (56), 

p  =  -/^  -f  ^  -f  2t.:^3i  =  t  i/2(l  +  cos 6) ; 
bat 


1  +  eum6  sz2  oos*  1 6  ; 
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and   tokiog  the  arc  ior    ita    nne,   because  n-  —  0  »  reij  lunail,  wt 

huTO 


aad  hence,  §366,  the  friction  oadi  wilt  be 

/.,=/., 4'. 

The  element  1,1,  of  the  cord  which  next  suooeeda  af,,  will  ban 
its  tension  increased  by  this  friction  before  the  latter  can  be  ore^ 
eome ;  this  friction  is  therefore  the  diflerential  of  the  tension,  being 
the  difference  of  the  tensions  of  two  cooaecutire  elements ;  wheoce, 

.«=/-'-^*; 

dividing  by    t  and  int^rating, 

log*  =/.-!  + log  C, 
or, 

t  -  Ce*' (693) 

making  *  ;=  0,  we   have  t  ^  W  =  C;  whence, 

t=W-t'^; (694) 

and  making  i  =  S=a  1,1,1,,  we  have  t  =  F;  and 

F=We'^ (695) 

Suppose,  for  example,  the  cord  to  be  wound  around  the  cylinder 
three  times,  and  f=.\;  then  will 

S=  3*.3-fl  =  6. 3,1416. ii  =  18,849  j;, 


and 


:  W  X  (2,71825) 


F=  W.  535,3; 
that   is  to  say,   one   man    at  the   end    W  could  resist   the    combined 
"lorl  oi  53S   inen,  of  the  same  strength  as  himseIC  to  pnt  the  ooid 
rtion  when   wound  ttiiee  vinw»  lottiii  ft*  cffna^. 


APPLtOATIONS. 
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THE   INCLINED   PLANE. 

§  372. — The  inclined  plane  is  used  to  support,  in  part,  the  weight 
of  a   body  while   at  rest  or  in  motion  upon  its  surface. 

Suppose  a  body  to  rest  with  one  of  its  faces  on  an  inclined  plane 
of  which  the  Equation  is 

L  =  coaax  +  co8by  +  coBCZ^d=^0;    •    •    •    •   (a) 

in  which  d  denotes  the  distance  of  the  plane  from  the  origin  of  co- 
ordinates, and  a,  b,  c,  the  angles  which  a  normal  to  the  plane  makes 
with  the   axes  or,  y,  z,  respectively. 

Denote  the  weight  of  the  body  by  W;  the  power  by  F;  the  nor- 
mal pressure  by  N;  the  angles  which  the  power  makes  with  the 
axes  x,  yy  z,  by  a^,  jS^,  ^^,  respectively;  and  the  path  described  by 
the  point  of  application  of  the  resultant  friction  by  s.  Then,  taking 
the  axis  z  vertical  and  positive  upwards,  and  supposing  the  force  to 
produce   a  uniform  motion  of  simple  translation,  will,  Eq.  (645), 


+  (FcoBfi,+fN'^)8y 


ds 
dz 


+  (fcos/,  +/iV"|^-Tr)  Bz 


=  0; 


W 


and.   Equation  (a), 

cos  a^a;+  cos 5^^  +  cosc^2;=:  0 

Multiplying    this    last    by  X,    adding  and  proceeding  as  in  §  213, 

_  dx 

jPcosa,  +  f  N  -^ hXcosa=0, 

P  cosiS,  + /iV  j^  +  X  cos  6  =  0, 

Fcony,  +/JV  T^  +  Xcosc-Tr=0; 

a  s 

and,  Eq.  (331), 


ic) 


^=V(^^)"Hlf)^(^)'-- 


('O 


Subttituting  the  valie  of  X  in  Equations  (c),  the  finft  two  give  by 
tliminating  N,  v 
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eiid   the  firet  and  third,  by  elimisatii^  If, 

If  there   be   no  friction,  then  will  f  =  0,  and,  Eq.  (e). 


U) 


-  1  : 


whence,  Eqs.  (45)  and  (a),  the  powei  must  be   appLed   in   s  flaue 
normal   both  to   the   inclined   plane  and   to  the   horizon. 

If  without  disregarding  friction,  the  power  be  applied  in  a  pUoe 
fullilling  the  above  condition,  and  also  con- 
taining the  centre  of  gravity,  the  resultant 
iiiction  may  tc  regarded  as  acting  in  this 
plane,  and  we  may  take  it  as  the  co- 
ordiuate   plane  z  x,    in   which   case 


Mb  =  0;  C09/3  =  0;  - 


=  0; 


and   denoting  the    inclination   of  the   plane   to   the   horizon  by   a, 
that  of  the  power   to  the  inclined   plane  by  9  ; 


«r,-7-~"*"'7;.  = 


which,  in  Eq.  {g),  give 


Kisi 


\-  coBa, Sinn  =  ; 


<-/~«-) 


V  (a— a^):^Binf ; 
M(a-nJ  =  coi?: 


COB  9  -t-  /Bin  9 
This  supposes  mo^on  to  take  place  tip  the  plane ;    if  the    power  /* 
be  just  sufficient  to   permit  the  body  to  move  uniformly  dotm  the 
plane,  then  will  /  change  its  sign,  and  we  shall  have 

_  ir(sina  -/coaa) 
~       cos  ^>  —/sin  p  ' 

And   the   power   may  vary  between    the   limits  givoi  bj  UteM  tin 
n/aes  witiioiit  moving  the  W&y. 


(6S7) 
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§  873.  If  the  power  be  zero,  or  F  =  0,  then  will 

sina— /cosa  =  0, 


or 


tan  a  =/ 
which  is  the  angle  of  fHction,  §  355. 

§  3  74. — If  the   power  act  parallel   to  the  plane,  then  will  9  =  0, 

and 

jPsz  ir(8ina  =fc/co8a) (698) 

the  upper  sign  answering  to  the  case  of  motion  up,  and  the  lower* 
down  the  plane;   the  difference  of  the  two  values  being 

2/ IT  cos  a. 
If  /  =  0,  then  wiU 

F        .  BC 

tliat  is,  the  power  is  to  the  weight  as  the  height  of  the  plane  is  to 
its  length;    and  there   will  be  a  gain  of  power. 

§  375. — If  the  power  be  applied  horizontally,  then  will  9  be  nega- 
tive and  equal  to  a,  and  we  have,  hy  including  the  motion   in  both 

directions, 

^^iy(sin«±/oosa) 

cos  a  :j:/sm  a    '  ^       ' 

the  difference  of  the  limiting  values  being 

COS*  a  —  /•  sin'  a* 

If  the  friction  be  xero,  or  /  =  0,  then  will 

F       ^  BC 

-  =  tan«  =  ^ 

That   is,  the  power  will   be  to   the  resistance   as  the  height  of  the 
plane  is  to  its  base;   and  there  may  be  gain  or  loss  of  power. 

§376. — To  find  under  what  angle  the  power  will  act  to  greatest 
advantage,  make  the  denominator  in  Equation  (696)  a  maximunu 
for  this  purpose,  we  have,  by  differentiating, 

.4..:iX.  r  V '  ^  t  *  —  sin  9  +  /eos  9  =  0  J 
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That 

tion. 


tan  9  =/ 
,  the  angle  should   be   positive,  iind  equal  to  that  or  tbe  lTi» 


—If  the  power  act  parallel  to  any  inclined  surface  to  mots 
n  body  up,  iho  ekmeniary  quantity  of  work  of  the  power  and  reti'it- 


ances  will  give  the  relation,  Equat 
Fdt  =  WdsKa 
But,   denoting    the    whole    hurt- 

lonta!  distance  passed  over  by 
I  ^=  A  C,  und  the  vertical  height 
by  A  =  fl  C,  we  have 


m  (698), 
+  W/diaasa. 


dt.B\ 

ds.a 


=  dh, 
=  dl'. 


M  C 


whence,  Bubstituting,  and  integrating,  and  supposing  the  body  to  b« 
started  from  rust  and  brouglit  to  rest  again,  in  whicb  case  the  work 
of  inertia    will    balance  itself,  we  have 

Fi  =  Wh  +/.W  .1, (700) 

in  which  there  is  no  trace  of  the  path  actually  passed  over  by  the 
body.  The  work  is  that  required  to  raise  the  body  through  a  Ter- 
tical  height  Ji  C,  and  to  overcome  the  friction  due  to  its  weight  ovtf 
a  horizontal    distance    A  C. 

Tlie  resultant  of  the  weight  and  the  power  must  intersect 'UM 
inclined  plane  within  the  polygon,  formed  by  joining  the  pointB  I 
contact  of  the  body,  else  the  body  will  roll,  and  not  alide. 

THE    USVEO, 

§378.— Tbe  Leoer  is  a  solid 
bar  A  B,  of  any  form,  supported 
by  a  fixed  point  0,  about  which 
it  may  freely  turn,  called  the  /ut 
erum.  Sometimes  it  is  supported 
upon     trunnions,    and    frequently 
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Levers  have 
'be«n  divided  into  three  diflereot 
classes,  called  orders. 

In  levers  of  the  firsl  order,  the 
power  /*  and  resistance  Q  are 
uppliod  on  opposite  sidea  of  the 
fiilcrum  0;  in  levers  of  the  Mcond 
«rd»r,  the  resistance  Q  is  applied 
lo  some  point  between  the  ful- 
crum 0  and  the  point  of  appli- 
cation of  the  power  F;  und  in 
the  third  order  of  levers,  the 
power  F  is  applied  between  the 
fulcrum  0  and  point  of  applioa' 
tion  of  the  resistance  Q. 

The  common  shears  furnishes 
an  exHmple  of  a  pair  of  levers 
of  the  (irst  order;  the  nut-crackers 
of  the  second  ;  and  fire-tongs  of 
the  third.  In  all  orders,  the  con- 
itions    of    e<^uilibrium    are     the 

These  divbions  ara  wholly  ar- 
bitrary, being  founded  in  no  dif- 
ference of  principle.  The  relation 
of  the  power  to  the  resistances, 
is  the  same   in  all. 

Let  A  B  he  A  lever  supported 
upon  u  trunnion  At  0,  and  acted 
upon  by  the  power  P  and  resist- 
ance Q,  applied  in  a  plane  per- 
peudiculur  to  the  axis  of  the  trun- 
nion. Draw  from  the  axis  of  the 
trunnion,  the  lever  arnia  On  nnd 
Ont,  being  the  perpendicular  dis- 
tiocos  of  ihe  power  and  rcsistunce 
^^K     ^^4    *?■■    <^    motion,    a,ai 
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denote  them  respectively  hy  ^  and  I,;  ako  denote  the  resultuit  <f 
P  and  Q  by  J^,  the  radius  of  the  tninoion  by  r,  the  eo-effident  of 
friction  by  /,  and  the  urc  described  at  the  unit's  distance  from  Us 
axis  by  $,, 
Then, 


in  which  4  is  the  angle  of  inclination  AC B  of  the  power  to  tk 
retiacance.  Then,  supposing  the  lever  to  have  attained  a  uniform 
motion,  will,  Equations  (6*5)  and  (661), 

P.l,.d,,^Q.l,.dt,--^I^+  C'  +  2-PCco»*- -^^^^^  =  0.(701) 

Omitting  the  common  factor  dt,,  and  making 


we  have, 


P~mQ-  v'^+  e»+2Pe.coBS  ■/'»  = 
Transposing,  squaring,  and  solving,  with  respect  to  i',  v 


p=<i- 


"I  +/'n  (/»«..<  ±  vT+ameo.1  +  ...'  -/'■, 


If  the  fraction  n  be  so  small  as  to  justify  the  omission  of  evei^ 
term  into  which  it  enters  as  a  factor,  or  if  the  co-efiicient  of  friction 
be  sensibly  zero,  then  would 


I. 


e " 


(703) 


That  19,  the  power   and  the  resistance  are  to  each  other  inversely  ai 
the  lengths  of  their  respective  lever  arms. 

If  the  power  or  the  resiatance,  or  both,  be  applied  in  a  plant 
oblique  to  the  axis  of  the  trunnion,  each  oblique  action  must  be 
replaced  by  its  components,  one  of  which  is  perpendicular,  and  the 
other  parallel  to  the  axis  of  the  trunnion.  Hie  perpendieular  coto- 
poDtfQta  muit  be  treated  as  above.    The  parallel  ooroponent*  will,  IT 
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the  friction  arising  from  the  resultant  of  the  normal  components  be 
not  too  great,  give  motion  to  the  whole  body  of  the  lever  along  the 
trunnion  ;  and  if  this  be  prevented  by  a  shoulder,  the  friction  upon 
this  shoulder  becomes  an  additional  resistance,  whose  elementary 
quantity  of  work  may  be  computed  by  means  of  Eq.  (657)  and  made 
another  term  in  Equation  (701). 


WHEEL   AND   AXLE. 

§379. — This  machine  consists  of  a  wheel  mounted  upon  an  arbor, 
supported  at  either  end  by  a  trun- 
nion resting  in  a  box  or  trunnion 
bed.  The  plane  of  the  wheel  is  at 
right  angles  to  the  arbor ;  the  pow- 
er P  is  applied  to  a  rope  wound 
round  the  wheel,  the  resistance  to 
another  rope  wound  in  the  opposite 
direction  about  the  arbor,  and  both 
act  in  planes  at  right  angles  to  the 
axis  of  motion.  Let  us  suppose  the 
arbor  to  be  horizontal  and  the  re- 
sistance §  to  be  a  weight. 

Make 
N  and  iV'  =  pressures  upon  the  trunnion  boxes  at  A  and  B ; 
R  =  radius  of  the  wheel ; 
r  =  radius  of  the  arbor ; 
p  and  p'  =  radii  of  the  trunnions  at  A  and  B ; 

/'  =  -J= 

Si  =  arc   described    at    unit's  distance   from  axis  of  motion 
Then,  the  system  being  retained  by  a  fixed  axis,  we  have 

PSp    =Z    PRdSy) 

Q  8  q  =:  Q  r  dsi. 
The  elementary  work  of  the  friction  will,  Eq.  (661),  be 

29 
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and    the    elementary    work    of    the    Btjffness  of    cordage,    EquMina 

(ec2), 

I  2  J.  It 

and  when  the  machine  is  moving  uniformly, 

J>Bdi,-Qrd,,-f{:^f+y'f')ds,~d,-^^^.r-d  1,^0;  ■{104) 

The  pressures  JV  and  X'  arise  from  the  action  of  the  power  P.  the 
weight  of  the  machine,  and  the  reaction  of  the  resistance  Q,  in- 
creased by  the  stifihess  of  cordage.  To  find  their  vulues,  resolve 
each  of  these  forces  into  two  parallel  components  acting  in  planes 
which  oi'o  perpendicular  to  the  axis  of  the  arbor  at  tho  trunnion 
beds ;  then  resolve  each  of  these  components  which  are  oblique  to 
the  components  of  Q  into  two  others,  one  parallel  and  the  other 
perpendicular  to  the  direction  of  Q. 
Make 

w  =  weight  of  the  wheel  and  axle, 

tf   =  the  distance  of  its  centre  of  gravity  from  A, 

p    =  the   distance  m  A, 

q   =  the   distance   n  A, 

I    =  length   of  the   arbor  A  B, 

f   =  the   angle   whii^h   the   direction   of  P  makes   with   the   vertical 

or  direction    of   the  resistance    Q. 
Then   the  force   applied   in    the   plane  perpendicular    to    the   trunDiui 
A,  and  acting  parallel  to  the  resistance  Q,  will,  §  95,  be, 

^      -r  V       t      ^  I 

and  the  force  applied  in  this  plane  and  acting  at  right  angle*  to  lb* 
direction  of  Q,  will  be 

The  vertical  force  applied  it  the  plane  at  £  will  be 


•  cos  9 ; 


APPL1CAT10H3. 
■nd  th«  hdmonUl  force  ia  this  pl&ne  will  be 


If=j.-^[w{{-g)+Q(l^q)+P[l-p)<iosvV+I»{l-p)^.am'^;  ■  (70fi) 

ir=  J  ■■/[^.ff+  <i.q  +  P.p.iM»fy  +  J».p^.s\n:'<p  ;  •  ■  (706) 

If  *  and  i'  be  the  angles  whicli  the  directions  of  JV  and  A™  make 
with  that  of  the  resistance  Q,  we  have 

sm  i  =  —y—^-'  ■  sin  9  ;     sin  j'  =  ^  .  wn  9. 

Equations  (704),  (705),  and  (706)  are  sufficient  to  determine  the  rela- 
tion between  P  and  Q  to  preserve  the  motion  uniform,  or  an  equili- 
brium without  the  aid  of  inertia.  The  values  of  If  and  N"  being 
substituted  in  Equation  (704),  and  that  equation  solved  with  refer- 
ence to  P,  will  give  the  relation  in  question. 

§  380.— If  the  power  P  act  in  the  direction  of  the  resistance  Q, 
then  will  cos  9  =  1,  sin  9  =  0,  and  Equation  (704)  would,  after 
substituting  the  corresponding  values  of  If  and  If,  transposing, 
omitting  the   common   factor  di,,  and   supposing  f  =  f\  become 


PB==  Qr +/'f{w+  Q  +  P)  +  dr^-:tL9,.r...  (707) 

And  omitting  the  terms  involving  the  friction  and  stiffness  of 
cordage, 

^  -  1, 

that  is,  the  power  is  to  the  resistance  as  the  radius  of  tlie  arbor 
Is  to  that  of  the  wheel ;  which  relation  ia  exactly  the  same  u 
tliat  of  the  common  lever. 


WaSD  PULLXT. 

§361.--The  pulley  is  k  nnall  wheel  havbg  a  groove  in  its  <ar- 
eamferenoe  for  tlie  reception  of  a  rope,   to  one  end  of  which  the 
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power  P  is  Applied,  and  to  the  other  the  resistance  Q,    The  puUtf 
maf  turn  either  upon  trunnions  or  Aoout  an  axle,  eupported  in  vhit 


is  called  a  block.  This  is  usually  ft  solid  piece  of  wood,  through 
which  is  cut  an  opening  large  enough  to  receive  the  pulley,  and 
allow  it  to  turn  freely  between  its  cheeks.  Sometimes  the  block  is 
a  simple  framework  of  metal.  When  the  block  is  stationary,  the 
pulley  is  said  to  be  fixtd.  The  principle  of  this  machine  is  obti- 
ously  the  same   as  that  of  the  wheel  and  axle. 

The  friction  between  the  rope  and  pulley  will  be  sufficient  to 
give  the    latter   motion. 

Making,  in  Equations  (705)  and  (706), 

9  -i=^f  =  \K 


N  =\  •!/("'+  g  +  /'cosq))»  +  ^ain»9  =  S'  •  -  {T08) 

Making  S  =  r,  and  p  =  p',  in    Equation    (704),  and   eubstitutipg 
(lie  above  values  of  ^  and  J^,  we  have,  after  omitting  the  commoa 

lactor  d  »i. 


PR-  QS-ffVi^+Q+Peosvy+P'sm'f^  d,  ■  ^^^.£=0.  .{7M) 
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Solving  this  equation  with  respect  to  P,  we  find  the  value  of 
the  latter  in  terms  of  the  difierent  sources  of  resistance.  But  this 
direct  process  would  be  tedious ;  and  it  will  be  sufficient  in  all 
cases  of  practice  to  employ  an  approximate  value  for  P  under  the 
radical,  obtained  by  tirst  neglecting  the  terms  involving  friction  and 
stiffness  of  cordage. 

Thus,  dividing  by  R  and   transposing,  we  find 

P^Q+f-^  V^(io  4-  e  +  Pco89)^  +  />2.sin2y  +  ^^'^2"/^' 


p 
Now  /'  •  -5-   is   usually  a   small  fraction ;   an   erroneous   value  as- 

sumed  for  P  under  the  radical,  will  involve  but  a  trifling  error  in 
he  result.  We  may  therefore  write  Q  for  P  in  the  second  mcm- 
oer ;  and  neglecting  the  weight  of  the  pulley,  which  is  always  in- 
significant in   comparison  to   Q^  we   have 


P=Q\\  +/-fl/2(H-cos(p)]  +  d,.^^^  ;  . .  (710) 


but 


1  +  cos  9  =  2  cos^  ^  (p  ; 


whence, 


P  = 


C(l+2/'i.cosi9)4-rf,.^-^  .     .     .     .     (711) 


B 


2i2 


In  which  9  denotes  the  angle  A  M  B^  which 
is  the  supplement  of  the  angle  A  C  B,  and  de- 
noting this  latter  angle  by  &,  we  have 


whence 


cos  I  9  =  sin  ^  4 , 


P=Q{l+2f^sin\»)  +  d,^^ 


(712) 


If  the  arc   of    the   pulley,   enveloped    by   the  :-ope,   be    180**,   then 
will 


/>=C(l  +  2/'.^)  +  *.^^i^.    . 


•    • 


(718) 
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[f  the  friclJon  snd  stiffiiess  of  xirdage  be  so  small  m  to  jtntJfy  iheii 
omission,  then  will 

^liat  is,  the  power  must   be  equal  to  the  resistance,  and   the  only 
office  of  the  cord  or  rope  is  to  change  the  direction  of  the  power. 


V 


HOTABLS    PULLET. 

§  882,— In  the  fixed  pulley,  the  resultant  action  of  the  power  and 
resistance  is  thrown  upon  the  trunnion  boxes.  If  one  end  of  the 
rope  be  attached  to  a  fised  hook  A, 
while  the  power  P  is  opplied  to  the 
other,  and  the  pulley  ia  left  free  to  roll 
along  the  rope,  the  resistance  [F  to  be 
overcome  may  ba  connected  with  its 
truniiioD,  after  the  manner  of  the  figure; 
the  pulley  is  then  said  to  be  movahU, 
and  the  relation  between  the  power  and 
resistance  ia  still  given  by  Eq,  (704,) 
in  which  the  principal  resistance  be- 
comes N  +  ^\  ind  the  tension  of  the 
rope  between  the  fixed  point  A,  and  the 
tangential  point  H,  becomes  Q, 

Making  in  Equation  (704),^  =  r,  p  =  p',  ond  ir  =  Ji^+ A''=2A', 

PR-QR-f'fW^d,.^^^-R  =  (i    ....     (714) 
dividing  by  R,  and  transposing 

p=Q+r-L.w+d,.^^ (»w) 

Eliminating  Q  by  means  of  Equation  (708),  and  solving  the  resulting 
equation  with  respect  to  P,  the  value  of  the  power  will  be  known 
in  terms  of  the  resistances.  The  process  may  be  much  abridged  by 
limiting  the  solution  to  an  approximation,  which  will  he  found  mS- 
(rient  in  practice. 
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Neglecting  the  weight  of  the  pulley,  which  is  alwajs  insignificant 
In  comparison  with  P  or  Q,  and  making  Q  =  P,  which  would  be  the 
case  if  we  neglect  friction  and  stiffness  of  cordage,  Equation  (708), 
gives 


Ii==iW=^Q  V'^Cl  +  coe^); 


and  because 


1  4-  cos  9  =  2  cos'  ^9  =  2  sin'  ^  tf, 
IT  =  2  C  .  sin  i  a  ; 


or. 


C  =  s-I7 


W 


2  sin  ^  a  ' 


rhich,  in  Equation  (715),  gives 


^=^(2-^n+-^'-i)  +  '' 


ir+  I 


w 


2  sin  i  4 


2JS 


•     ('!«) 


The   quantity   of   work    is   found   by   multiplying    both  members  by 
Rsxt  in  which  «,  is  the  arc  described  at  the  unit's  distance. 

If  the   arc   enveloped   by  the  rope   be   180®,  then  will  J^  =  00**, 
sin  ^  a  =  1,  and 

If  the   friction    and   stiffness  of   cordage    be  neglected,   then   will, 
Equation  (716), 

fT  =  2  P  sin  i  a, 

and  multiplying  by  i2, 

RW  =  P  ,^R  .^\xi\t\ 
but 

2i?8in|a  ^  AB\ 
whence, 

R,  Tr=  P  .  AB\ 

that  is,  the  power  u  to  the  resi$tance  <u  the 
radius  of  the  pulley  ie  to  the  chord  of  the  arc 
enveloped  by  the  rope. 


456 
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§  383. — Tho  Mu^  ia    a    collection    of   puUejB    in    two    sepuitt 
blocks  or  frames.      One  of  these  blocks  is  attached  to  a  fixed  poii^ 
A,  by  which   all   of  its   pulleys  become  fixtd, 
wliilc  the  other  block  is  attached  to  the  resist- 
ance   W,   and    its    pulleys    thereby  made  mov- 
aUe.     A  rope  is  attached  at  one  end  to  a  hook 
A  at   the   extremity  of  the  fixed    block,  and  is 
passed    around    one   of   the     movable    pulleys, 
then  about  one  of  the  fixed  pulleys,  and  so  ,on, 
in  order,  till  the  rope  is  made  to  act  upon  each 
pulley   of   the   combination.      The    power  P  is 
applied  to  the  other  end  of  the  rope,  and  the 
pulleys  are   so   proportioned    that   the  parts  of 
the    rope    between    them,  when  stretched,  are 
parallel.     Now,  suppose  the  power  P  to  main- 
tain in    uniform    motion    the   point  of   applica- 
tion of  tho   resistance    W;    denote    the   tension 
of   the    rope    between    the    hook   of  the    fixed 
block   and   the   point  where    it   comes    in    con- 
tact with  the  first    movable    pulley  by  (, ;    the 
radius  of  this   pulley  by  fi, ;    that  of   its   eye  , 
by  r, ;    the   co-efficient  of   friction   on   the   axle 
by  /;  the  constant  and   co-efficieiit  of  the   stiff- 
ness of  cordage  by  A'  and  /,  as  before ;  then,  denoting  the  tension  ol 
ihe  rope    between  tho  last  point  of   contact  with    the  first   movable, 
and  first  point  of  contact  with  the  first  fixed  pulley,  by  (,,  the  quan- 
tity  of  work  of  the  tension  (,  will.  Equation  (652),  be 


A 


(j  R^  t,  =  t^  /?,  »i  +  </,  - 


H-f'i 


-'i!,.,+/'(l,  +  yr,,,, 


«,+/'('.  +  '.)'.•    .      "9) 


APPLICATIONb. 


457 


Again,  denoting  the  tension  of  that  part  of  the  rope  which  passes 
from  the  first  fixed  to  the  second  movable  pulley  by  ^,  the  radius 
of  the  first  fixed  pulley  by  i2, ,  and  that  of  its  eye  by  r, ,  we  shall, 
in  like  manner,  have 


t,R,  =  UR,  +  d,  ^^p  R,  +/'  (<,  +  h)  r,. 


.     (719) 


And  denoting  the  tensions,  in  order,  by  ^4  and  /^,  this  last  being 
equal   to  P,  we  shall  have 

t,Ii,  =  t,B^  +  d,^^^.Ii,+/'{t,  +  t,)r,.     .     (720) 

SO  that  we  finally  Arrive  at  the  power  P,  through  the  tensions  which 
are  as  yet  unknown.  The  parts  of  the  rope  being  parallel,  and  the 
resistance  W  being  supported  by  their  tensions,  the-  latter  may  ob- 
viously be  regarded  as  equal  in  intensity  to  the  components  of  W\ 
hence, 

ix  +  t,+  t^-^U=W',     .     .     .     .     .      (722) 

which,  with  the  preceding,  gives  us  five  equations  for  the  determi- 
nation of  the  four  tensions  and  power  P,  This  would  involve  a 
tedious  process  of  elimination,  which  may  be  avoided  by  contenting 
ourselves  with  an  approximation  which  is  foucx},  in  practice,  to  be 
sufficiently  accurate. 

If  the  friction  and  stiffness   be  supposed   zero,    for   the   moment, 
Equations  (718)  to  (721)  become 

^4  A  =  4  A  > 
PB,  =  t,R,; 

from  which  it  is  apparent, . dividing  out  the  radii  B^^  R^^  R^^  ^n^. 
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that  I,  =  t,,   tt  =  It,   ft  =  tt,   P  =  /.;  and  henoe,  Equadou  (13!) 
becomeB 

41,  =  W; 
whence, 

'■  =  ^' 

the  denominator  4  being  the  whole  number  of  pulleys,   movable  and 
fixed.     Ilud  there  been  n  pulleys,  then  would 


With  this  approximate  value  of  (, ,  we  resort  to  Equations  (TlS) 
to  (721),  and  lind  the  values  of  (,,  ^,  <,,  &c.  Adding  all  these 
tensions  together,  we  shall  find  their  sum  to  be  greater  than  W, 
and  hence  wo  infer  each  of  them  to  be  too  large.  If  we  uow 
suppose  the  true  tensions  to  be  proportional  to  those  just  found, 
and  whose  sum  is  W,  >  W,  we  may  find,  the  true  tension  corre- 
sponding to  any  erroneous  tension,  as   (|,  by  the  following   propor. 

or,  which  is  the  same  thing,  multiply  each  of  the  tensions  found  by 
the  constant  ratio  -^t  the  product  will  be  the  true  tensions,  very 
nearly.  The  value  of  H,  thus  found,  substituted  in  Equation  (721), 
will   give   that  of  P. 

ExampU. — Let  the  radii  iZ,,  R,,  R^  and  Bt,  be  respectively 
0,2G,  0,39,  0,52,  0,65  feet ;  the  radii  r,  =  r,  =  r,  =  r,  of  the 
eyes  =  0,00  feet;  the  diameter  of  the  rope,  which  is  white  and 
dry,  0,79  inches,  of  which  the  constant  and  co.elScient  of  rigidity 
are,  respectively,  K  =  1,6007  and  /=  0,0310501 ;  and  suppose  the 
pulley  of  brass,  and  its  axle  of  wrought  iron,  of  which  the  co-ellicient 
/  =  0,09,  and    the   resistance    W  a  weight  of  2400  pounds. 

Without  friction    and  stiffness  of  cordage, 

,,=?^  =  600?- 
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Dividing  Equation  (718)  by  Bi,  it  becomes,  since  c?^  =  1, 

Substituting  the  value  of  i?, ,  and  the  above  value  of  ti ,  and  regard- 
ng   in   the  last  term    ^  as   equal   to  ^i,  "which  we  may  do,  because 

of  the  small  co-efficient  -^  /',  we  find 


«,=  ^ 


+ 


600 


1,6097  -f  0,0319501  x  600 


2  X  (0,26) 


.  =  628,39. 


+  ^^  X  0,09  X  (600  +  600) 


L      0,26 

Again,  dividing   Equation   (719)    by  i^,  and   substituting   this   value 

of  /,  and  that  of  ^,  we  find 

lb*. 
/,  =^  673,59. 

Dividing  Equation  (720)  by  i?,,  and  substituting  this  value  i^f  ^,  as 
well  as   that  of  i2,,  there  will   result 


lb*. 
U  =  709,82 ; 


whence, 


H^l    =    «1    +    ^   +    /,    +    ^4    =    ^ 


^       600       ^ 
+  628,39 


+  673,59 
+  709,82 


^  =  2611Si^ 


and 


W^  __      2400 
Trj  ""   2011,80 


=  0,919 ; 


which  will  give  for  the   true   values  of 

/,  =  0,919  X  600 
^  =  0,919  X  628,39  r 
^  =  0,919  X  673,59  - 
^4  =  0,919  X  709,82 


551,400 
=  577,490 
:  619,029 
:  652,324 

2400,243 
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The  above  value  for  f,  =  652,324,  in  Equation  (721),  will  give,  ■ 
dividing  by  Rf,  and  substituting  its  numerical  value, 


J'  = 


652,324 

1,6097  +  0-03195  X  652,324 


.  0,06 


C  0,65 

I-  j^'  X  0,09  X  (652,324  +  P)  ; 

tnd  making  in  tlie  last  factor  /*  =  C,  =  652,324,  we  find 

P  =  652,324  +  17,270  +  10,831  =  CSO^S. 

Thus,  without  friction  or  stiffnesa  of  cordage,  the  intensity  of  P  would 
be  COO  lbs. ;  with  both  of  these  causes  of  resistance,  which  cannot  be 
avoided  in  practice,  it  becomes  680,425  lbs.,  making  a  difference  of 
60,425  lbs.,  or  nearly  one-seventh ;  and  as  the  quantity  of  work  of 
the  power  is  proportional  to  its  intensity,  we  see  that  to  overcome 
friction  and  stiffness  of  rope,  in  the  example  before  us,  the  motor 
must  c^ipend  nearly  a  seventh  more  work  ihan  if  these  sources  of 
i  did  not  exist. 


THE    WEDGE. 

§  384. — The  wedge  is  usually  employed  in  the  operatic: 
ting,  splitting,  or  separating.  It  consists 
of  an  acute  right  triangular  prism  AS  C. 
The  acute  dihedral  angle  A  Cb  is  called 
the  idgt  \  the  opposite  plane  face  A  h 
the  hack;  and  the  planes  Ac  and  Ch, 
which  terminate  in  the  edge,  the  factt. 
The  more  common  application  of  the 
wedge  consists  in  driving  it,  by  a  blow 
upon  its  back,  into  any  substance  which 
we  wish  to  split  or  divide  into  parts,  in 
such  manner  that  afler  each  advance  it 
shall  be  supported  against  the  faces  of 
the   opening    till    the   work   in  accomplished. 
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I  the  opening  a  A  &,  and  i 


§  385.— The  blow  by  which  the  wedge  is  driven  forwjrd  will  be 
supposed  pcrpunJicular  to  its  back,  for  if  it  were  ubliquc,  it  would 
only  tend  to  impart  a  rotary  motion,  and  give  rise  to  com  plications 
which  it  would  be  unprofitable  to  consider :  and  to  make  the  case 
conform  still  further  to  practice,  we  will  suppose  the  wedge  to  be 
isosceles. 

The  wedge  A  C  B  being  mserted  i 
tact  with  its  jaws  at  o  and  £,  wi.  know 
that  the  resistance  of  the  latter  will 
be  perpendicular  to  the  faces  of  the 
wedge,  llirough  the  points  a  and  b 
draw  the  lines  aq  and  hp  normil  to 
the  faces  A  C  and  B  C ;  from  their 
point  of  intersection  0  lay  off  the 
distances  Oq  and  Op  equul,  respec- 
tively, to  the  resistances  at  u  and  b 
Denote  the  first  by  Q,  and  the  second 
by  P.  Completing  the  parolklognm 
Oqmp,  Om  will  represent  the  re- 
sultant of  the  resistances  Q  and  F. 
Denote  this  resultant  by  S',  and  the 
angle  A  C  J!  of  the  wedge  by  A,  which, 
in    the    (juadri lateral   aObC,    will   be 

equal  to  the  supplement  of  the  angle  a  0  b  =z  p  Oq,  the  angle  made 
by  the  directions  of  Q  and  P.  From  the  parallelogr.im  cf  forces, 
we  have, 

ii"=:P^+Q'  +  2PgeospOg  =  P^+  Q^  ~  2P  Q  i:3i  i; 


R  =  v-0«  +  Q*-2P  Qooai. 

The  resistance  Q  will  produce  a  friction  on  the  face  A  C  equal 
to  /Q,  and  the  resistance  P  will  produce  on  the  face  B  C  the  frio> 
tion  f  P:  these  act  in  the  directions  of  the  faces  of  the  wedge. 
Produee  them  till  they  meet  in  C,  and  lay  off  the  distances  Cq'  and 
Qp'  to  tepnsent  their  intensities,   and   complete   the  parallelogram 
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Cq'  O'p';  CO"  wili  represent  ihe  resultant  of  the  frictionH.     P<iMt 
this  \ty  Ji",  and  we  have,  from  the  parallelogram  of  forces, 

_H"2  =  ft  Q>  +  p  pi  +  2/*  PQ  coat; 


R"  =/v'/^+  ^  +  iPQ  cost. 

The  wedgo  being  isosceles,  the  resisUnces  P  and  Q  will  be  equl, 
their  dirtictions  being  normal  to  the  faces  will  intersect  on  the  line 
C.D,  which  bisects  the  angle  C  ^  i,  and  their  resultaot  will  coin- 
ciJo  with  this  line.  In  lilie  manner  the  frictions  will  be  equal,  u^ 
tbeir  resul(ant-will  coincide  with  the  same  line.  Making  Q  and  P 
equal,  we  have,  from  the  above  equations, 


R'  =     P  ^2(1  -cos*), 


S"  =  fP^2{i  +  coa*). 


1  - 

coal 

=  2  .in'  i  1, 

1  + 

C084 

=  2cos'^*; 

obtain, 

by  substituting  and  reducing, 

S'   = 

tP. 

sin  1  <, 

«"  = 

V- 

/>.».i», 

mi. 

'  =  ! 

A  B 

CO.J 

*  = 

CD  , 

A  C  ' 

IV  = 

p- 

AB 

A  C 

Denote  by  F  the   intensity  of  the  blow  on    the    back  of  tie  wodge. 
If  this  blow  be  just  sufficient  to  produce  an  equililn-inm  bopderii^ 
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on  motion  forward,  call  it  F* ;  the  friction  will  oppose  it,  and  we 
must  havQ 

^'  =  2J'+J?"  =  P.^+2/.P.^^.    ...    (723) 

If,  on  the  contrary,  the  blow  be  just  sufficient  tc  prever.t  the  wedge 
from  flying  back,  call  it  F'* ;  the  friction  will  aid  it,  and  we  must 
have, 

The  wedge  will  not  move  under  the  action  of  any  force  whose  inten- 
sity is  between  F*  and  F*\  Any  force  less  than  ^",  will  allow  it 
to  fly  back ;  any  force  greater  than  F\  will  drive  it  forward.  Tlie 
range  through  which  the  force  may  vary  without  producing  motion, 
is  obviously, 

^'--F"  =  4/P.^ (725) 

which  becomes  greater  and  greater,  in  proportion  as  Ci>  and  A  C 
become  more  nearly  equal ;  that  is  to  say,  in  proportion  as  the 
wedges  becomes  more  and  more  acute. 

The  ordinary  mode  of  employing  the  wedge  requires  that  it  shall 
retain  of  itself  whatever  position  it  may  be  driven  to.  This  makes 
it  necessary  that  F*'  should  be  zero  or  negative,  Eq.  ('724),  whence 

^   AB        .,  ^„     CD  ^AB    ^^,„     CD 

^   AC        ^  AC  A  G   ^     -^  AC' 

or,  omitting  the  common  factors  and  dividing  both  members  of  the 
equation   and  inequality  by  2  C  D, 

lAB       ^  lAB  ^  ^ 

^=-^'     ^'        CD<'^^' 

but     ^  is   the  tangent  of  the  angle  A  C  D ;  henc6  we  conclude, 

that  the  wedge  will  retain  its  place  when  its  semi-angle  does'  not 
exceed  that  whose  tangent  is  the  co-eflicient  of  fricticn  between  the 
surfiioe  of  the  wedge  and  jthe  surface  of  the  opening  which  it  i^ 
intended  to  enlarge. 
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Resuming  Eq.  (724),  wid  supposing  the  last  term  of  the  second 
menilier  greater  than  the  first  term,  F"  becomes  negative,  and  will 
represent  the  intensity  of  the  force  necessary  to  withdraw  the  wedge; 
w-hich  will  obviously  be  the  greatest  possible  when  ^1  B  is  the  least 
possible.  This  explaiDS  why  it  is  that  nails  retain  with  such  perti 
nacity  their  places  when  driven  into  wood,  &c. 


THE  BCREW. 


§  386. — The  Screw,  regarded  as  &  mechanical  power,  is  a  device  by 
which  the  principles  of  the  inclined  plane  are  so  applied  as  to  pro- 
duuc  considerable  pressures  with  great  steadiness  and  regularity  of 
motion. 

To  form  an  idea  of  the  figure  of  a  screw  ond  its  mode  of  action, 
conceive  a  right  cylinder,  a  k,  with  circular  base,  and  a  rccL-ingle,  or 
other  plane  figure,  abem,  having  one  of  its  sides 
ab  coincident  with  a  surface  element,  whiie  its 
plane  passes  through  the  axis  of  this  cylinder. 
Next,  suppose  the  plane  of  the  generatrix  to 
rotate  uniformly  about  the  asis,  and  the  gener- 
atrix itself  to  move  also  unifijrmly  in  the  direc- 
tion of  that  line ;  and  let  this  twofold  motion 
of  rotation  and  of  translation  be  so  regulated, 
that  in  one  entire  revolution  of  the  plane,  the 
generatrix    shall    progress    in    the   direction    of 

the  axis  ovi-r  a  distance  greater  than  the  side  a  b,  which  is  in  tlic 
surface  of  the  cylinder.  The  generatrix  will  thus  generate  a  pre 
jecting  and  winding   solid   called    a  _fi!ltt,  leaving  between    its   turns 


a  groove   called    the   channel.      Each    po 

of    the  generatrix,    will    generate   a   curv 

obvious,   fi-om   what   has   been   said,    that 

property,  viz. :  any  one  of  its  points  as 

of  reference,  as  well    for   the  curve   itself 

plane  through  this  point  and  at  right  angjes  to  the  axi?,  the 

if  m',  d"  m",  ii<L,  of  the  several    points  of  the  helix  from   this 


;  as  ni  in  the  perimeter 
called  a  helir,  and  it  is 
s-ery  helix  will  enjoy  this 
being  taken  as  an  origin 
.3   fur    its   projection  on  a 
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are  rca|>ective1y  proportioned  to  the  circular  arcs  tn  d',  m  d",  &c., 
into  which  the  portions  mm\  mm",  inc.,  of  the  helix,  between  thi; 
origin   and    these    points,    are   projected. 

The  solid  cylinder  about  which  the  fillet  is  wound,  is  called 
the  nettrl  of  the  screw;  the  distance  mm'",  between  the  cotisecu- 
tivi  turns  of  the  same  helix,  estimated  in  the  direction  of  the  axis, 
is  called   the   helical   interval. 

The  fillet  is  often  generated  by  the  motion  of  a  triangle  with 
one  of  its  sidea  coincident  with  a  it ;  and  aa  the  discussion  will  be 
more  general  by  considering  this  mode  of  generation,  we  shall  adopt 
it.  The  surfaces  of  the  fillet,  which  are  generated  by  the  inclined 
fiices  of  the  triangle,  are  each  made  up  of  an  infinite  number  of 
helices,  all  of  which  have  the  same  interval,  though  the  helices 
themselves  are  at  different  distances  from  the  axis,  and  have  different 
inclinations  to   that  line. 

The   inclination  of  the  different  helices   t«   the  axis   of  the   screw, 
increases    from    the    newel     to    the    exterior    surface   of    the    fillet, 
the     same     helix     preserving     its 
inclination    unchanged    throughout, 
"Die  Bcrp.w  is  received  into  a   hole 


Jolid 


of  metal  ■ 


wood,  called  a  nui  or  burr.  The 
surface  of  the  hole  through  the 
nut  is  furnished  with  a  winding 
fillet  of  the  same  shape  and  size 
as  the  channel  of  the  screw,  so 
that  the  surfaces  of  the  screw  and 
nut  are  brought  into  accurate  con- 
tact 

From  this  arrangement  it  ia 
obvious  that  when  the  nut  is  sta- 
tionary, and  a  rotary  motion  is 
communicated  to  the  screw,  the 
latter  will  move  in  the  direction 
of  ita  axis ;  also,  when  the  screw 
turned,  the  nut  must  also  move  in 
90 


I  stationary  and  the  nnt   b 
B  direction  of  tlie  axia,     bi 
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the  firat  case,  oDe  entire  revolution  of  the  screw  will  cany  it  loO' 
gitudinally  through  a  dislanco  equal  to  the  helical  ioterval,  and  onj 
fractional  portion  of  an  entire  revolution  will  carry  it  through  a  pro- 
portional  -diatance ;  the  aame  of  the  nut,  when  the  latter  is  mova- 
ble and  the  screw  stationary.  The  resistance  $  is  applied  either  to 
the  head  of  the  screw,  or  to  the  nut,  depending  upon  which  is  the 
movable  element ;  in  either  case  it  acts  in  the  direction  i>  C  of 
the  axis.  The  power  P  is  applied  at  the  extremity  of  a  bar  GH 
connected  with  the  screw  or  nut,  and  acts  in  a  plane  at  right 
angles  to   the   axis   of  the   screw. 

From   the   description    of  the   screw  and    its  mode   of  fteneration, 
we   may  find    the   equation   of  its    tillct  or   hclicoidal    sur&ce.      For 
this  purpose,  take  the  axis  z  to  coincide  with  the  axis  of  the  newel, 
and   the    initial   position  of  the  generatrix  in   the  plane  yz.     Mnke 
»  ^  any    definite   portion    C  C 

of  an  assumed  helix; 
If  =:  [he   angle    Y  A  (,    through 

which    the    rotating    plane 

has  turned  during  the  gene- 
ration of  »; 
T  =  the   distance    CD    of    this 

hi'lix  from    the  axis  t ; 
<c  =  the   angle  which  this   helix 

makes  with  the  plane  ly; 
e  =  the  angle  CBD  which  the 

generatrix  of  the  hclicoidal 

surface     makes     with     the 

y  i=  the  co-ordinate  AB  of  the 

point  in  which  the  genera- 
trix, in  its  initial   ponitiun,  intersects   the  axis  r. 
Then,  for  any  pointy  as  C  of  the  generatrix  in  its  init4al  position, 

z=,AI>  =  AS-i-BD  =  y  +  r.  cotan  S, 


uid    for  any  subsequent  position,  as  CB 
t  =  f  +  r.  cotan  S  +  r 


(»•) 
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which  is  the  equation  sought,  and  in  which  a  and  r  are  «sonstant 
for   the  same  helix,  and  variable  from  one  helix   to  another 

The  power   P  acts  in   a   direction    perpendicilar    to   the   axis  of 
the  newel.     Denote   by  /  its  lever  arm ;  its  virtual  moment  will  be 

Pld(p. 

The  resistance  Q  acts  in  the  direction  of  the  axis  of  the  newel ; 
its   virtual   moment  will   be 

Qdz. 

The  friction  acts  in  the  direction  of  the  helicoidal  surfiice  and  paral- 
lel to  the  helices.  Conceive  it  to  be  concentrated  upon  a  mean 
helix,  of  which  the  distance  from  the  newel  axis  is  r,  and  length  s: 
denote  the  normal  pressure  by  N^  and  co-efficient  of  friction  by  / 
The  virtual  moment  of  friction  will  be 

f.N.ds', 
and  Equation  (645), 

Pld(p  —  Qdz -f.N.ds  =  0 (727) 

But  the  displacement  must  satisfy  Equation  (726),  or,  as  in  §  213, 
the  condition, 

Z  =  «  —  r.^.tana  —  r.  cotan  §  —  y  =  0 ;       .     (728) 

and  also, 

r  =  constant. (729) 

Differentiating,  we  have, 

dz  —  cotan  Q  ,  dr  —  r  tan  a  cf  9  =  0, 

dr  =  0. 

Multiplying  the  first  by  X,  the  second  by  X',  adding  to  Equation 
(727),  and  eliminating  d  s  hy  the  relation 

ds  =  r  .  d^  ,  cos  a  -{- dz  ,  sma,    .     .     .     ,     (730) 
we  find, 
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and,  from  the  principle  of  indeterminate  co-efScients, 

PI —/.^.oosa.  .r —  X.tana.r  =  Q;     .     .     [ISl] 

^+/if.Bin«-X  =  0; (73:') 

X'  —  X  coUn  e  =  0 (732)' 

The   variables   d  z,  d  r,  anird^,  are    rectangular;    whence,    Equation 
(831), 


Substituting  this  in  E^iuations  (731)  and  (~3'2),  and  eliminating  i, 
there  will  result 


1  — /.  sino  .  y/1  +  tau'  o  +  cotan*? 

Substituting    the    value   of  X    from    Equation    (732),  in    Equatiot 
(732)',  we  find. 


1  —  / .  sin  a  yT+^tan' a  4- colon'' e  ' 
in  which  X'  is,  1 217,  the  value    of  the    force    acting    in    the  directiM 


-If  the  fillet    be   rccUngular,  S  =  00°,  cotan  S  =  0,  and 

r    tan  a  +/.cn3  a  .  y/T- 


1  — /.  sin  a.  VT+  taii»«  ' 


*nd 


§  388. — If  we  neglect  the  friction,  /"  :=  0  ;  and 
PI  =  C  ■'■-  t*n  a, 
multiplying  both  members  by  2*', 

P.3*/=§.2*r.t«no (738) 

That   is,  Me  powtr  it  to  lit  reiitlanct  as   Oie  helical  inltrval  it  ft 
lAe  eireum/ertnet  deicribtd  by  the  end  of  the  lever  arm  of  the  potter. 
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§  389. — Adj"  irmchine  used  for  raising  liquids  from  one  level 
U>  a  higher,  in  which  the  agency  of  atmospheric  pressure  is  employed, 
is  called  a  Pump.  There  are  various  kinds  of  pumps  ;  the  more 
common  are  the  tacking,  forcing,  and  llfiing  pumps. 

§390, — The  Sueking-Pump  consists  of  a  cylindrical  body  or  barrel 
B,  from  the  lower  end  of  which  a  tube  D,  called  the  sucking-pipe, 
descends  into  the  wat«r  contained  in  a  reservoir  or  well.  In  the 
interior  of  the  barrel  is  a  movable  pJstAn  C,  surrounded  with  leather 
to  make  it  water-tight,  yet  ca- 
pable of  moving  up  and  down 
freely.  The  piston  is  perforated 
in  the  direction  of  the  borfr  of 
the  barrel,  and  the  orifice  is 
covered  by  a  valve  F  called 
the  piMton-valve,  which  opcuK  up- 
ward ;  a  similar  valve  E,  called 
the  tUeping-valve,  at  the  bottom 
of  the  barrel,  covers  the  upper 
end  of  the  sucking-pipe.  Above 
the  highest  point  ever  occupied 
by  the  piston,  a  discharge-pipe 
P  is  inserted  into  the  barrel ; 
the  piston  is  worked  by  means 
of  a  lever  H,  or  other  contriv- 
auce,  attached   to  the  piston-rod 

O.  The  distance  A  A',  between  the  highest  and  lowest  points  of  tho 
piston,  is  called  the  play.  To  explain  the  action  of  this  pump,  let 
the  piston  be  at  its  lowest  point  A,  the  valves  £  and  F  closed  by 
their  own  weight,  and  the  air  within  the  pump  of  the  same  density 
■nd  elastio  force  as  that  on  the  exterior.  The  water  of  the  reservoir 
will  stand  at  the  same  level  L  L  both  within  and  without  the 
■odung-pipe.  Now  suppose  the  piston  raised  to  its  highest  point  A\ 
the   sir  .ooatahwd   in   the   barrel    and    aucking-pipe  will    tend   by  ttn 
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tlustic  foi'uc  lu  occupy  (he  space  which  the  piston  leaves  roii],  the 
valve  E  will,  therefore,  be  forced  open,  and  air  will  pass  Irom  the 
pipe  to  the  barrel,  its  elasticity  diminishing  in  proportion  as  it  fills 
a  larger  space.  It  will,  thercHire,  exert  a  less  pressure  on  the 
water  below  it  in  the  sucking-pipe  than  the  exterior  air  does  on  thai 
in  the  reservoir,  and  the  excess  of  pressure  on  the  part  of  the 
exterior  air,  will  force  the  water  up  the  pipe  till  the  weight  of  the 
suspended  column,  increased  by  the  elastic  force  of  the  internal  «r, 
becomes  equal  to  the  pressure  of  the  exterior  air.  When  this  takes 
place,  the  valve  S  will  close  of  its  own  weight;  and  if  the  piston 
be  depressed,  the  air  contained  between  it  and  this  valve,  having 
its  density  augmented  as  the  piston  is  lowered,  will  at  length  have 
its  elasticity  greater  than  that  of  the  exterior  air;  this  excess  of 
elasticity  will  force  open  the  valve  F,  and  air  enough  will  escape 
to  reduce  what  is  left  to  the  same  density  aa  that  of  the  exterior 
air.  The  valve  F  will  then  fall  of  its  own  weight;  and  if  the 
piston  be  again  elevated,  the  water  will  rise  still  higher,  for  the 
same  reason  as  before.  This  operatinn  of  raising  and  depressing 
the  piston  being  repeated  a  few  times,  the  water  will  at  length  cntei 
the  barrel,  through  the  valve  F,  and  be  delivered  fri)ni  the  dis- 
chai^e-pipe  P.  'ITie  valves  E  and  F,  closing  after  the  water  has 
passed  them,  the  latter  is  prevented  from  returning,  and  a  cylinder 
iif  water  eqnal  to  that  through  which  the  piston  is  raised,  will,  at 
eiu'h  upward  motion,  be  forced  out,  provided  the  discharge- pipe  is 
large  enough.  As  the  ascent  of  the  water  to  the  piston  is  pro- 
duced by  llic  difference  of  pressure  of  ihe  internal  and  external  air, 
it  is  plain  tliat  the  lowest  point  to  which  the  piston  may  reach, 
should  never  have  a  greater  altitude  above  the  water  in  the  rescr 
voir  tlian  that  of  the  column  of  this  fluid  which  the  atmospheric 
pressure    may    support,    ir    vacuo,   at   the    place. 

§391. — It  will  rcidily  appear  th.it  the  rise  of  water,  during 
each  ascent  of  the  piston  after  the  first,  depends' upon  the  expulsion 
wf  air  through  the  piston-valve  in  its  previous  descent.  But  air  can 
only  issue  through  this  valve  when  the  air  belon  it  has  a  greater 
densitv   and  therefore   greater   elasticity    thar.    the   externa]   air ;   ud 


APPLICATIONS. 


471 


<-r 


if  the  piston  may  not  descend  low  enough,  fur  want  of  sufficient 
play,  to  produce  this  degree  of  compression,  the  water  roust  cease 
Uy  rise,  and  the  working  of  the  piston  can  have  no  other  effect  than 
alternately  to  compress  and  dilate  the  same 
air  between  it  and  the  surface  of  the  water. 
To  ascertain,  therefore,  the  relation  which  the 
play  of  the  piston  should  bear  to  the  other 
dimensions,  in  order  to  make  the  pump  effec- 
tive, suppose  the  water  to  have  reached  a  sta- 
tionary level  X,  at  some  one  ascent  of  the 
piston  to  its  highest  point  A\  and  that,  in  its 
subsequent  descent,  the  piston-valve  will  not 
open,  but  the  air  below  it  will  be  compressed 
only  to  the  same  density  with  the  external  air 
when  the  piston  reaches  its  lowest  point  A, 
The  piston  may  be  worked  up  and  down  in- 
definitely, within  these  limits  for  the  play, 
without   moving   the  water.      Denote   the  play 

of  the  piston  by  a ;  the  greatest  height  to  which  the  piston  may  be 
raised  above  the  level  of  the  water  in  the  reservoir,  by  b,  which  niay 
also  be  regarded  as  the  altitude  of  the  discharge  pipe ;  the  elevation 
of  the  point  X,  at  which  the  water  stops,  above  the  water  in  the 
reservoir,  by  x ;  the  cross-section  of  the  interior  of  the  barrel  by  B. 
The  volume  of  the  air  between  the  level  X  and  A  will  be 


(rrr 


B  X  (b  —  X  —  a)', 

the  volume  of  this  same  air,  when  the  piston  is  raised  tc  A\  pro- 
vided the  water   does  not   move,  will   be 

B{b  -^  x). 

Represent  by  h  the  greatest  height  to  which  water  may  be  supported 
in  vacuo  at  the  place.  The  weight  of  the  column  of  water  which 
thb  elastic  force  of  the  air,  when  occupying  the  space  between  the 
limits  X  and  A,  will  support  in  a  tube,  with  a  bore  equal  to  that 
of  the  barrel    is  measureii  by 

Bh.ff.Di 
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in  which  D  ia  the  density  of  the  water,  and  y  the  fcrce  of  gnTity. 
Tho  weight  of  the  column  which  the  elastic  force  of  th^J  same  ur 
will    support,  when    expanded  between   the   limits  X  and  A',  will  be 

Bh'.g.D; 
in  which  h'  denotes   the   height  of  this  new  columa.     But,  fr^  m  M*> 
riotte's    law,  we  have 

B{h  -  X  -  a)  :  B{b  -  x)  ::  Bh'gD  :  Bhg  D; 


But  there  is  an  equilibrium  between  the  pressure  of  the  extenuJ. 
air  and  that  of  the  rarefied  air  between  tho  limits  X  and  .-1',  when 
tho  latter  is  increased  by  the  weiglit  of  the  column  of  water  whose 
altitude  is  x.     Whence,  omitting  the  commun  factors  B,  D  and  y, 

X  +  h'  =  z  Jr  k-  ^  --■':^«  _  }^ . 


,  clearing   the  fraction  and   solving   the   equation  in   reference  t 

I  r>nd 


I  =:  i  6  ±  i  ^b-'  -  iah. (73-) 

When  X  has  a  real  value,  the  water  will  cease  to  rise,  but  * 
will  be  real  as  long  as  b-  is  greater  than  4  a  A.  If,  ou  the  con- 
trary, Auk  is  greater  than  i*,  the  value  of  x  will  be  imiiginury,  and 
the  water  cannot  cease  to  rise,  and  the  pump  will  always  be  efTective 
whrn   its   dimensions   satisfy  this  condition,  viz. ; — 


that  is  to  say.  Me  play  of  the  piston  mvit  be  preater  than  Ike  iquan 
of  tilt  altitude  of  ike  upper  limit  of  the  play  of  the  piiton  abort 
the  Murface  of  the  iealer  in  Ike  reservoir,  diviiUil  by  four  timti  the 
height  to  wkitk  tht  almotplierie  presturt  at  i/ie  place,  whtr*  Ike  ptmp 
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u  usedy  will  support  water  in  vacuo.  This  last  height  is  easily  found 
by  means  of  the  barometep.  We  have  but  to  notice  the  altitude 
of  the  barometer  at  the  place,  and  multiply  its  column,  reduced  to 
feet,  by  13J,  this  being  the  specific  gravity  of  mercury  referred  to 
water  as  a  standard,  and  the  product  will  give  the  value  of  k  in 
f«*et. 

Example, — Required  the  least  play  of  the  piston  in  a  sucking- 
pump  intended  to  raise  water  through  a  height  of  13  feet,  at  a 
place  where   the   barometer  stands   at  28   inches. 


Here 


Barometer, 


b  =  13,    and     6»  =  169. 


tn. 


28 
12 

=  2,333  feet. 

h  = 

2,333 

X  13,5  = 

31,5  teet. 

=  a> 

&2 

4A  "" 

169 

=  1,341  +  ; 

4  X  31,5 

Plav 


that   is,  the   play  of  the   piston   must  be  greater   than   one  and   on 
third  of  a   foot. 

§  392. — The  quantity  of  work  performed  by 
the  motor  during  the  delivery  of  water  through 
the  discharge-pipe,  is  easily  computed.  Sup- 
pose the  piston  to  have  any  position,  as  Af, 
and  to  be  moving  upward,  the  water  being 
at  the  level  ZZ  in  the  reservoir,  and  at  P 
in  the  pump.  The  pressure  upon  the  upper 
surface  of  the  piston  will  be  equal  to  the 
entire  atmospheric  pressure  denoted  by  A, 
increased  by  the  weight  of  the  column  of 
water  MP\  whose  height  is  c\  and  whose 
base  is  the  area  B  of  the  piston  ;  that  is,  the 
pressure  upon   the   top  of  the  piston  will  be 

A  +  Bc'gD, 

In  which  g  and  D  a'^e  the  force  of  gravity  and  density  of  the  water, 
rttpeotively      Again,  the  pressure  upon    the    undci    surface  of  the 


J 

/ 

^ 

= 

^ 

= 

1 

"=; 

Wr'fi 

-  -  — — • 



e 

—.-: 

X  JV 

X, 
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piston  is  equal  to  tbe  atmospheric  pressure  A,  transmitted  through 
the  water  in  the  reservoir  and  up  the  suspended  column,  diminished 
by  the  weight  of  the  column  of  water  JVJf  below  the  piston,  and 
jf  which  the  base  is  B  and  altitude  e ;  that  is,  the  pressure  from 
below  will  be 

A  -  BcgD, 
and   the   difference  of  these  pressures  will    be 

A  +  Bc'gD  -  (^  -  BcgD)  =  BgB{c  +  c')  ; 
but,  employing  the   notation   of  the   sucking-pump  just  described, 

<•  +  c'  =  6 ; 
whence,  the  foregoing   expression    becomes 


which  is  obviously  the  weight  of  a  column  of  the  fluid  whose  base 
is  the  area  of  the  piston  and  altitude  the  height  of  the  discharge-pipe 
above  the  level  of  the  water  in  the  reservoir.  And  adding  to  this 
the  effort  necessary  to  overcome  the  fiiction  of  the  parts  of  the  pump 
when  in  motion,  denoted  by  ip,  we  shall  have  the  resistance  which  the 
force  F,  applied  to  the  piston-rod,  must  overcome  to  produce  any 
useful  effect ;  that  is, 

F  =  BhgD  +  ip. 
Denote  the  play  of  the  piston  by  p,  and  the  number  of  its  double 
strokes,   from    the  beginning  of  the   flow  through   the  discharge-pipe 
till   any  quantity  Q  is  delivered,  by  n;  the  quantity  of  work  will,  by 
omitting  the  effort  necessary  to  depress  the  piston,  be 

Fnp  =  np{Bb  .gD  ■{■  if\; 
or  estimating  the  volume  in  cubic  feet,  in  which  case  p  and   S  muse 
be  expressed  in  linear  feet  and  B  in  square  feet,  and  substituting  for 
g  D  its  value  62,5  pounds,  we  finally  have  for  the  quantity  of  work 
necessary  to  deliver  a  number  of  cubic  feet  of  water  Q  =  Bnp, 

Fap  =  npia2,5.Bb  +  If,];      ....     (738) 
in    which  9    must    be  expressed    in    pounds,  and    may  be  deteriiuiied 
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eiliior  t>y  cxpeiiracnl  in   cnch  purticulur   pump,  or   computed   by  tba  J 
nilc«  already  giv«i). 

It  is  npparurit  that  t)ic  ucii'iii  \ff  the  suck  ill  g-jiump  mu^t  tie  very  I 

irregular,   and  tlmt  it  is  only  Junug  ihc  ascent  uf  the  piston  tliat  ill 

I  producer  any  uscrul  effect;  during  the  descent  of  the  pinion,  the  furc«l 

is  acai'cely  exerud  at  all,    not   more    thun   \a   necessary  to    uvLTcomcf 

the  fricliun. 

§303, — The  Lijiinff-Pamp  does  not  differ  mnch  from  the  sucking- I 
pump  JUBI  descriW,  except  thnt  the  barrel  and  sleeping- valve  £  ore  J 
placed  at  the  bultum  of  the  pipe,  and  some  distance  below  the  sur  J 
race  uf  the  water  L  L  in  the  resers  oir ;  the 
piston  may  or  muy  nut  be  below  this 
same  surface  S\hcn  at  tiie  lowest  point  of 
tts  play.  The  piston  and  sk-e ping- valves 
open  upward.  Supposing  thu  piston  at  its 
lowest  point,  it  will,  when  raised,  lift  tlio 
column  of  water  alwve  it,  and  the  pres- 
sure of  the  exlenial  air,  together  with  the 
liead  of  fluid  in  the  reservoir  above  the 
IcTel  of  the  sleeping. valve,  will  force  the 
latter  open;  thy  water  will  flow  into  the 
barrel  and  follow  ihu  piston.  When  the 
piston  reaches  the  upper  limit  of  its  play, 
ifae  sleeping- valve  will  close  and  prevent 
th«  return  of  the  water  uWve  it.  llio 
piston    being   dcpresaed,  its  valves  F  will    u 


and    the 


will 


flow  through  them  till  the  pistim  reaches  its  lowest  point.  The 
same  operation  being  repeated  a  few  times,  a  column  of  water  will 
be  lifted  to  the  moulh  of  the  discharge-pipe  P,  after  which  every 
elevation  of  the  piston  will  deliver  a  volume  of  the  fluid  eijual  to 
that  of  a  cylinder  whoso  base  is  the  area  of  the  piston  and  whosa 
altitoidc  is  equal  to  its  play. 

As  the  water  on  the  same  level  within  and  without  the  pump  J 
irill  be  in  oquilibrio,  it  is  plain  that  the  resistance  to  be  overcoma  J 
by  the  power  will  bt    thu  friction  of  the  ru'iWng  surffwcf  of  the  pump,  i 
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augmented  hy  the  weight  of  a  column  of  fluid  whose  base  is  the  area 
of  the  piston,  and  altitude  the  difference  of  level  between  the  surface 
of  the  water  in  the  reservoir  and  the  dJschat^e-pipo.  Hence  the 
quantitj'  of  work  is  estimated  by  the  same  rule,  Equation  (738),  If 
wo  omit  for  a  moment  the  consideration  of  friction,  and  take  but  a 
single  elevation  of  the  piston  atlcr  the  water  has  reached  the  dis- 
tharge-pipc,  n  will  cqunl  one,  ip  will  be  aero,  and  that  equation  re- 
duces to 

Fp  =  62,5  Bp  y  b; 

but  62,5  X  Bp  is  the  quantity  of  fluid  discharged  at  each  double 
stroke  of  the  piston,  and  b  being  the  elevation  of  the  discharge-pipe 
abi)ve  the  water  in  the  reservoir,  we  see  that  the  work  will  be  the 
same  as  though  that  amount  of  fluid  had  actually  been  lifted  through 
this  vertieiil  height,  which,  indeed,  is  the  useful  efluct  of  the  pump 
for  Bvery  double  stroke. 

§  394.— The  Forcing-Pump 
is  a  further  modification  of 
the  simple  siicking-pump.  The 
barrel  B  and  sleeping- valve 
Ji  arc  placed  upon  the  top 
of  the  sucking-pipe  M.  The 
piston  F  is  without  per- 
foration and  valve,  and  (he 
water,  af\cr  being  forced  into 
the  barrel  by  the  atmospheric 
pressure  without,  as  in  the  suck- 
ing-pump, is  driven  by  the  de- 
pression of  the  piston  through 
a  lateral  pipe  //  into  an  air- 
vessel  jV,  at  the  bottom  of 
which  is  a  second  sleeping- valve 
JE",  opening,  like  the  first,  up. 
ward.  Through  the  lop  of  the 
air-vessel  a  discharge-pipe  K 
pttaae^,  air-tight,  nearly   to    the 
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bottom.  The  water,  when  forced  into  the  air-vessel  by  the  de- 
scent of  the  piston,  rises  above  the  lower  end  of  this  pipe, 
confines  and  compresses  the  air,  which,  reacting  by  its  elas- 
ticity, forces  the  water  up  the  pipe,  while  the  valve  E^  is  closed  by 
its  own  weight  and  the  pressure  from  above,  as  soon  as  the  piston 
reaches  the  lower  limit  of  its  play.  A  few  strokes  of  the  piston  will, 
in  general,  be  sufficient  to  raise  water  in  the  pipe  K  to  any  desired 
height,  the  only  limit  being  that  determined  by  the  power  at  com- 
mand and  the  strength  of  the  pump. 

§395. — During  the  ascent  of  the  piston,  the  valve  JSi  is  closed 
and  E  is  open  ;  the  pressure  upon  the  upper  surface  of  the  piston 
is  that  exerted  by  the  entire  atmosphere ;  the  pressure  upon  the 
lower  surface  is  that  of  the  entire  atmosphere  transmitted  from  the 
surface  of  the  reservoir  through  the  fluid  up  the  pump,  diminished 
by  the  weight  of  the  column  of  water  whose  base  is  the  area  of 
the  piston  and  altitude  the  height  of  the  piston  above  the  surface 
of  the  water  in  the  reservoir ;  hence,  the  resistance  to  be  overcome 
by  the  power  will  be  the  difference  of  these  pressures,  which  is 
obviously  the  weight  of  this  column  of  water.  Denote  the  area 
of  the  piston  by  J?,  its  height  above  the  water  of  the  reservoir  at 
one  instant  by  y,  and  the  weight  of  a  unit  of  volume  of  the  fluid 
by  tr,  then  will  the  resistance  to  be  overcome  at  this  point  of  the 
ascent  be 

and   the   elementary  quantity  of  work  will  be 

w .  B  ,ydy\ 
and  the  whole  work   during   the   ascent  will   be 


w 


•  ^H'.y^y   =   V>.£.  ^!-tli  (y'   _  y^)  ; 


in  which  y'   and  y^  are   the  distances  of  the  upper  and  lower  limits 
of  the   play  of  the  piston  from   the  water  in   the   reservoir. 

But  B  .(y'  —  y^)  is  the  volume  of  the  barrel  within  the  limits 
of  the  play  of  the  piston,  and  \  (y'  -f  y^)  is  the  height  of  its  centre 
of  gravity  above  the  level  of  the  fluid  in   the  reservoir. 
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Denoting  the    play  by  p,  and   making    — ~ — '  =  «',  we   have  fin 
the  qi  antity  of  work    during  the   ascent, 
w.B.p  .t'. 

During  ihe  descent  of  the  piston,  the  valve  E  is  closed,  and  ff 
open,  and  as  the  columns  of  the  fluid  in  the  barrel  and  discharge< 
pipe,  below  the  horizontal  plane  of  the  lower  surface  of  the  pistou, 
will  nwintain  each  other  in  equilibrio,  the  resistance  to  be  over- 
ciime  by  the  power  will  be  the  weight  of  a  column  of  fluid  whos« 
base  is  the  area  of  the  piston  and  altitude  the  difference  of  level 
between  the  piston  and  point  of  delivery  P ;  and  denoting  by  t. 
the  distance  of  the  central  point  of  the  play  below  the  point  P_ 
we   ahull    find,  by  exactly  the   same   process, 

u  Bp  z, , 

for  the  quantity  of  work  of  the  motor  during  the  descent  of  the 
piston ;  and  hence  the  quantity  of  work  during  an  entire  double 
stroke  will  be   the  sum  of  these,  or 

v,Bp{z'  +z,}. 

But  a'  +  s,  is  the  height  of  the  point  of  delivery  P  Above  the 
surface  of  the  water   in   the    reservoir ;    denoting  this,   as    before,  by 


and  calling  the  number  of  double  strokes  n,  and   the  whole  quantJty 
of  work   Q,  we   finally    have 

Q  =  »v>Bpb. (739) 

If  we  make  z,  =  z',  or  b  =  2z,,  which  will  give  e,  =  — i  the 
quantity  of  work  during  the -ascent  will  be  equal  to  that  during 
tite  descrnt,  and  thuii,  in  the  forcing-pump,  the  work  may  be  equalized 
and  (he  motion  made  in  some  degree  regular.  In  the  lifting  and 
sucking-pumps  the  motor  has,  during  the  ascent  of  the  piston,  to 
overcome  the  weight  of  the  entire  column  whose  hose  h  equal  to 
the  area  of  the   piston   and  altitude   the   difference  of  ]ev<l  between 
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4?J   I 
ind   being  wholly 


the   wa(pr  in  tl.o   ryservoir  and  point  of  delivrry, 
A«l<ev«(l    dui'ing    the    descent,   when    ih(N    1  )ad    is   thro 
slecpiiig-TOlvc    and    its    bux,    the    wurk    bccumcB   vurlable,    niiil    thft  j 
niotion    irriguUr. 


>I)i>n   ai  I 


g  S9«.— Tho  Siphon  \a  a  bent  tube 
lH>lh  wids,  and  ia  used  tu  eiiiivi;y  a 
fi'um  a  higher  to  a  lower  Ivvt^l,  ovl'I'  i 
tormediute  point  higher  than  either. 
porulliil  bmnehes  being  in  i  vui-liciil 
Md  plungud  into  twi>  li4iiiU-t  whose 
wirfiices  are  at  L  M  auii  IJ  M\  the  fluid 
will  stand  at  the  samu  luvcl  both  withlQ 
Aud  without  each  brunch  of  the  tube  viheti 
A  viini  ur  small  opening  i^  iiiado  Ht  Q. 
M  thu  nir  be  withdrawn  fVuni  the  siphnn 
through  this  vent,  the  water  will  rise  in  the 
bronchus  by  tlie  ntrnosphi;ric  pre^^are  without,  and  when  the  tw«  I 
Columns  units  and  the  vent  is  closed,  the  liquid  will  flow  from  lh«  1 
reaervoir  A  to  A',  as  long  as  the  level  L'  W  is  below  L  JT,  and  the  \ 
trnd  of  the  shorter  br,inuh  of  the  siphon,  is  below  the  surftice  of  the  | 
liquid    in    the  reservoir    A. 

ITio    atmospheric   prcssnn's    upon    the  surfaces    L  if    and    L'  M', 
haul    to  force  the  liquid   up  the  two  brunches   of  tho   tube.      When   * 
tint  Biphoii  is  filled  with  the  liquid,  eaeh  of  these  preHsuros  i 
tcractcd    in   [>arl  by  the  pressure  of  the   fluid  column    in    the   branch 
of  the   diphdu    that  dipu    into    iho    Huid   upon    which    the    pressure   is 
exerted.     The  ainiospheric  pressures  are  very   nearly   the  same  for  a 
diSWtiice  of  luvel  of  several   feet,    by    reason    of   the  slight 
of  air.  The  pressures  of  the  suspended   columns  of  water  will,  for  the  i 
'Mine   dilfiTence    of  level,    differ  considerably,    in  consequence  of  thft  I 
gKAt^r    density    of    ihe   liquid.      The   almospberio   pressure  opposed  I 
to   the    weight   of  the   longer    column    will   therefore 
Ktcd   tlian    that  (■pposcd    'aj  the   weight  i-f   ihc  shoi 
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an  excess  of  pressure  at  the  end  of  the  shorter  branch,  which  will 
produce  the  motion.  Thus,  denote  by  A  the  intensity  of  the  au 
mosphcric  pressure  upon  a  surface  a  equal  to  that  of  a  cross-section 
of  the  tube;  by  h  the  difference  of  level  between  the  surface  X if 
and  the  bend  O;  by  A'  the  difference  of  level  between  the  same 
point  0  and  the  level  L'  J/*;  by  D  ihe  density  of  the  liquid; 
and  by  g  the  force  of  gravity;  then  will  the  pressure,  which  tends 
to   force   the  fluid  up   the   branch   which  dips   below    L  M,  \>t 

A  —  ahB^; 
and    that   which    tends    ti-   force    the   fluid   up   the   branch   immersed 
in    the   other   reservoir,  lie 

A  —  ah'Bg; 
and  subtracting  the  first  from  the  second,  we  find 

for  the  intensity  of  the  force  which  urges  the  fluid  within  the 
siphon,  from  the  upper  to   the   lower   reservoir. 

Denote  by  I  the  length  of  the  siphon  from  one  level  to  the 
other.  This  will  be  the  distance  over  which  the  above  force  will 
be  instantly  transmitted,  and  the  quantity  of  its  work  will  be 
measured  by 

The  mass  moved  will  be  the  fluid  in  the  siphon  which  is  measured 
by  alD;  and  if  we  denote  the  velocity  by  V,  we  shall  have,  for  tba 
living  force  of  the  moving  mass, 


alJ).  V; 


aDg(h'  -  k)l^ 


and, 


from  which  it  appears,  that  the  velocilij  viilh  which  the  Uguid  wiU 
jliovi  through  the  tiphon,  u  equal  to  the  square  root  of  twUe  the  fortt 
of  gravity,  into   the  difference  of  level   of   Ihe  fluid  in    the   two   natr- 
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poirs.  When  the  fluid  in  the  reservoirs  comes  to  the  same  level, 
the   flow   will   cease,  since,  in  that  case,  A'  —  A  =  0. 

§  897. — The  siphon  may  be  employed  to  great  advantage  to 
drain  canals,  ponds,  marshes,  and  the  like.  For  this  purpose,  it  may 
be  made  flexible  by  constructing  it 
of  leather,  well  saturated  with 
grease,  like  the  common  hose,  and 
furnished  with  internal  hoops  to 
prevent  its  collapsing  by  the  pres- 
sure of  the  external  air.  It  is 
thrown  into  the  water  to  be  drained, 
and  filled ;  when,  the  ends  being 
plugged  up,  it  is  placed  across  the 

ridge  or  bank  over  which  the  water  is  to  be  conveyed ;  the  plugs 
are  then  removed,  the  flow  will  take  place,  and  thus  the  atmos- 
phere will  be  made  literally  to  press  the  water  from  one  basin  to 
another,  over   an   intermediate  ridge. 

It  is  obvious  that  the  difference  of  level  between  the  bottom  of 
the  basin  to  be  drained  and  the  highest  point  0,  over  which  the 
water  is  to  be  conveyed,  should  never  exceed  the  height  to  which 
water  may  be  supported  in  vacuo  by  the  atmospheric  pressure  at 
the   place. 


THE    AIR-PUMP. 


§  398. — Air  expands  and  tends  to  diffuse  itself  in  all  directions 
when  the  surrounding  pressure  is  lessened.  By  means  of  this  pro- 
perty, it  may  be  rarefied  and  brought  to  almost  any  degree  of  tenu- 
ity. This  is  accomplished  by  an  instrument  called  the  Air-Pump  or 
Exhausting  Syringe,  It  will  be  best  understood  by  describing  one 
of  the  simplest  kind.      It  consists,  essentially,  of 

1st.  A  Receiver  JR,  or  chamber  from  which  the  exterior  air  is  ex- 
cluded, that  the  air  within  may  be  rarefied.  This  is  commonly  a 
bell-shaped  glass  vessel,  with  ground  edge,  over  which  a  small  quaa 

tity  of  grease  is  smeared,  that  no  air  may  pass  through  any  remain* 
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surface,  aod  a  ground  giasa  plate  n 
1  which  it  stands. 


I  imbedded 


t  bafk  and  forth  in  the  barrel  by 


hig  inequalities  on  it 
in  a  metallic  table,  c 

2d.  A  Barret  B, 
or  chamber  into 
which  the  air  in 
the  reservoir  ia  to 
expand  itself.  It 
is  a  hollow  cylin- 
der of  metal  or 
glass,  connected 
with  the  receiver 
B  by  the  commu- 
nication offf.  An 
air-tight  piston  P  is  made  to  i 
means  of  the  handle  a. 

3d.  A  Stop-cock  k,  by  means  of  which  the  communication  between 
the  barrel  and  receiver  is  established  or  cut  off  at  pleasure.  This 
cock  is  a  conical  pieeo  of  metal  fitting  air-tigbt  into  an  aperture 
just  at  the  lower  end  of  the  barrel,  and  ia  pierced  in  two  directions ; 
one  of  the  perforations  runs  transversely  through,  as  shown  in  the 
first  figure,  and  when  in  this  position  the  communication  between 
the  barrel  and  re- 
ceiver  is  estab- 
lished ;  the  second 
perforation  passes 
in  the  direction  of 
the  axis  from  the 
smaller  end,  and 
as  it  approaches 
the  first,  inclines  sideways,  and 
indicated  in  the  second  figure, 
communication  between  the  rci 
that  with  the  external  air  is  opened. 

Now,  suppose  the  piston  at  the  bottom  of  the  barrel,  and  the 
communication  between  the  barrel  and  the  receiver  established; 
draw  the  piston  back,  the  air   in    the   receiver  will    rush  out   in  the 


'uns  out  at  right  angles  to  it,  as 
In  this  position  of  the  cock,  the 
iver   and   barrel   ia    cut    off,    whilst 
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direction  indicated  by  the  arrow-head,  through  ine  communication 
ofg^  into  the  vacant  space  within  the  barrel.  The  air  which  now 
occupies  both  the  barrel  and  receiver  is  less  dense  than  when  it  occu- 
pied the  receiver  alone.  Turn  the  cock  a  quarter  round,  the  com- 
munication between  the  receiver  and  barrel  is  cut  off,  and  that  be- 
tween the  latter  and  the  open  air  is  established;  push  the  piston  to 
the  bottom  of  the  barrel  again,  the  air  within  the  barrel  will  be 
delivered  into  the  external  air.  Turn  the  cock  a  quarter  back,  the 
.ommunication  between  the  barrel  and  receiver  is  restored;  and 
ihe  same  <»peration  as  before  being  repeated,  a  certain  quantity  of 
air  will  be  transferred  from  the  receiver  to  the  exterior  space  at 
each  double  stroke  of  the  piston. 

To  find  the  degree  of  exhaustion  after  any  number  of  double 
strokes  of  the  piston,  denote  by  D  the  density  of  the  air  in  the  re- 
ceiver before  the  operation  begins,  being  the  same  as  that  of  the 
external  air;  by  r  the  capacity  of  the  receiver,  by  h  that  of  the  bar- 
rel,  and  by  />  that  of  the  pipe.  At  the  beginning  of  the  operation, 
the  piston  is  at  the  bottom  of  the  barrel,  and  the  internal  air  occu 
pies  the  receiver  and  pipe;  when  the  piston  is  withdrawn  to  the 
opposite  end  of  the  barrel,  this  same  air  expands  and  occupies  the 
receiver,  pipe,  and  barrel ;  and  as  the  density  of  the  same  body  is 
inversely  proportional  to  the  space  it  occupies,  we  shall  have 

in  which  x  denotes  the  density  of  the  air  after  the  piston  is  drawn 
back  the  first  time.      From  this  proportion,  we  find 


r  -f  i>  -f  ^' 

The  cock  being  turned  a  quarter  round,  the  piston  pushed  back  (o 
the  bottom  of  the  barrel,  and  the  cock  again  turned  tc  open  the; 
communication  with  the  receiver,  the  operation  is  repeated  upon  the 
air  whose  density  is  ar,  and  we  have 

r+;?4-&     :     r  ^  p     ::     />•       !*  ^         :     x' ; 

in  which  x'  is  the  density  after  the  second  backward  motion  -of  tkf 
piston,  or  after  the  second  double  stroke;   and  we  find 
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'■=-C-^^)-^ 


I  denote  the  number  of  doi 
nTCHponding  density  of  tlic  i 


ainiug  a 


I  of   the   piston,  and 
r,  then  will 


-(rfyi-J- 


From  which  it  is  obvious,  that  although  ihc  dtnsitj-  of  the  air  will 
lieeomo  lusa  and  li^ss  at  every  double  stroke,  jot  it  cjin  never  be 
rciduced  to  nothing,  however  grcut  n  inny  be ;  in  other  words,  the 
air  cannot  be  wholly  removed  from  the  receiver  by  the  air-pump. 
'ITio  exhaustion  will  go  on  rapidly  in  projiortion  ^s  thii  barrel  is 
iurge  as  compared  with  the  receiver  and  pipe,  and  after  a  few  double 
Nti'okes,  the    rarefaction  will    be    sufficient  for   all    pnictieal    purposes. 


Suppose,  for  example,  the  receiver  to  contain  19  l 
jiipc  1,  and  the  barrel  10;  then  will 


(  of  volui 


•,  th( 


and 

suppose  4   double   strokes   of  the  piston  ;    then 

will  n  -^  4,  and 
early  ; 

Uiat 

is,  after  4   double  strokes,  the  density  of  the  r 

emaining  air  will 

he    1 

ut   about    two  tenths  of    the    original    density. 

With    the    best 

i.me 

ines,  the   air    may    be  rarefied  from    four  to   s 

X  hundred  times. 

The  degree  of  rarefaction  is  indicated  in  a  very 
aimple  manner  by  what  are  called  yaugea.  These 
not  only  indicate  the  condition  of  the  air  in  the 
receiver,  but  also  warn  the  operator  of  any  leakage 
that  iiiuy  take  place  either  at  the  edge  of  the  receiver 
or  ill  the  joints  of  the  instrument.  The  mode  in 
«hich  the  gauge  acts,  will  be  readily  understood  from 
th;'.  (!i  cus>ion  of  the  barometer ;  it  will  be  suili- 
eient  heiv  simply  to  indicate  its  construction.  In  its 
more  perfect  form,  it  consists  of  a  glass  lube,  alxiut  60  inches  long, 
bent  in  the  middle  till  the  straight  portions  are  parallel  to  each 
ofhcr;  one  end  is  dosed,  and    the  branch  terminating  in  this   enl  ii 


(Z^ 


I 
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vrhcn  iho  cock  is  turned,  and  the  communicntion  re-established  with 
the  receiver,  this  nir  furcea  its  way  in  and  diminishes  the  rarcfac 
tion  already  attained.  If  the  air  in  the  receiver  is  so  far  rarefied, 
thKt  one  stroke  ^f  the  piston  will  only  raise  such  a  quantity  as 
equals  the  air  contained  in  this  space,  it  is  plain  ihut  no  further 
exhaustion  can  be  effected  by  continuing  to  pump.  This  litiiit  to 
I'arefnction  will  be  arrived  at  the  soonei',  in  proportion  as  the 
space  below  the  piston  is  larger;  and  one  chief  point  in  the  iin- 
priivonients  has  been  to  diminish  this  space  as  much  as  possible. 
^  J?  is  a  highly  polished  cylinder  i>r  glass,  which  serves  ns  the  bar- 
rel of  the  pump;  within  it  the  piston  worlss  pcrft!OEly  air-tight.  The 
piston  consists  of  washers  of  leather  noukcd  in  oil,  or  of  cork 
covered  with  a  leather  cap,  and  tied  together  about  the  lower  end 
C  of  the  piston-rod  by  means  of  two  parallel  metal  plates.  The 
piston-rod  Cb,  which  is  toothed,  is  elevated  and  depressed  by  means 
of  a  cog-wheel  turned  by  the  handle  ^f.  )f  a  thin  film  of  oil  be 
poured  upon  the  upper  surface  of  the  piston  the  fj'iction  will  be 
les»;ned,  and  the  whole  will  be  rendered  more  air-tight.  To  diminish 
to  the  utmost  the  space  between  the  bottom  of  the  biirrel  and  the 
piston-rod,  the  form  of  a  trimcated  coni:  is  given  to  the  latter,  so 
that  its  extremity  may  be  brought  as  nearly  as  possible  into  a1>ao. 
lute  contact  with  the  cock  £;  ihis  space  is  therefore  rendered  indefi- 
nitely small,  the  oozing  of  the  oil  down  the  barrel  contributing  still 
further  to  lessen  it.  The  exeliange  cock  E  has  the  double  bore 
already  described,  and  is  turned  by  a  short  lever,  to  which  motion 
is  communicated  by  a  rod  e  d.  The  com niunica lion  O  H  is  carried 
to  the  two  ])latcs  /  and  A'  on  one  or  both  of  which  receivers  may 
be  placed  ;  the  tivo  cocks  N  and  0  below  these  plates,  serve  to  cut 
olT  the  rarefied  air  within  the  receivers  when  it  is  desired  lo  leave 
ibom  for  any  length  of  time.  Ilic  eoek  0  is  also  un  exchange-cock, 
so  as  to  admit  the  external  air  into  the  receivers. 

Pumps  thus  CJUStrnctcd  have  ndvanlnges  over  such  as  work 
with  valves,  in  that  they  last  longer.  c\haust  belter,  and  may  be 
employed  as  condensers  when  suitable  receivers  are  provided,  by 
merely  reversing  the  operations  of  the  exchange  valve  during  liia 
motion  of  the  piston. 
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THE  TENACITIES  OF   DIFFERE^T  SDB8TANCES.  AND  THE  KESISTAHCES 
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Givry      

Portland 

Craiglc'ith  freestone     .     • 
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.    SOLID  BODIES. 
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Ditio,  cvt,  u  moiiii  ' 

BilSsa  :    : 

DiilofurcmMiion,  ate 


DillD,  BaLiBoid 
PliUhiuin,  iiiilivi 
llilto,  multml  ■ 
Ilitio,  liuininsrcd  til 


llitio,  Jj 


Ditto,  wruught 
DiTto,  tiiuali  taardciied 
Qttio,  ili)rlit)v 
Till,  sbouiioill^i 

Ditto,  Bolieiiiinn  nvd  Siaua 
Uiitu,  Yjiglith 

Ditto,  rutted    ■ 


(2)  E 


A1>Ihi«1«t 
Uoiwll  > 
Dulerlta  • 

Unuiite  ■ 


19,338    —  iq,a3J 
I9,J6|     —   19,0 
1,307    —    i.iRB 


30,639 


TABLE  JD—Conlimird 


XaiM  a-t  lh«  Body. 


SOLID  B0DU3. 


]n-.-i-lv  filled  ill 
owJor  . 

Iv  hhi'ikpii  down 


TbiPow" 


TABLE    III. 


TABLE  lll—Continiied. 


Eilwr,  BWlio  • 
Ditto,  mil  rial  ic 
Diito,  niiria  ■ 
Diim,  KnlptiDria 
on,  [InueJ  • 
IMllo,  fill™  ■ 
Dill  a,  liirpenliue 

U'BUr,  dJalillcd 


ll%S 


o,9SJ 
0,891 
13,598 


-Az- 


Atmofpli 

Curboiiiencid  gm 
Ciirbanio  oxiile  gs*  ■ 
CurburcteJ  liydro^ti,  n  miixiin 
Diilo,  fVom  CobU     ' 
Clilorine  -         .         -         - 
Hyilriodio  ([nB  -         ■         ■         ■ 
Hydrogen         .         .         .         . 
HvdrDBiilpiiiiric  ncid  goi  ■ 

Nilrogeii  .         .         .         . 

Plioeplm rated  hydrogen  fpu 


TABLE  IV. 

TABLE  FOB  FINDING  ALTITaOE8.-5ee(3« 


nDL..cbD,l  The.M.iiuH 

«r. 

1.+-' 

' 

.,  +  - 

^; 

- 

',  +  ■' 

A 

40 

4,7689067 

15 

«^ 

no 

4,8011936 

145        4 

8.80714 

,7694011 

76 

III 

,B03lil5 

HiH5i4o 

A3 

,769^971 
,770)911 

!S 

;7868?JJ 
,7873487 

ill 

,Mo3]i09 
.6o36687 

iil 

SIX'? 

a 

,TIWB5i 

ffi 

,1878136 

.8041161 

149 

8l9«JBl 

a 

,7713185 

,78(13979 

Ii5 

,8oj3U3o 

l5o 

8103794 

i6 

,77i'*Ti 

fli 

;788lll9 

,8o5o395 

i5i 

8107.96 

^l 

,7713633 

,189145. 

"I 

.8054953 

lii 

8si.i94 

d 

,7T«S18 

BJ 

I7B9T'B" 

116 

.8o5gJ09 

.53 

811S9SB 
Bjii)J77 

*9 

,7733)57 

84 

,7901903 

,8a64oSB 

.54 

5o 

,773mi 

B3 

,79«66JI 

,8068604 

.55 

8114761 

,77435'.! 

86 

,1911333 

,8073144 

8319.4. 

81335. 7 
8337888 

5) 
S3 

,774" '53 
,7733041 

S 

,1916041 
,7910745 

133 

'^x^r. 

:S 

54 

,7757915 

Kg 

.19  J41l 

.8086737 

iSg 

B34"56 

5S 

,776  ISO  J 

.79  o'3^ 

Hi 

,809  Hi* 

.6^ 

Biit6i8 

S6 
5l 

,7767614 
,7772540 

91 
9> 

,79  48)1 
,19  95oi 

116 

IIT 

,8104795 

.61 

l-M 

St 

,7777400 

ii 

,79H'ei 

118 

|63 

8359680 

S9 

,77Hi]56 

<ti 

,794885* 

;S:W 

.64 

83640J4 

fa 

,7787105 

fl5 

,7953311 

130 

.65 

8i6K365 

61 

11791949 

9^ 

,7958i84 

i3i 

,8.18190 

166 

811370. 

6J 

,17967^ 

1 

,7963841 
.701493 

I33 

%'^;& 

a 

81770)4 
8]Ki36i 

64 

,78o6jio 

i34 

,8131741 

169 

b]»i685 

65 

,1811571 

17976784 

|J5 

;8i3(,J,6 

8190005 

66 

,7816090 

.I98M11 

i36 

,8140688 

B391319 

£2 

,7810901 

,198(-o54 

i37 

,8.45i5J 

819^619 

f£ir; 

loJ 

,799<*3l 

lei  4961 4 

173 

8301937 

6? 

,199i3o3 

■  39 

,81 54010 

83Q7138 

,78J53t,6 

loS 

;ra;; 

,8i5B5i3 

il5 

83.. 536 

T 

,7»4<»99 

.8161970 

116 

83iSK3a 

?» 

,7a44aHJ 

;S;a 

,81674.3 

.17 

H3iot.9 

73 

,7849664 

■  08 

,43 

.81718J1 

•18 

83 14404 

74 

4,78S44Jtl 

4,80.8343 

4,8.76185 

119        4 

8318686 
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TABLE  lY— continued. 

WITH  THE  BABuMETER.-So«(M4. 


U.»d. 

Altadwd  ThtniiwrKlrr. 

* 

- 

T-T' 

'^ 

<-■ 

3 

<-.~;;689 

If 

0,0000090 

+ 

%uA3i 

;ooooi34 

9 

9QQ9S66 

V 
iS 

,001,..! 
,0010679 
,0010114 

3 
4 

,000,738 

9999l3l 

m»,l3 

iS 

.0009159 

5 

I000J607 

9097810 

3a 

,00061174 

,ooo58^B 

J 

9 

,ooo3o4( 
,0003476 
,Doo3oio 

Si 

33 

,o«oi738 

,oo043i5 

36 

,oi»3'ii5 

,0004780 

999'''53 

39 

,TOOJ4J3 

,oooiji5 

wo^ 

a 

il 

,9095650 

i5 

,Doo6oK4 

•m^u 

9.999877' 

,ooo(i5r9 

'mim 

,999^371 

■  6 

,ooD6n54 

9993"57 

it 

I'mifc* 

'7 

,00073^9 

9«I6S3 

a> 

A 

,ooo7H)4 

999"vo 

5a 

,i,W7i&7 

"> 

999.736 

53 

iW9"17» 

I000869? 
,00091 3o 

9991 3 j3 

54 

.'^V>l»l 

SS 

ii 

,9995995 

,oo09'i65 

56 

,i/w'i'>lJ 

999D03] 

s 

,9'«5537 
,i)c«4S66 

35 

s:S 

99f9.i6 

59 

,WJW01 

W8«7"l 

bx 

.9W4'*1 

ij 

,001.741 
,0011177 

9987857 

,9.«liai 

'9 

99874'* 

I? 

,W»9l 

31 

1^13049 
0,00.348* 

, 

sas 

h 

■      .V9i«l854 

1 

9» 

9,99lB3oo 

1                               1 
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v.,™«r.h 

tcrwHii 

'°""j;",2'" 

<'.  WhiM  IK 

. 

utilici.,  id    f«L 

f- 

/»■ 

f- 

66 

^33 

0,16 

o,oB 

0,07 

.o3 

o,oi 

700 

0,07 

0,621 

0.660            0 

695 

o,ii 

0,618 

0,033 

:S    : 

6S5 

5,2 

0,6(0 

(m 

0,1b 

60J 

0,6)5 

o,63» 

0,6SS              0 

67J 

a.ii                0 

SgJ 

6o3 

o,6]o 

0.637 

o,65i            0 

(*7 

o,W.                0 

5^ 

6i3 

o,63i 

0,63i 

o,65i             0 

osi 

60, 

o,63i 

06JI             0 

65o 

'M                0 

boa           0 

61] 

o,63o 

6« 

3.3»                0 

6o5             0 

6i4 

oMb 

0.618 

0^633            t 

i3l 

6|65                0 

'u.l          0 

o!6l5 

oiOiS 

o!6io            ( 

!lo 

31,75                0 

(,00            0 

600 

0,600 

0,600 

600 

TABLE   VI. 

TABLE  VI. 

EXPEU  MENTa  ON  FKliTTlON,  WITUOHT  DNQUESTS.     BY   M.  MUltlN. 

TIm  (urGicea  of  rriution  were  varlad  IVoia  c,d1116  to  3,1987  square  feet,  iLa  prcuuns  rram 
BB  lbs.  lo  M:>5  Iba.,  Bud  tha  volaakioii  rrwn  u  acirccly  purcoplibte  uioUuii  tu  9,1)4  fvet  par 
Moaud.  TliDinrrHocs  or  wood  were  pluiietl,  ntid  iUmc  ofuield  fiW  ind  pori>Jioil  wJtU  lb« 
peaim  cnrc,  uiid  <aircfDllj>  »iped  ofler  every  cxpsrlmeut.  The  preience  uf  uiigucuU  wita 
•apcdolly  guurJud  uyuiuit.— See  {  OSS 


F...- 

nn-or 

Fitit 

Tio<i  ■>r 

Mo 

"""■* 

Quia 

*-■""''•' 

^ 

iJ 

Otk  npoti  onlt,  Ihe  direction  oftho  flbre*  1 
baiiiic  p,.nillel  to  tlie  Ti>o»on      ■     ■     ■  { 

o.<T8 

i5"  33' 

0,6,5 

Sa-    1' 

Oik  Duuii  oiik,  tJie  dlrvdioiuor  tLs  flbre* 

of  the  muvrng  ■arfiioa  being  p«rpeii- 
dloolur  to   tliuM  of  tile  quieanut  siir- 

•>.3u 

17    SS 

0.S40 

38    93 

tux,  and  10  ilio  dimtion  orilio  ■i.oU.m.I 

Oak  upon  onk.llie  flbraa  orthebutlixui^ 

lioiioftUiiiot.011 

0»k  upon  oak.  the  flbrc*  of  the  moving 
vu&ne  being  p6rpfi>diciilBrt"  Die !'iir- 

0,336 

iS     35 

r>Oe  of  roulnot,  and  lliom  of  llie  hiirfuL's 

0,191 

10    5j 

0,171 

■C  rcit  pariillel  to  lliB  diraolioii  of  lliu- 

Oak  upon  auk.tbefibrHorboib  lurfucon 

0,43 

ooiiluct,  or  llie  pieces  end  to  cud   ■      ■ 

Etm  upon  oak,  Ilie  direvtiun  of  tlie  flbroa 
being  immilel  to  tlie  luotiou      •      ■      ■  | 

o,4ll 

»3     1: 

0,694 

34    46 

Ouk  upon  dui,  diI(o| 

o,>46 

i3     fc 

0,376 

ao   37 

£l>n  upon  onk,  ihe  filirei  of  the  maviiig-) 
■arliiDe(tlieelm)bfliDgperpeiidii:alur1o 
tlioM  ort!ienulesocul-'nrfiioe(theoiik) 

0.450 

U     lO 

0,570 

19    41 

nnd  lo  Ihe  direction  of  ilie  motion-     • 

Ash  tipoii  onk,  the  flbros  uf  botli  lUrnicu  1 

being  panillel   to  the   direction   of  the  [ 

0,400 

Ji     49 

0,570 

J9     41 

Fir  upon  onk,  thi.  (ibre*  of  both  (HrfiHrn  1 

bL-lug  psrallcl   to  the  direction   of  tlie  V 

0.3SS 

19     33 

o,3J0 

J7     39 

BeTXo^n  oik,  ditto   '.'.'.'.'.'■ 

o,36o 

19    48 

0,53 

']     56 

Wild  pear-tree  upon  oak,  ditto    ■      -      ■ 

0,170 

10     19 

0  440 

jj    «S 

Bervice-tree  upon  oak,  ditto    .     .     .      ■ 

0.400 

i>     49 

0.S70 

Wrought  iron  upon  oak,  ditIo|  ■       -     . 

0,619 

31     41 

0,619 

3i     47 

TartmlinlTirrilllbilt'fr 


relnlhlaeipfrlrneniMTiq 


i 


liX' 


•iperimen'  wtptd  *iffi  rj 


Hit  IB  iha  frteikn  inrtlca 
ifrlcUiin  oTmli  npnn  elui 

•xihI.  livinK  ltHpi>ttiihedDv 


if  Lhe  wind  ;    fmta  Iheie  dr^ 
eulTe  pnuon. 
nltHKiiTlhhlarelniDpnBaak 


i 


TABLE  TI. 
TABLE  Yl—ecntinued. 


OF  CONTACT. 


Wroiwlil  irji 


irfuoos  bciiia  [uinilli 


urfauai    bgiiig  grcnsed 


-t 


Out  iron  npnn  bi 
Uak  tipon  cust  in>i 

bciiij;  perrieiiili 

or  llie  motinii  - 
Hanibffiim  upon  i 

VIM  \  "' 

[uiniil     .  .     . 

Ste«l  upon  nmC  irun      ■     ■ 
Starl  iijion  bmxB      ■     -     ■ 
Yelluiv  ciippor  upon  awt  ir 
Ditto  oak 

Bru'ii  upon  caat  iron      ■      < 
BrusK  upon  wropijlit  in^n, 

tbo  inm  being  piirollul  to 
Tir ...  T....  yp^y  (irij^  , 


m  cast  iron— nbre»  pnral-  i 


Bni«H 


tiiOlnK  of  pl« 
ililto        d 


i)upon 


Lesllier 
bv  li. ^ 

IIciii|>en  iiirtb,  or  pnlloj-bnml,  fmiiii\e  ) 
■Iv  ciiiinvre,)  upon  ouk,  llie  Hbrex  of  I 
tbu  Wfloil  nnil  (l]s  direction  of  tlis  corJ  f 
beini,'  paralUl  to  the  inntioii     ...  J 

Ilciiii-cn  tnatttiij;,  novcii  willi  (Liiiall  i 
ords.  ditto. t 

Old  curdogo,  ll  iDch  in  dismeler,  ilittof 


r  Ita*  frtclion  of  ID. 
:l(  l«n(haT,  pmenu 


■V(B,  Ib«lr  matloB  npoD  o 


TABLE  VI. 
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TABLE  Yl—conth.ued. 


SURFACES  OF  CONTACT. 


CftlcareoaB  oolitic  stone,  uaed  in  building, 
of  a  oioderutely  liard  qunlity,  culled 
Btono  of    JauuiODl — upon    the  »auie 

atone 

Hard  calcareous  stone  of  Bronck,  of  a  * 
light  gray  color,  susceptible  of  tuking 
a  fine  polish,  (the  niu>chelkaik,)  luov- 

iug  upon  the  Aaine  stone ) 

^e  sofi  stone  mentioned  above,  upon  ^ 

the  bard ) 

The  bard  stone  mentioned  above  upon 

the  soft 

Common  brick  upon  the  stone  of  Jaomont 
Oak  upon  ditto,  the  fibres  of  the  wood  ) 
being  perpendicular  to  the  surface  of  > 

the  stone | 

Wrought  iron  upon  ditto,  ditto  •  •  • 
Common  brick  upon  the  stone  of  Brouck 
Oak  as  before  (endwise)  upon  ditto  •  • 
Iron,  ditto  ditto      •     • 


FaicTioN  or 
Motion. 


•«  a 

e  c 

is - 


0,64 

0,38 

0,65 

0,67 
0,65 

o,38 

0,69 
0,60 
o38 
0,34 


3a<^  38' 


ao    49 


33  2 

33  5o 

33  2 

20  49 

34  37 
3o  58 
20  49 
i3  3o 


Friction  or 

QuiKliCKNCK. 


it 


0|74 


0,70 

0,75 

0,75 
0,65 

0,63 

0,49 
0,67 
0,64 
0,4a 


u 
K<^  a 

e  *^  « 


36^  3i' 


35 


36  53 

36  53 

33  2 

32  i3 

26  7 

33  So 
32  38 
aa  47 


TABLE  TIL 


JEXPEBIUEMTB  ON  TUE  FKICTION  OF  UNCTDOUS  SURFACES. 
BY  M.  MOEIN.— 8ee  i  S66. 

In  tlieie  eiperimenM  the  lurfiioea,  nfter  lisving  been  emeared  with  an  ongnenl, 
riped,  ao  that  no  iiiCerpoaitig  lajer  of  the  unguent  prevented  Ibeir  intiuiato  couuet. 


M«HM." 

a™.-..': 

BUBPACEB  OF  CONTACT. 

1! 

E 

II 

Jti 

Oak  upon  oak,  the  fibres  being  pur 
the  motion        ■        .      •J'" 
Ditto,  tbe  fibres  of  tha  moving  bo- 
lag  perpendic-ilur  to  Ihe  motiou 
Onk  n[«n  el..i,  flbriM  [.aruJlcl- 
Kill,  upon  oak,  ditto      ■ 
lluooh  upon  oak.  ditto  ■ 
Eltn  upon  elm,  ditto      ■ 
Wningbt  iron  <i|»ii  elm,  ditto 
Ditto  upon  wroiigbt  iron,  ditto 
Ditto  uflon  ou-t  i?on,  ditto     ■ 
Cut  Iron  upon  wroHjilil  iron,  ditU 
Wrouglit  iron  upon  bran*,  ditto 

Caat  iZTa^^onkHl^to       '■ 
Ditto  iipou  elm,  ditto,  llio  unguent 

tallow         .... 
Ditto,  ditto,  tlie   ungiionC  being 

lard  mid  l>Is<:h  lead     - 
Elm  upon  (wC  iron,  fibres  porixllel 
Oa-t  iron  dpon  east  iron         . 

tletl 
d,l» 

Ijoio 
bog' 

t 
1 

1 
1 

1 

o,io8 
0,145 

0,136 

o'.'oi 
o,ii5 

o,i3T 
o,i35 
o!i3j 
oil  31 
oil?! 

0,139 

o,i44 

60  ,0' 
8      9 
7    4i 
6    4B 
i8     i6 

}A 
',  t 
V. 

\i 

6    34 
J9     5i 
i3    43 

o,3,= 

0,314 

o,ii8 

0,100 

0,098 

o,lW 
o,»67 

11°   .9' 
IT    r6 

»3      47 

6    44 
5    43 

5    36 

9    '9 
li    i7 

Hnuw  upon  amt  iron    ■ 
Ditto  nponbra.1.. 

Yelli'W  copFH>r  iiiwii  cost  iran 
Lcnili.r  (ox  hid.)  wull  tuiinail  iipo 

iron,  wotted       - 
Ditto  upon  liTiBB,  wetted 

.0,. 

TABLE    Till.  SOI 

TABLE  Vm. 

KXPEElMEN-re  ON  FRICTION  WITH  HNOUENTS  INTERPOSED.    BY  M.  MOKIH. 

lent  [>r  ihe  Knrruccs  In  tIttM  tiperimcnlB  borctuch  ■re]aliontalh«pniianrB,iM 


to  ekose  tlion\  to  bo  B(i[ranited  tnm  o 
>h«  :iD|raBDt.— &«e  $-856. 


I  another  tlirougbout  bj 


Faicno. 

F..«.« 

SURFACES  OP  CONTACT. 

«™«- 

UDi>.'''t»ca. 

UNCDENTa, 

3      ■ 

;      . 

l^s 

•2-1 

«=5 

e=s 

I  2 

I  ^ 

Uali  npon  onk,  fibre*  paialld 

0,164 

D,4*> 

DtT-  .oap. 
TiJlow. 

litlo        dillo        . 

o,.6t 

Ditto        ditto        .         .         ■ 

01067 

ilY-lard. 

Ditto,  fibrai  perpondiciilu-     ■ 
Ditlo       ditto       ■ 

o,a6i 
0,071 

o.»ii 

'iiillow. 
IloK'alard. 

Ditto       ditto       ■ 

Olio 

WaltT. 

Uiiu  Dpon  elm,  fibrei  parallel 

O.I36 

Dry  .oap. 

Ditto       ditto        ■ 

s 

0,178 

T"llow. 

Ditto       ditto       > 

Ditto  npoD  cwt  iron,  ditto      ■ 

lloE'e  lurd. 
Tuflow. 

Ditto  niKjn  wiougLt  bon,  ditto 
Beeoli  upon  ask,  dftto 
Qtn  upon  oak, ditto. 

o!ooR 

TullOB. 

o,o5s 

TiUlnw. 

o,,37 

Dr.  !.onp. 

Ditto       ditio       - 

Tallow. 

Diiio       dliio 

0^060 

llog'»  lard. 

Ditto  Dpon  elm,  ditto    . 
Ditto  npon  ooBl  iron,  ditto      ■ 

:;a 

0,517 

S£-  ^^ 

WtoDght  iron  upon  oak,  ditto    ■ 

0,1 56 

".''if) 

jmiiumwiwlth 
(  wattr. 

Ditto       ditlo       ditto  ■ 

O.ITJ 

Dr.  a,«.p. 

Ditto       ditto       <)itlo  - 

0.08S 

Tullow. 

)ilto  upon  elm,      ditto  ■ 

0,078 

Tullow. 

Mllo       ditto       ditto  ■ 

0,076 

Hog'a  lard. 

Diito       ditlo       ditto  ■ 

o,o35 

ON  10  oil. 

Ditto  npon  out  iron,  ditto 

o,.o] 

Tallow. 

Ditto        ditta        ditto  ■ 

X^ 

llog-B  lard. 

Ditto       ditto       ditto  . 

Olive  oil. 

Ditto  npon  wrought  iron,  dlMD 

o,o8j 

Tallow. 

mto        ditto        ditto- 

0,081 

IloK'a  lord. 

Ditto       ditto       ditto  ■ 

0,1  iS 

Olivo  oil. 

Ritto        dilio        ditto.         . 

o,io3 

Tallow. 

0.07  s 

Hob',  lard. 

Dillo        ditlo        ditto  ■ 

•iX 

Olivo  oil. 

Cut  iron  upon  oak,  ditto  ■ 

( ureju*ird}  and 

Ditto       ditto       ditto  ■ 

o,„B 

0,446 

J  autarated  with 

Ditto       dilto       ditto  ■ 

0,078 

0,100 

Tallow.' 

Dillo       ditto       ditto  - 

0.07  s 

tl-W-a  lard. 

Dilto       ditto       ditlo - 

o,o^5 

0,100 

Olive  oil. 

Ditlo  Dpon  elm.     ditto  . 

Tallow. 

Dif?        ditto        ditto  ' 

Ditto       ditle       ditto  . 

O,oql 

1  HogV  iard  and 

Tallow. 

Ditlo.  ditto  npon  wrought  iron 

0,lO0 

Ca«t  iron  npon  cuat  iron     ■ 

0,3  ti 

Waiet. 

Ditto       dilto 

o,'97 

Soap. 

TABLE    Vlir. 


TABLE  YUI.~ixmitnued. 


Pticnox 

PUHFACES  OP  CONTACT. 

""-" 

aniiicEHH. 

1.1 

|v| 

B  £ 

^  ^ 

Cast  Iron  upon  cut  Iron     ■ 

0,100 

0,100 

Tallow. 

Dicio       .lino 

vx 

lli«9'  lard. 

Ditlo       ditto 

Oikc  oil. 

Ditto        ditto 

o,o5S 

1  Lard  and 

Ditto  npon  braw    ■ 

0..03 

Ditto       ditto 

0,075 

ll.^V  l«rd. 

Ditto        ditto 

0.078 

Olivo  oil. 

Copper  apon  oak,  fibres  parallel 
Yellowoopperuponcasi  iron     • 

0.069 

T..II0W. 

;:ffi 

o,to3 

Talloiv. 

Ditto        ditto         .         .         . 

Ilo;n'  liird. 

Ditto        ditto,        .         .         . 

□  066 

Olive  oil. 

o.o»6 

o,idA 

T..II0W. 

tiilto'""ditto"°"^        '■        '■ 

t^l 

Ollvcoit. 

Ditto  opon  wronglil  iron 

Tallow. 

Ditto       ditto 

0.08, 

]  Iju.l  Bt>d 

)  pl.nnb«go. 

Ditto       ditto 

Ol.vooll. 

Ditto  uiion  brwii    ' 

o,oS8 

Bte.lnpoi.ci.rt  iron   - 

0.1  oS 

o,io9 

Tallow. 

)itt(.       ditto 

0.081 

liojr-'  liird. 

Ditto       ditto 

To^S 

OlkoOLl. 

Dittu  npon  wronght  iron 

Tallow. 

Ditto        ditto         - 
Ditto  npon  brusB     ■ 

o,o?6 
0.056 

a;-"'- 

Ditto       ditto 

0.0*3 

Ulivfl  oil. 

Ditto        ditto 

0.067 

I  Lar<l  and 

k'r"t:;iT,^d 

Tniined  01  liido  opon  cast  iron 

o,365 

j™...r,.t.d*i.h 

Htlo        ditto 

0.1^ 

Tnlluw." 

Ditto        ditto 

0.,^ 

IHIvcoil. 

Tulluff. 

)'tto  "^"ditto  **    ■         ■ 

o|i9i 

Olive  oil. 

)itlo  upon  rmk,     ■ 
Hempen  fllircJi  iiiittwi,ica,  mov- 

","> 

" 

■llRllfW   <mk- tlieflbnaortlLC 

1  (Jr«a-cJ,  anil 
JfKtnraieawith 

lictnblwnr  ptocod   nadircc- 
li<ni  iwriwn'lfoiilur  io  the  diro 

o,33j 

0,869 

tioti  oTlhe  motion,  ...a  tliow 

..r  tlio  o-k  pandlel  to  it  ■ 
Tho  Konie  a*  al«vc,  niovi.ig  upon 

o,i9i 

Tallow. 

Ditto      .'.'.'.'. 

o,iS3 

Olive  oil. 

HHd   tliB  mill',  with  B  laver  of 

ii.urTiir.<.f™n.|,iiiidlim«intcr- 

<>,li 

]>ni>«d,RncrfiiimlO  to  ISmin- 

Bl««'  coitmrl. 

TABLE   IX. 


TABLE    IX. 

FBICnON  OF  TBUNNI0N3  IN  TH£1R   BOX£S.-Sae  1  Ml. 


BkUo  ot 

frkO™    « 

KINDS  OF  MATERIALS. 

STATE  OP  SURFACES. 

"■'"'" 

"  ""'"'"'■ 

onfli-*. 

D>"ib«l. 

"'""""■ 

Dngiieius  or  olivo  oU,  hog.'  I«d, 

i  "iV  I 

o,o54 

lOiU  tullow     .... 

K^i 

Trnnniona  of  out  iron  ud 

o,o5i 

boxen  of  oul  iron. 

llii([iieiit  of  MphdtDm 

o;oS4 

o,oS4 

Trannionn  of  cast  iron  snd 

OiigiionW  of  olLva  oil,  hogB'  Isrd, 
iii.a  lallow      .... 

o,oJ4 

bo.e»ofbr«M. 

' 

■ 

wS^rn'ml-'Jem,'"'?'  :    : 

!;;? 

CngnciiW  of  olive  oil  «nd  liogs"  1 
luril [ 

0,090 

boxes  of  lignum-vii*. 

Ui.cluoil.  with  oil  and  hog.'  lard 
Uiiciiiou.  with  ■  mixture  of  bogn' 
krd  aiid  pliiir.b.go 

o,io 

Triinr.  inns  of  wronght  iron 

Unguents  of  olive  oil,  tallow,  and 
111.*.' lard      .... 

(rl 

o,o5i 

UiiHUont*  of  olive  oil,  liogn'  lard, 
and  tallow      .... 

0,09 

0.054 

Biid  boxes  of  bnu*. 

VeryxIigbtlVDnctDoIii       - 

:;;? 

(.ml  boxes  ofligiium-vi- 

Uiijriiemi.  of  oil  or  bogs' lard     - 

0,19 

Tfi-mions  of  bru>  nod  1 

UngnoMtofoil-         ■         -      ■■ 

Iwxe*  of  br».«.               1 

Unguent  of  bogs'  lord 

0,09 

Trnimioti.  of  bm»»  nnc!  I 

Uagnents  of  tallow  or  of  olive  oil. 

,o«ij 
lo,oiJ 

Tniiiiii<.iis,.fi;Bniim-vitiB 

Unaiicnt"  of  hogs'  lord     ■ 

Ota 

Uneluoiia 

»;>s 

»id   buses    .."i    ilgimm- 

Unguentof  hoge'lard       • 

V7 

viw. 

OF  WEIGHTS  KECE88ART  TO  BEND  DIFFEEEKT  HOPES  ABOUND  A  Wi:i 
ONE  FOOT  IN  D1AMETE5.— Sm  (  tST. 

No.  1.  Worn  Bopn— luir  ahd  dbt. 
Stifntit  proporlimtal  to  tit  lyuan  qf  Ut  diamttr. 


In  Incli.,!. 

'SS'.'fr- 

tulla'iM  n»  loil  of 

0,3, 

m 

o,o3i,io.      , 

o,.ilHoi9 
o,Sug<..j 

0.  S.    Wbitx  Bor^a — hiw 
Stifatu  praportUmal  to  iqvart 


Dbmclft  or  npe 
la  iDchtm. 

N.lDr-[  •tlff..n<. 

BWffi«.l  f.«  ln„d  »l 

0,3, 

■1 

J.  J.  9* 
IJ,877J 
Si,Su. 

E    Hapn — DALT    WOBK    jl 


atifntu  pnporlio 

nol  fD  ttt  iqiiai-i 

reoto/  thtcabtijf 

IM-nwift  nf  n>|>s 
In  InchM. 

N-.«ml  Sllffn,™. 
or  imlue  oT  JT. 

H.lff„e..f..rl,w<l-,f 

0,3? 

o,o6W7i)J 
o,(So6573 

.  4.   WniTK  Bopu— 


Dl-me«rorrop. 

'"T.-.I^Tk'T 

rrc::'z:T^f'f 

0,3, 

■1 

6i43»4 
.8,1037 

o,oMB794 
o,.8o6S73 

B,n.r,.nr,b»n.On. 

BBofdJ. 

Ralloil/. 

"  d^' 

00 

I,™ 

30 

3o 

1,44 

5o 

It 

).36 
3B9 

3,61 

J,00 

4," 

a,ii.rer«,uorih. 

,.«„rrff- 

Rhllm  or 

rf. 

~4 

00 

3o 

1.48] 

aS 
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TABLE    X-^conUnued. 

No.  5.  Tarred  Ropes. 

Stifnui  proportional  to  the  number  of  yamt. 

ITlieM  ropM  are  nsat,ll7  made  of  three  itrands  twisted  aronad  eaoh  other,  each  str&ad  beiaf  oom> 
of  a  certain  number  of  yams,  also  twisted  abou:  each  other  in  the  same  mAaaer.] 


No.  of  yams. 

Wetphtnf  ifontin 
leitgUi  of  ru|ie. 

NNinml  silfTncas,  or 
vnlue  uf  K. 

SUfTness  for  load  of 
1  Ibn  or  valne  of  /. 

6 
|5 
3o 

lb: 
0,02II 

0,0497 
I, 0137 

lb: 
0,1 534 
0,7664 
2,5297 

lb». 

0,0085198           '•■ 
0,0198796           ! 

0,0411799 

APPENDIX. 

No.  I. 

Take  the  usual  fonnuJas  for  the  transformation  of  co-ordinates  from 
one    system   to   another,   both   being  rectangular,  viz: 

y  =  a'z'  +b'y'  ^-c'z',     I (1) 

in  which  a,  b,  <fec.,  denote  the  cosines  of  the  angles  which  the  axes  of 

the    same   name   as   the   co-ordinates   into  which   they   are   respectively 

multiplied    make  with    the   axis   of  the   variable   in   the   first  member. 

And    hence, 

z'  =^  az  -{■  a  y  -\-  a"  z,    I 

y'  =  *ar  +  A'y-h*"2;,    I (2) 

z'  =.  ex  -i-  c'  y  -\-  c"  z  ;  j 

Multiply  the  Hrst   of  (2)  by  6,  the   second   by  a,  and   take  the  dif- 
ference of  the  products ;  we  get 

bx'  -ay'  -y{a'b''ab')-{-  z{a''b-ab'');     •     •     .  (3) 

again,  multiply  the    first   by  c,  the  third   by  a,  and  take  the  difierence 
of  products ;   we   have 

ex'  — az'=*y(a'c  —  at')  +  2(a"c  —  ac")         •     •     (4) 
Find  the  value   of  y  in  (4),  substitute   in   (3),  and  reiluce,  mc  fnvJ 
Az  =  {be'  -  b'c)x'  +  {a'c-^ac')y'  +  {ixb'  ^  a'  b\-J, 


■506 
ill    whtclt 
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A=  c(a'b''  -  a"  6')+c'  (a"  b-a  b")  -^  c"  (a  b'  ~a'i), 
dividing   by  A,  and   aubtractmg   the  result  &om  tb«  lliird  of  Eqs.  (I) 


(«"-^-)-+(- 


->'^('"-^^')'' 


!   x',  y'  and  2'  ate  wholly  arbitiaiy,  we  have 


-i'c 


=  0;*"- 


■  =  0; 


-a'b 


0;  -(S) 


traiiBposing,    clearing  the  fVactJon,   equaring,    adding,   collecting  the  co- 
efficients of  t'^,  6"^,  a'^,  and  reducing  by  the   relations 

o'  +  A=  +  c^  =  1 ;  fl'=  +  6'=  +  c'=i  =  1 ; 

a^  +  i=  =  1  -  c*  ;  c'  +  fi'  =  1  -  a= ;  a'  +  t^  =  I  -  v. 
there    will    result 

A''-  I  -(ao'  +  6i'  +  cc')». 


But 

ao'  +  JJ'-Hc 
whence    jl  =  1,  and,  Eqs,  (5), 


=  0. 


.  11. 


rvature   of  any   curve,  and    ils 
.    the   centre  of   a  8])liei 


ff^-^ 


To   fuid   tlic    rudii 

to   the   co-ordinate   axes. 

Take    llie    centre   of  c-urvnlurc 

the    radius    is   unity.       Through    the    same 

point    draw  the    hue   O  X,   jiarallel    to    the 

axis  X.   and    another   O   T.    parallel  to    the 

tangent   to    the    arc    M  JV,  of    osculation. 

The    i)lams    of  these  lines  and  of    the  ra-  ^ 

diiia  of  curvature  will  cut  from   the  sphere  / 

Ihe  spherical   triangle  A  B  C,  of  whicli  the         -' 

side    B  C  in  90°,  A  C  the  angle  which  the  radius  of  curvature 

^nth  the  axis  x,  and  A  B   the  angle  which  the  tangent  to   the 

mftkes    with  the   »aiae  axie.      Make 

p  ^  O  il  =  radius  of  curvature, 
*'=  AC;  c.  =  AB;  C  =  A  C B. 


lehn: 


—y-^ 


APPENDIX 


607 


Thei   wiU 


cog  c  =  -T-  =  Bin  fl  .  COS  C  ; 
a  s 


diflerentiating,  and  regarding   C  as  constant, 

a-r-z=eos6.d6'.  cos  C/ 
a  s 

but  d6',  CO&  C    IS    the   projection  of   the    arc    ^d'    on    the    osculatorj 
plane,   whence 

d  d'.  cos  C  =  —  • 


Substituting  this  above,  we  find 


cos^'  =  p 


p 


-  dx 
a  s 


ds  ' 


and   denoting    by    d"    and    d'",  the    angles   which   the    radius    makes 
with  the  axes  y  and  z,   respectively,  we   may  write 


cos  d'  =  p 


dx 
d  s 


cos  4"  =  p 


d-j^  d  — 

ds  .,„  ds 


■  • 


(1) 


Squaring,  adding  and  reducing  by   the  relation, 

C0S2  4'  +  C082  6"  +  C082  &'"  =   1, 

we   have 

ds 
P  = 


performing   the   operations   indicated  under   the   radical  sign,  and  redu-' 

cing  by  the  relations 

ds'^  =  dx'^  '\-  dy^  -\-  dz^, 

d^sds  =  d^xdx  +  d^ydi/  +  d^zdz, 


we   find 


ds^ 


If  5  be   taken   as   the   independent   variable,  then   will   ^5  =  0,  and 
Eqs.    (1)   and   (2)   become 


cos  d'    =  p  •  -7—. ;  cos  d'    =  p ' 


(Pz 


ds^' r  rf,.  ;<-"'"=  pj?5-  •  (3) 


f  = 


d^ 


Vi^WTWUf+WW 


•     •     •     • 


(4) 
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No.  1 1 1 . 
To  integrate  the  partial  differentitil  equatioa 

transpose  and  divide  by   D,  and  we  have 


dD 


=  ~y 


■  dp; 


and    because   9   is   a   function   of  p   and    JD,   we  have 

dD' 
dt]   D-dp  —  yp-dD^ 
d^  5  ' 


dg=jl-dD  + 
and   substituting   the   value   of  ^-^ 


multiplying  and    dividing  by  y-H-pf         , 

,      ■-!  1 

■  .py     -dp-py.dD 


dy     y 


■  D 


-'-J7 

\-:         ^ 

but 

py 

1                        1 

7 

p.-  ..p-;y.dn     . 

i>»                         --  "  ^D,'  ■ 

and  making 

I 

%-^---0-- 

we   may    write 

1        1 

^--(|)-^(l)> 

■nd  by   integrating 

£0    wlu'ofa  F,   denotea    any   aAxU&rj  fwiciosKk. 
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No.  IV. 

To  integrate  Equation  (414)'  of  the  text,  add  to  both  memben 

d'r(p 


a  • 


dt.dr' 


and  we  have 


1      ,rdr(p  ,      drm-i        a      ,rdr(p  ,      rfr^-i 


and -making 


drq>  dr(p 


the  above  may  be  written. 


dV 
dt 


=  a. 


dV^ 
dr  * 


and  V  being  a  function  of  r  and  t^  we  have' 

,„      dV    ^        dV    ^ 
rfF=  ^-'dr'\--j---.dt\ 
dr  dt 

dV 
or,  by  substitution  for  -j-  its  value  above, 

d  t 


dV=^.(dr  +  adt) 
dr     ^ 


and  by  integration, 


Y^iLlj^a.^'"^ 


dt 


dr 


=  /'(r  +  aO; 


in  which  P  is  any  arbitrary  function.    Id  like  manner,  by  subtracting, 

d}r^ 


a. 


dr.dt' 


from  both  members  of  Equation  (414)',  we  find 

in  which  /'  denotes  any  arbitrary  function.    Whence,  by  addition. 


APFHSDlJi.. 


■nd  b;  subtractioD, 


'''-'"=7r  =  ?;--^'('-+'"'>-2V<'-°')- 


Bat 


Whence, 

Jr,=  ±.  J"  (,+  «,)■■'('  +  ■■ ')-2-^-/- ('-•')  ■'('-»'); 
and,  by  integration, 

in  whicli  .F  >ii.l  /  denote  the  primitive  function!  of  which  F'  and  _/"  are 
the  derirod. 


HP 


